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Abstract. In this work, we give some properties of the g-Chebyshev
polynomials through the Stieltjes function associated with their
regular forms (linear functional). Some connection formulas are
highlighted. The integral representation of those forms are given.
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1. Introduction. In this contribution, we introduce the monic or-
thogonal polynomial sequence (MOPS) of ¢-Chebyshev polynomials
{T0,(x,q) }nso of the first kind and {U,(, ¢) }nso of the second kind, which
are orthogonal with respect to the forms (linear functionals) 7T;, U, respec-
tively, through a g¢-difference functional equation similar to that satisfied
by the classical Chebyshev forms 7 and U of the first /second kind, respec-
tively [15]. In addition, we preserve the connection property 7;(1) = Uy,

where 7;(1) is the first associated form of 7,. Note that many authors have
been interested in the g-extension of the Chebyshev polynomials and their
properties [1], [4], [8]. The normalized sequences associated with those
introduced in [1], [4], [8] are equal to {T}(z,q)}nso and {U(x,q)}nso,
respectively, up to a dilation. Furthermore, those polynomials are a par-
ticular cases of big g¢-Jacobi polynomials [1], [9]. Our main aim is to
study in detail these polynomials through their ¢-classical character. The
second section is devoted to the preliminaries, some fundamental results
useful in the sequel, to the introduction of the MOPSs {T},(z, ¢) }n>0 and
{U.(,q)}ns0. In the third section, we obtain a connection formula bet-
ween 7, and the shifted form I, which is a g-extension of the formula
given in [10]. As a consequence, we highlight certain formulas connecting
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the polynomials 7, n(x,q) and Un(x, q) for n > 0, which are g-extensions of
the classical case [3], [16], [17]. In the fourth section, we give the integral
representation of the form 7, using the connection formula given above.
This has not been done previously in literature. In the last section, we
give explicitly the Stieltjes functions of the ¢-Chebyshev form of the first
and second kind.

2. Preliminaries and fundamental results. Let P be the vector
space of polynomials with coefficients in C, and let P’ be its dual. We
denote by (w, f) the effect of w € P’ on f € P. In particular, we denote
by (w)n: = (w,2™), n > 0 the moments of w. Let us introduce some
useful operations in P’. For any linear form w, any polynomial g and any
a € C—{0}, ceC,let gw, w', hyw, (x—c)"'w, d., and Hyw be the forms
(linear functionals) defined by duality

<gw7f> - <w7gf>7 <U},,f> = _<w7f/>7 <haw7f>:: <w7htlf>7
<(QJ - C)ilw7f>:: <w790f>7 <507f>:: f(C), <quaf> = —<’LU,qu>,f eP,

where

05w = T2 iy = stan),
Hy(f)(z) = %x #0.geC—({0pu] [{zeC.2"=1}),

Hy(f)(0) = f(0).
We also define the right-multiplication of a form by a polynomial as

The Stieltjes function of w € P’ is defined by

Stz = =3

n=0

>,w€73’,fe73.

A monic polynomial sequence (MPS) { P, },>0 is a sequence of monic poly-
nomials P,, n > 0, with deg P, = n. Let {w,},>0 be its dual sequence,
defined by (wn, Pn) = 6n.m,n,m = 0. The MPS {P,},>0 is orthogo-
nal (MOPS) with respect to w € P’ if the following conditions hold:
(w, PpPy) = rpbp,m, n,m =0, r, # 0, n > 0. In this case, the form w
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is said to be regular. The form w is called normalized if (w)y = 1. In
this paper, we suppose that all forms are normalized. Thus, w = wy and
{P, }n>0 satisfies the standard recurrence relation

Py(z) =1, Pi(x) =2 — B, (1)
Poa(z) = (2 = Bri1) Pori(2) — g1 Pa(®), Yugr # 0, n > 0,

The regular form wy is said to be symmetric if (wp)2,+1 = 0, n > 0 or,
equivalently, 8, =0, n > 0in (1) [3], [11].

Let {P,}n>0 be the sequence defined by P,(z) = a "P,(ax), n > 0,
a # 0. It is a MOPS with respect to 1wy = h,—1wj fulfilling (1) with [10]

Bn = &7 '7n+1 = ,yn_;_l7n > 0.
a a

Given a regular form w and the corresponding MOPS {P,},>o satisfying
(1), we define the first associated sequence {P,(Ll)}@() by [11]

Poya(r) — Pria(§)
r—§

{P} 50 is a MOPS with respect to w® satisfying (1) with [3], [11]

PV (x) = <w, > — (Wl Ppy1) (2).

ﬁ’r(Ll) - 6?2—‘1-17 77(11421 = Tnt+2, N 2 0.

