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Abstract. In this paper, we introduce the structure of nonuniform
super wavelets over local fields. We shall also provide the character-
ization of nonuniform parseval frame, nonuniform semi-orthogonal
pareseval multiwavelets, and nonuniform super wavelets over local
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1. Introduction. In the framework of mathematical analysis and lin-
ear algebra, redundant representations are obtained by analysing vectors
with respect to an overcomplete system. Then the obtained vectors are
interpreted using the frame theory as introduced by Duffin and Schaef-
fer [11] and recently studied at depth, see [8] and the compressive list
of references therein. Most commonly used coherent/structured frames
are wavelet, Gabor, and wave-packet frames, which are a mixture type
of wavelet and Gabor frames (8], [14]. Frames provide a useful model
to obtain signal decompositions in cases where redundancy, robustness,
over-sampling, and irregular sampling play a role.

The concept of multiresolution is intuitively related to the study of
signals or images at different levels of resolution — almost like a pyramid.
The resolution of a signal is a qualitative description associated with its
frequency content. For a low-pass signal, the lower its frequency content
(the narrower the bandwidth), the coarser is its resolution. In signal pro-
cessing, a low-pass and subsampled version of a signal is usually a good
coarse approximation for many real world signals. Multiresolution is es-
pecially evident in image processing and computer vision, where coarse
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versions of an image are often used as a first approximation in computa-
tional algorithms. For images and, indeed, for all signals, the simultaneous
existence of a multiscale may also be referred to as multiresolution. From
the point of view of practical application, MRA is really an effective math-
ematical framework for hierarchical decomposition of an image (or signal)
into components of different scales (or frequencies). Signals are in gen-
eral non-stationary and a complete representation of these signals requires
frequency analysis that is local in time, resulting in the time-frequency
analysis of signals. In real-life application all signals are not obtained
from uniform shifts; so, there is a natural question regarding analysis and
decompositions of these types of signals by a stable mathematical tool.
Gabardo and Nashed [15] filled this gap by the concept of nonuniform
multiresolution analysis and nonuniform wavelets based on the theory of
spectral pairs, for which the associated translation set A = {0,7/N}+27Z
is no longer a discrete subgroup of R but a spectrum associated with a cer-
tain one-dimensional spectral pair and the associated dilation is an even
positive integer related to the given spectral pair. Super-wavelets and de-
composable frame wavelets for the Euclidean spaces has been rigorously
studied by various authors [10], [13], [16], [22]. Multiresolution analysis
has tremendous application in data learning. Data preprocessing is an
important step in learning forecasting models. It plays a significant role
in determining the most relevant features and models. Multiresolution
analysis is a data preprocessing step used to decompose time-series data
on different scales to model the data according to several variations of
representation. Multiple representations of data are generated depending
on the scaling parameters. Using multiple data representations enables
more information to be captured and can thus produce better forecasting
results. The proposed methodology uses multiresolution analysis for data
decomposition. However, finding the best configuration of parameters,
that gives the highest possible performance, relies on conducting several
experiments.

On the other hand, there is a substantial body of work that has been
concerned with the construction of wavelets on local fields. For example,
R. L. Benedetto and J. J. Benedetto |7] developed a wavelet theory for
local fields and related groups. They did not develop the multiresolution
analysis (MRA) approach, their method is based on the theory of wavelet
sets and only allows the construction of wavelet functions whose Fourier
transforms are characteristic functions of some sets. Recently, Shah and
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Abdullah [19] have generalized the concept of multiresolution analysis on
Euclidean spaces R" to nonuniform multiresolution analysis on local fields
of positive characteristic, in which the translation set acting on the scaling
function associated with the multiresolution analysis to generate the sub-
space Vj is no longer a group, but is the union of Z and a translate of Z,
where Z = {u(n): n € Ny} is a complete list of (distinct) coset represen-
tation of the unit disc @ in the locally compact Abelian group K*. More
results in the direction of wavelets, frames and their applications can also
be found in [1-5], [17], [18], [20] and the references therein.

Drawing inspiration from the above work, we introduce the struc-
ture of nonuniform super wavelets on local fields. The characterization of
nonuniform parseval frame, nonuniform semi-orthogonal pareseval multi-
wavelets and nonuniform super wavelets over local fields are established.

The remaining paper is structures as follows. In section 2, prelimi-
naries on local fields are discussed and various operators along with their
properties are discussed. In section 3, characterization of nonuniform Par-
seval frame and nonuniform semi-orthogonal Parseval frame multiwavelets
are established. In Section 4, we introduce the notion of nonuniform su-
per wavelets on local fields and obtain their complete characterization in
L*(K).

2. Preliminaries on Local Fields.

2.1. Local Fields.

A local field K is a locally compact, non-discrete, and totally dis-
connected field. If it is of characteristic zero, then it is a field of p-adic
numbers @Q, or its finite extension. If K is of positive characteristic, then
K is a field of formal Laurent series over a finite field GF(p°). If ¢ = 1,
it is a p-series field, while for ¢ # 1, it is an algebraic extension of degree
c of a p-series field. Let K be a fixed local field with the ring of integers
D = {z € K: |z| < 1}. Since K" is a locally compact Abelian group, we
choose a Haar measure dx for K*. The field K is locally compact, non-
trivial, totally disconnected and complete topological field endowed with
non—Archimedean norm | - |: K — R* satisfying

(a) |z| = 0 if and only if x = 0;

(b) |z y| = |z[ly| for all 2,y € K;

(¢) |z +y| < max {|z|, |y|} for all z,y € K.

Property (c) is called the ultrametric inequality. Let B = {z € K: |z| < 1}
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be the prime ideal of the ring of integers ® in K. Then, the residue space
D /B is isomorphic to a finite field GF(q), where ¢ = p°® for some prime p
and ¢ € N. Since K is totally disconnected and B is both prime and princi-
pal ideal, so there exists a prime element p of K, such that B = (p) = pD.
Let ©* = D\ B = {r €K: |z|] =1}. Clearly, ®* is a group of units
in K* and if x # 0, then we can write = p"y,y € ©*. Moreover, if
U=A{a,:m=0,1,...,g— 1} denotes the fixed full set of coset represen-
tatives of B in ®, then every element x € K can be expressed uniquely as
T=) . C p’ with ¢, € U. Recall that B is compact and open, so each
fractional ideal B* = p*D = {x eK: |z| < q*k} is also compact and open
and is a subgroup of K. We use the notation in Taibleson’s book [21].
In the rest of this paper, we use the symbols N, Ny and Z to denote the
sets of natural, non-negative integers and integers, respectively.

Let x be a fixed character on K* that is trivial on ® but non-trivial
on B! Therefore, y is constant on cosets of D, so if y € B*, then
xy(z) = x(y,2), * € K. Suppose that x,, is any character on K*; then
the restriction x,|® is a character on ®. Moreover, as characters on
D, Xu = Xo if and only if u — v € ®©. Hence, if {u(n): n € Ny} is a
complete list of distinct coset representative of ® in K*, then, as it has
been proved in [21], the set {Xu(n) in € NO} of distinct characters on ® is
a complete orthonormal system on 2.

We now impose a natural order on the sequence {u(n)}>°,. We have
D /B = GF(q), where GF(q) is a c-dimensional vector space over the field
GF(p). We choose a set {1 = (o, (1,2, .-+, (-1} C D* such that the span
{Q};;é = GF(q). For n € Ny satisfying

0<n<q, n=ap+ap+.. +ac1p", 0<a, <p, andk=0,1,...,c—1,

we define

u(n) = (CLQ + a1C1 4+ ...+ a071Cc71) pil.
Also, for n = by + biqg + bog® + ... + byg®, n € Ny, 0 < b, < q,
k=0,1,2,...,s, we set

u(n) = u(by) + u(b)p ™ + ... +u(bs)p~.

This defines u(n) for all n € Ny. In general, it is not true that
u(m +n) = u(m) + u(n). However, if r, & € Ny and 0 < s < ¢*,
then u(r¢® + s) = u(r)p™ + u(s). Further, it is also easy to verify that
u(n) =0 if and only if n = 0 and {u(¢) +u(k): k € N} = {u(k): k € No}
for a fixed ¢ € Ny. Hereafter, we use the notation x, = xum), n = 0.
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Let the local field K be of characteristic p > 0 and (y, (1, (o, -+, (oot
be as above. We define a character y on K as follows:

» exp(2mi/p), wpw=0andj=1,
X(Cup ) = ( ) _ .
1, w=1,...,c—1lorj+#1.