The Chebyshev MOPS of the first kind (respectively, of the second kind),
orthogonal with respect to T (respectively, ) are defined by [3], [11], [12]



84 M. Mejri

1 >0
- n =,
47

(x* — U)' — 32U =0,

u
’Yn—‘rl -

+1
U, f) = %/\/1 2 f(x)dx f € P. @)

Let us recall some results:

Lemma 1. [7], [11] Let w € P, f € P, a € C —{0}. The following
formulas hold:

Hy(fw) = (hg-1 [)Hg(w) + q_l(Hqﬂf)w, (3)
S(z, fw) = f(2)S(z,w) + (wbo f)(z), (4)
ha(fw> - (ha*1f>(haw>‘ (5>

Definition 1. [7| A form w is called H,-semiclassical, if it is regular
and if there exist two polynomials ¢ and 1) (¢ is monic), degp =t > 0,
deg = p > 1, such that

Hy(¢pw) +Yw =0, (6)

the corresponding orthogonal sequence { P, },>¢ is called H,-semiclassical.
Remark. When deg ¢ < 2, degy = 1, w is called H,-classical form [6].

Lemma 2. [7| If w is H,-semiclassical, fulfilling the equation (6), the
form w = hy,-1w, a € C — {0} is H,-semiclassical and satisfies

with ¢(x) = a~ 9% (ax), ) (z) = ' ~*E¢Y(ax).

The H,-semiclassical character of a regular form can be described via
the formal Stieltjes function, as follows.

Theorem 1. |[7] Let w be a regular form. The following statements are
equivalent:

(a) w is H,-semiclassical form satistying (6).
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(b) The Stieltjes function S(-,w) satisfies the q-Riccati equation

(hg-10)(2)Hg— (5(z,w)) = C(2)5(z,w) + D(2),

where

C= _(Hq*1¢) —q,
D= —{(Hq&(weogb) n q(w90¢)}.

We are going to use the following notations and results [5]:

1, n=0,
a,q)n:= n—1
(@9) [[(1—-ag"),n>1,acC.
v=0
lim L2 D _ 1 _ =0 <1 aeR (7)

=1 (2,q)so

Let { P,,(«) }n=0 be the symmetric MOPS introduced in the situation (3.25)
in [15] with ¢ is replaced by ¢

(qn+1 _ 1)(qn+1+2a _ 1)

o n+2a+2

Tnt1(ar) = (2201 — 1)(g2nt20+3 — 1)q =0, (8)

1— —2a—2
H,((z* — 1)u(a)) + 1q—xu(a) ~ 0.
—q
If a = —1, we denote T;:= u(—3), ”y;ril := Ynt1(—3), n > 0; then
q n+1
— 3 n y > 17
WS T S e ©)

g+1
Hy((* = 1)T) = 42T, = 0.

Note that if ¢ — 1, we obtain the form 7 [3], [12]; then the form 7, is its
g-extension (we say that 7, is the ¢g-Chebyshev form of the first kind). In
the following, {T},(, q) }nso is the MOPS with respect to 7.

Denote by U,: = hq 1u( ), 7n+1 = ¢ 'Yu41(3), n = 0 and obtain,
due to (8) and Lemma 2:

qn+2

77121:1&-1 = ) > 07
("t +1)(¢"" + 1) (10)

Hy((#* —q7") Uy) + 1qqxu-—o
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If ¢ — 1, we get the form ¢ [3], [12]; then U, is the g-extension of the form
U (it is the ¢g-Chebyshev form of the second kind). Denote by {U,,(z, q) }»>0
the MOPS with respect to Uj.

Remark. We see that, due to (9) and (10), we have
TV =U,.

This is a g-extension of the classical case [10].
3. Connection formulas.

Lemma 3. [14] Let (by)n>0 with b, # 0, n > 0, (¢,)n=0 be two sequences
of complex numbers and (x,),>0 be a sequence satisfying the following
recurrence relation

Tpi1 = bpp +cyyn > 0,20 =a € C— {0}.

n n k -1
We have x,,1 = (ku){CH'Z(H b#) ck},n20.
k=0 k=0 \u=0
Lemma 4. The following equation holds:
1
2 = —— 1 .
(.Z' 1)7; q + 1 ¢ 2 q

Proof. Let w, be the normalized form defined by

1
Then Hy((2?~1)7;) = — 7 Hy(w,), and from (9) we get 2T, = — 45 Hy(w,).

Multiplying both sides by z? — 1 and using (12), we deduce that
(2? — 1)H,(w,) — ¢ tzw, = 0.
From relation (3), it follows that

Hq((as2 —qh ,lblq) +

q 2

ath,%Uq = 0. (14)
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Based on relations (13), (14), and the fact that (hq,%lxlq)o = (wy)o = 1,
we get hq, 1Uy = wy, which provides (11). J

Remark. When ¢ — 1 in relation (11), we obtain the connection formula
given in [10].

_ In the sequel, we denote by {U,(2, ) }nso the MOPS with respect to
Uy:= hq_%uq. Then we have

nd _n.~A 1
Un(z,q9) = q 2U,(q>x,q), n > 0.