2.2. Fourier Transforms on Local Fields.

The Fourier transform of f € L*(K) is denoted by f(£) and defined by

F{f(x) /f
:/f(x)mde/f(x)X(—fx> de

The properties of Fourier transforms on local field K are much similar to
those of on the classical field R. In fact, the Fourier transform on local
fields of positive characteristic have the following properties:

Note that

e The map f — f is a bounded linear transformation of L'(K) into
L(K), and [|£]|, < [[/]],-
e If f € L'(K), then f is uniformly continuous.
o If f € L'(K)N L%(K), then ||f||, = || £]],-
The Fourier transform of a function f € L?(K) is defined by

f©) = Jim ful9) = Jim [ s ds

k—o00
|lz|<q®

where f, = f®_; and ®,, is the characteristic function of B*. Further-
more, if f € L*(D), then we define the Fourier coefficients of f as

f(x)Xu(n) (l’) dx

The series >y, f ( (1)) Xu(n) () is called the Fourier series of f. From
the standard L?-theory for compact Abelian groups, we conclude that the
Fourier series of f converges to f in L*(®) and Parseval’s identity holds:

715 - / f@)fdr =3 | (utn

neNp




8 O. Ahmad, Abdullah A. H. Ahmadini, M. Ahmad

2.3. Nonuniform MRA on Local Fields.

For an integer N > 1 and an odd integer r with 1 < r < ¢g/N — 1, such
that » and N are relatively prime, we define

A—{o,#}jtz,

where Z = {u(n): n € No}. It is easy to verify that A is not a group on
local field K, but is the union of Z and a translate of Z. Following is

the definition of nonuniform multiresolution analysis (NUMRA) on local
fields of positive characteristic given by Shah and Abdullah [19].

Definition 1. For an integer N > 1 and an odd integer r with
1 < r < gN — 1, such that r and N are relatively prime, an associ-
ated NUMRA on local field K of positive characteristic is a sequence of
closed subspaces {V;: j € Z} of L*(K), such that the following properties
hold:

(a) V; C Vjyq for all j € Z;

(b) U,z Vj is dense in L*(K);

(©) Myez Vi =10

(d) f(-) € V; if and only if f(p~'N-) € V44 for all j € Z;

(e) There exists a function ¢ in V, such that {¢(- —A): A € A} is a
complete orthonormal basis for Vj.

If we replace the term “orthonormal basis” by “nonuniform Parseval
frame” in the last axiom, then the concept above is known as nonuniform
Parseval frame MRA.

It is worth noticing that, when N = 1, one recovers from the definition
above the definition of an MRA on local fields of positive characteristic
p > 0. When, N > 1, the dilation is induced by p™'N and |[p~!| = ¢
ensures that gNA C Z C A.

For every j € Z, define W; to be the orthogonal complement of V; in
Vjt1. Then we have

‘/]4_1:‘/}@‘% and WgJ_ng 1f£7£€/

It follows that for j > J,

j—J—1

Vi=Vie € Wi,

=0
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where all these subspaces are orthogonal. By virtue of condition (b) in
the Definition 1, this implies

(K) = Pw;
JEZL

a decomposition of L?(K) into mutually orthogonal subspaces.

As in the standard scheme, one expects the existence of ¢ N —1 number
of functions so that their translation by elements of A and dilations by
the integral powers of p~' N form an orthonormal basis for L*(K).

Let a and b be any two fixed elements in K. Then, for any prime p
and m,n € Ny, let Dy, Ty)q and E, ), be the unitary operators acting
on f € L*(K) defined by:

Tumyaf (z) = f(z — u(n)a) (Translation),
Eumpf(x) = X(u(m)bx)f(x) (Modulation),

z) =+/gNf (p~'Nz) (Dilation).
Then for any f € L*(K), the following results can easily be verified:
F{Tumaf }==E wn~F{f }

.F{Dwf } Dpjf{f }
DyiTunya = Tigny-sunyaDpi -
3. Nonuniform Parseval frame multiwavelets sets in L?(K).

For a given ¥ = {¢y: 1 < ¢ < ¢N — 1} C L*(K), define the nonuni-
form wavelet system

W) = {uin = @NY20((p7 NV = 2); j€ZAEAL (1)

Taking the Fourier transform, the system 1 can be rewritten as

Yegal€) = (@N) 2 ((p7 N) 7€) xa ((p~1N) ). (2)

We call the nonuniform wavelet system W(W) a nonuniform Parseval frame
multiwavelet frame for L?(K) if the system given by (1) forms a nonuni-
form Parseval frame for L*(K), i.e., for every f € L*(K),
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gN—1

AP =D 0> IS Dy Ton)|

(=1 jEZ AeA

If the system W(¥) given by (1) is an orthonormal basis for L*(K), then
U is called an nonuniform orthonormal multiwavelet of order gN — 1 in
L*(K). If the system W(¥) given by (1) is a Parseval frame for L*(K),
then ¥ is known as nonuniform Parseval frame wavelet. Moreover, a
nonuniform Parseval frame multiwavelet ¥ is said to be semi-orthogonal
if D' LD,y T, for j # j', where I' = span{Ty¢): A € A, ¢ € V}.

The following is a necessary and sufficient condition for the system
W(¥) given by (1) to be a nonuniform Parseval frame for L?(K) [4]:

Theorem 1. Suppose U = {tyy: 1<l < gN —1} C L*(K). Then the
nonuniform affine system W(W) is a nonuniform Parseval frame for L*(K)
if and only if the following holds:

)BDHACRESREI ®)
Z D e ((07IN)IE) o ((pIN)F(E+ A) = 0, for A € A\gNA. (4)
(=1 jeNp

In particular, ¥ is a nonuniform multiwavelet in L*(K) if and only if
le|| = 1, for 1 < € < gN — 1, and the above conditions (3) and (4) hold.

The following is a Characterization of nonuniform Parseval frame:

Theorem 2. Let p € L*(K). Then a necessary and sufficient condition
for the system {¢(- — A): A € A} to be a nonuniform Parseval frame for
span{p(- — A\): A € A} is as follows:

0< ) 1BE+NP<L, ace &
AEA

Proof. For every f € span{p(-—A):AeA} =:1V,, we have
(&) =~(&)P(€), for some integral periodic function v € L? (D, w), where

w(€) = 3 ea |2 (€ + M)[°, and, hence,

S 1Bl =X | [ FeF@d]

AEA AEA
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=S| 3 [ e+ wo)FET uhae + 0de| -

AeA  LeNg D

—Z/ 3 o€+ ulO)IFE + u() ) a(€)de]

AEA £eNy

Since the system {® + A: A € A} is a measurable partition of K, and for
all A € A, ¢ € Ny, xa(u(f)) = 1. Using the periodicity of the function ~,
the above expression can be written as:

Z|fw|—2\/ e d&)—/w )Plu(€) P,

AEA AeNp

Therefore, it follows that

/ 7€) P &) d = / () Pluo(e) e
D D

For every f € V,,, we have
12 = / 7€) 2o (©)) .
D

This means that

/ () Po(€) (xal€) — w(€)) de =0,

D

holds for all integral periodic functions v € L?(D,w) if and only if
w(€) = xal€), a.c. £ where

Q =suppw = {{ € K: w(€) # 0}.

Now, it is enough to show that f € V,, if and only if

F(&) =v(©)(6),

for some integral periodic function v € L? (D, w). This clearly follows
by noting that V,, = S,, L* (D, w) = P, and the operator U: S, — P,
defined by U(f)(§) = v(§) is an isometry that is onto, where

S, =span{Thp: A € A},
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and P, is the space of all integral periodic trigonometric polynomials
with the L? (9, w) norm

2 = / () Pu(€) de.

~

Here, f € S, if and only if for v € P, f(&) = v(£)@(€), where

Y€)= axxal(9),

AEA

for a finite number of non-zero elements of {ay}rea. Using the periodicity
of v, and decompose the integral into cosets of ® in K, we obtain

193 = [ S |Fe+ 0] de= [ hor X 1p €+ s =l
D AEA D AEA

which clearly shows that the operator U is an isometry. This completes
the proof of the theorem. [

Now the following theorem gives a characterization of nonuniform
Semi-orthogonal Parseval frame multiwavelets in L?*(K):

Theorem 3. Let ¥ = {4} < L*(K) be such that for each
1 << gN-—-1, ¢ = xr,, and I’ = Z]:Vl*l I'y is a disjoint union of
measurable subsets of K. Then V¥ is a nonuniform semi-orthogonal Par-

seval frame multiwavelet in L*(K) if and only if the following conditions
hold:

(i) {(p™*N)7'T': j € Z} is a measurable partition of K, and

(ii) for each 1 < £ < gN — 1, the set {T'y + A: A € A} is a measurable
partition of a subset of K.

Proof. Let U = {4 }"" < L*K) be such that ‘QZA = Xr,, where
r = Z]:Vf 'T, is a measurable subset of K. By condition (3) of Theo-
rem 1, it follows that |, (p~'N)’T’ = K, a.e.; that is, equivalent to the
part (i), which also gives that for j > 0, |(p~*N) T, NT'w| = 0 for each
0,0 e {1,2,...,qN — 1}, and ¢ # ¢'. By virtue of Theorem 2, we can say
that the system

{e(- = N: NeA}, Le{1,2,....gN -1}
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is a nonuniform Parseval frame for span {¢y(- — \): A € A} in L*(K) if
and only if

S |aern] =Xt <L aeg

AEA AEA

that is equivalent to the part (ii). In this case
{f € L*(K): suppf C T} =span{e(- — A\): & € U, A € A} =: T,
By scaling I'y for any j € Z, we have

DTy =span{D’y(- —\): p € U, € A} =
= {f € L*(K): suppf C (p'N)T}.
Therefore, ¥ is a nonuniform semi-orthogonal Parseval frame multiwavelet

in L*(K) if and only if @,;, Dplo = L*(K) and (i) hold, which is true
if and only if (i) and (ii) hold. O

4. Characterization of Nonuniform Super-wavelet of length n
on Local Fields. The following definition of nonuniform super-wavelets
on local fields is an analogue of the Euclidean case:

Definition 2. Suppose that ® = (¢1, ¢a, ..., ¢,), where ¢; is a nonuni-
form Parseval frame wavelet for L*(K) for each i € {1,2,...,n}. We call
the n-tuple ® a nonuniform super-wavelet of length n if

F(®):= {@ DyiTags = DyThéy @ ... ® DTy j € LA € A}
i=1

is an orthonormal basis for L*(K) & ... ® L*(K) (say, @ L*(K)). Each ¢;

here is called a component of the nonuniform super-wavelet. In the case
when F(®) is a nonuniform Parseval frame for @ L*(K), the n-tuple ®

n
is called a nonuniform Parseval frame super-wavelet.

The theorem given below is a characterization of a nonuniform super-
wavelet of length n on local fields.

Theorem 4. Let ¢y,...,¢, € L*(K). Then (¢1,...,¢,) is a super-
wavelet of length n if and only if the following equations hold:
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(1)Z|¢z (P 'N)TE |P=1, forae E€K, i=1,...,n

jGZ
(il Zaz €) 6 (PINV(E +u(0)) = 0. for ae. € € K.
s 6 A\qNA 1<i<n,
(iii) ZZ@ (p~IN)Y (€ + /\)) g/gl(f +A) =60, fora.e. £ €K,jeN.
AEA i=1
Proof. Suppose (¢1,...,¢,) is a nonuniform super-wavelet of length n.

Then the system F(®) given by (1) is an orthonormal basis for @ L*(K

Therefore, the function ¢; is a nonuniform Parseval frame ngelet for
L*(K) for each 1 < i < n, and, hence, the conditions (i) and (ii) follow
from equations (3) and (4). Now, condition (iii) follows from following
descriptions:

Since

<§BD¥,JTA¢,,@DPJ, U¢,> Srno 0,0, for o € Ajj, 7 € Z,

is equivalent to

<EHBDPJT,\¢¢, é¢z> = 03,0050, for A€ A;5 >0
i=1 i=1

Now, let 7 > 0 and A € A. Since for each A € A,m € Ny, xa(u(m)) =1,
and the system {© + A\: A € A} is a measurable partition of K, we have

<€BDPJTA¢Z,EB¢Z> —Z (Dpi Trdi, 1) = zn: <DTT\>\¢$> ,

i=1

and, hence, we obtain

<éDwTA%é¢i> =
- Z/wa G€)de =

le
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_ (V)Y [N TG N) e =

le

— (g) WZ / ()05~ N)iE)de =

UA€A®+)\

— (4N ﬂ?/ S G+ N p NP E + ) Y@ -
i=1 AEA

— (N / (ZZ@ NYI(E+ Nae +A) ) xale)de.
i=1 \€eA

Comparing the above expression with the Fourier coefficient and Fourier
series of a function in L'(®), and using the fact that the system {x»}ea
is an orthonormal basis for L?(®), the result follows.

Conversely, suppose that conditions (i)—(iii) hold. In view of the above
discussion, to complete the proof it remains only to show that the system

F(®) is dense in @LZ(K). The result follows by writing the following
for every m € {1,2,...,n},

n

@ szgm ZZ<@ zmxgm7 pj’TA’¢m>Dpj’TX¢m

i=1 J'eZNeN i=1

where ¢, = Dpj/TMbm. This fact is true in view of the following: for
l=1,2,...,n,7 € Z and XA € A, we can write

@Dpjwl >3 <@DPJTA¢Z,@D,,]/TX¢,>GBD,,J/TN¢Z -

J'eZLNeN =1 =1

- Z Z Z <DPJT)\¢17 p7’T)\’¢z> @ DW/T)\/QSZ/

JEZ NeEA i=1

and DyTagy = » Y (DywTaér, Dy Tndy) Dy Ty, and, hence, we
JELNEAN
have

Z Z <DPjTA¢l’ Dplf’TA’¢l> Dy Tyvgr =0

JEZ NEA
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for { #£"and [,I' € {1,2,...,n}. O
The following is an easy consequence of above theorem.

Theorem 5.  Let ¢,...,¢, € L*(K) be such that |¢;] = x;,
for i € {1,2,...,n}. Then (¢1,...,¢,) is a nonuniform super-wavelet
of length n if and only if the following equations hold:

(a) for each i € {1,2,...,n}, the system {(p~'N)I;: j € Z} is a
measurable partition of K,

(b) foreachi € {1,2,...,n}, the system {I';+X: A € A} is a measurable
partition of a subset of K,

(c) the system {I';+X: A € A, 1 < i < n} is a measurable partition of K.
Proof. Suppose (¢1,...,¢,) is a super-wavelet of length n such that
|6i| = Xy, for i € {1,2,...,n}. Then, for each i € {1,2,...,n}, the
function gzﬁl is a Parseval frame wavelet in L?(K) and the system F(®)
is an orthonormal basis for @ L*(K). Hence the conditions (a) and (b)

hold in view of Parseval frame wavelet ¢; and Theorem 3, and also, the
condition (iii) of Theorem 5 is satisfied; that means, for j € Ny

30—22@ (P NY(E+N) dil6 +A) =

AEA 1=1

—ZZXr NY(€+ X)) xr, (€ + ) =
AEA 1=1

= Z Z X((p—1N) =T+ 0T+ (),
AEA =1

which is true for 5 # 0 since
(™ 'N) Wi+ A) N (i +A) | =0,
in view of conditions (a) and (b). Now, let j = 0. Then, the expression
D) xean§) =
AEA i=1

implies that
[T+ )N (T +X) [ =
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for N e Ay LU € {1,2,...,n} and (I,\) # (I, ). Also, we have

which proves condition (c).

Conversely, let us assume that for each i € {1,2,...,n}, the func-
tion ¢; satisfies the conditions (a), (b) and (c), where |¢;| = x; . Then,
(¢1,...,¢n) is a super-wavelet of length n. This follows by noting Theo-
rem 3, Theorem 5 and above calculations. []

References

[1] Ahmad O., Bhat M. Y., Sheikh N. A. Construction of Parseval Framelets
Associated with GMRA on Local Fields of Positive Characteristic. Numer-
ical Functional Analysis and optimization, 2021.

DOI: https://doi.org/10.1080/01630563.2021.1878370

[2] Ahmad O., Sheikh N. A., Shah F. A. Fractional Multiresolution Analy-
sis and Associated Scaling functions in L*(R). Analyis and Mathematical
Physics, 2021, vol. 11, no. 47.

DOI: https://doi.org/10.1007/s13324-021-00481-9

[3] Ahmad O., Sheikh N. A. Nowel Special Affine Wavelet transform and Asso-
citated Uncertainity Inequalities. Int. Jour. of Geometric Methods in Mod.
Phy. 2021, vol. 24, no. 4, pp. 16.

DOI: https://doi.org/10.1142/50219887821500559

[4] Ahmad O., Ahmad N. Construction of Nonuniform Wavelet Frames on
Non-Archimedean Fields. Math. Phys. Anal. and Geom., 2020, vol. 23,
no. 47.

[5] Ahmad O., Sheikh N. A., Nisar K. S., Shah F. A. Biorthogonal Wavelets
on Spectrum. Math. Methods in Appl. Sci., 2021, pp. 1-12.

DOI: https://doi.org/10.1002/mma.7046

[6] Ahmad O., Sheikh N. A.; Ali M. A. Nonuniform nonhomogeneous dual
wavelet frames in Sobolev spaces in L*(K). Afrika Math. 2020, vol. 31, no.
7, pp. 1145 1156.

DOI: https://doi.org/10.1007/s13370-020-00786-1

[7] Benedetto J. J., Benedetto R. L. A wavelet theory for local fields and related

groups. J. Geom. Anal., 2004, vol. 14, pp. 423 —456.


https://doi.org/10.1080/01630563.2021.1878370
https://doi.org/10.1007/s13324-021-00481-9
https://doi.org/10.1142/S0219887821500559
https://doi.org/10.1002/mma.7046
https://doi.org/10.1007/s13370-020-00786-1

18

O. Ahmad, Abdullah A. H. Ahmadini, M. Ahmad

8]

9]
[10]
11)
12)
13]
14
15]
16]
17)
18]

[19]

[20]
[21]

[22]

Christensen O. An Introduction to Frames and Riesz Bases. Birkh&user,
Boston, 2003.

Dai X., Larson D., Speegle D. Wawvelet sets in R™. J. Fourier Anal. Appl.,
1997, vol. 3, no. 4, pp. 451-456 .

Dai X., Diao Y., Gu Q. On Super-Wavelets. Oper. Theory Adv. Appl.,
Birkhéuser, Basel, 2004, vol. 149, pp. 1563—-165.

Duffin R. J., Shaeffer A.C. A class of nonharmonic Fourier series. Trans.
Amer. Math. Soc. 1952, vol. 72, pp. 341 —366.

Dutkay D. E. Some equations relating multiwavelets and multiscaling func-
tions. J. Funct. Anal., 2005, vol. 226, no. 1, pp. 1—20.

Dutkay D. E.; and Jorgensen P. Ouversampling generates super-wavelets.
Proc. Amer. Math. Soc., 2007, vol. 135, no. 7, pp. 2219—2227.

Daubechies 1. Ten Lectures on Wavelets. CBMS-NSF Series in Applied
Mathematics, STAM, Philadelphia, 1992.

Gabardo J. P., Nashed M. Nonuniform multiresolution analyses and spec-
tral pairs. J. Funct. Anal., 1998, vol. 158, pp. 209 —241.

Gu Q., Han D. Super-wavelets and decomposable wavelet frames. J. Fourier
Anal. Appl., 2005, vol. 11, no. 6, pp. 683 —696.

Shah F. A., Ahmad O. Wave packet systems on local fields. Journal of
Geometry and Physics, 2017, vol. 120, pp. 5—18.

Shah F. A., Ahmad O., Rahimi A. Frames Associated with Shift Invariant
Spaces on Local Fields. Filomat, 2018, vol. 32, no. 9, pp. 3097 -3110.

Shah F. A., Abdullah. Nonuniform multiresolution analysis on local fields
of positive characteristic. Complex Anal. Opert. Theory, 2015, vol. 9,
pp- 1589-1608.

Shukla N. K., Maury S. C. Super-wavelets on local fields of positive char-
acteristic. Mathematische Nachrichten, 2017, pp. 1-16.

Taibleson M. H. Fourier Analysis on Local Fields. Princeton University
Press, Princeton, NJ, 1975.

Zhong-yan L., Xian-liang S. On Parseval super-frame wavelets. Appl.
Math. J. Chinese. Univ. Ser. B., 2012, vol. 27, no. 2, pp. 192—-204.

Received March 28, 2021.

In revised form, August 14, 2021.
Accepted August 23, 2021.
Published online September 4, 2021.



Nonuniform Super Wavelets in L*(K)

19

Owais Ahmad ¢
siawoahmad@gmail.com
Abdullah A.H. Ahmadini ®

aahmadini@jazanu.edu.sa

Mobin Ahmad ®
msyed@jazanu.edu.sa

@ Department of Mathematics
National Institute of Technology, Srinagar
190006, Jammu and Kashmir, India

b Department of Mathematics
Faculty of Science, Jazan University
Jazan -45142, Saudi Arabia