UO(':Ev(J) = 1a 01@%]) =7z, ~ (15>
Onia(2,0) (2, ) = 2Un11(2,9) = 74, 0n(@, 9), >0
with "
U, _ q"
Tnt1 = (1 +qn+1)(1 +qn+2), n=0 (16)
Lemma 5. The following formulas hold:
~ 2 n  k(k+1)
Un(1,q) = (S >, n=0. (17)
) n+1 k=0
= 20q+1) & G
IO, g = 2D g emeen (18)
n ? 1. 4—1 ) =
(=14 Ynte P
Proof. From relations (15) and (16), it follows that
~ ~ qn‘H ~
Unio(1,q9) = Unia(1,q) — U,(1,q9),n > 0.
+2( q) +1< q) (1+qn+1)<1+qn+2) ( q)
Equivalently,
(1+ ¢ Uns2(1,9) = ¢"2Un1a(1,9) =
1 . -
= an“<(1 + " Uni(1,9) - (J"HUn(l,fJ)), n=0.
Therefore,
- - 1+ q)U1(1,q) — qUs(1
(44" Onin(1,0) =" 20 (1, ) = LFDALD 000D 1,

(1 + qurl)

s

k=0
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Since Uy(1,q) = Uyi(1,q) = 1, we get

1 q_ (n+1)2(n+2)
Un1(1,9) = ————=Un(1,9) + o =2l
a 0 +a%)
k=0

but the previous relation is valid for n = 0. Using Lemma 3, we obtain

Un+1(1 Q) + (1 + Z (k+1)(k+2)) -
kl}lu k)

1
2 o~ kD)

S e — g 2 , n=0.
1.1

- k(kt1) .
Thus, U,(1,q) = Zq =5 , n > 1. But the previous rela-
1 k=0

tion is valid for n = (). thls provides (17).
Based on relations (15) and (16), we get

(14 ¢ TN, (1, q) — 00, (1, q) =

1 - .
T 1+ g2 <(1 +¢" )0 (1,q) — q"“Ué”(l,q))a n>0.

Then
(1+ ¢ 00 (1,q) — 0 (1,9) =
1+ 0" (L) - 05 (Lg) _ 2(1+9)

— = , n=0.
[T(1+¢"*?) [T+
k=0 k=0
So,
(n42)(n+3)
~(1 ~ 2(1+q)g~ =
UT(H?l(l’q> = 1+q n— 2U(1)(1’ )_'_ n+2 » N 2 1’
[[(1+q¢7*)
k=0

and, by Lemma 3, since the last relation is valid for n = 0, we get

- 2(1+q) SN e
U(21(1 q):—g q 2 n > 0.
" ’ (_1;q_1)n+3 ’

k=0
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By virtue of the previous relation and the fact that Uél)(l,q) =1, we
obtain relation (18). O

Theorem 2. We have the following connection formulas:

2n+3
~ ~ q ~
Tn ) — Un s - n\4y4), P ) 1
12(z,q) = Upya(w,q) (1+qn+1)(1+qn+2)U (z,q),n 20 (19)
. qn—l—l -1~
H‘I(Tn+1<m7Q)) = ﬁUn(xa(Z)a n > Oa (20)
(I‘ - 1)0 ( ) Tn+2($,Q) + bnTn<$7Q)7 n = 07 (21>
R qn—i-l — 1~ R
(12 - 1)Hq(Tn+1(xaQ>> - qT{Tn-‘rQ(xaQ) +bnTn(x7Q)}a n 2 O, (22>
where 1 1
bo=———\ by = — , n>1
0 1+¢’ (1+¢*)(1+4 gvth) "

Proof. Based on relation (11), we learn that [2]

~

Tn+2(x7 Q) = ﬁn+2(‘r7 Q) + an(}n(x7 Q)7 n > 07
where

0n 1 —Lﬁél) 1 ~
" +2(1,9) 1+q~( )+1( Q), n>0, U_1(1,q) =0.
Un(1,q) — 1+qU” 1(1,9)

By virtue of Lemma 5, we obtain

1
ap = — , n= 0.
(1 _i_qfnfl)(l _i_qfan)

This provides (19).
1
We know that the sequence {

m[—] T (, q)} is a H,-classical

n=>0
orthogonal sequence with respect to 3" [6]. Moreover, by (9) and for-
mula (2.9) in [6, p.58|, we get

1
Hy((@* =g )T + = aTfl =0,

Comparing the previous equation with the equation (14), we obtain

T[l] — q_%uq'

q
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Whence, U, (z,q) = q,ﬂ;ll_lHanH(x,q), n > 0. Thus, we get (20).
From the functional equation (11), we have [13]

(l,? - 1>0n(x7 Q) = Tn+2<x7 Q) + bnTn(QZ’ Q)7 n =0, (23>
’ (T T3 (. ) o
Equivalently,
y (@ =T Do)
(Tg, T3 (2, q))

and, by the formula (11), we obtain b, = — - ,
n > 0. Therefore,

On one hand, we have

(Ty, T, q)) = 70Ty, Ty (wq)), n> 1.

So, (T2, T2(z,q)) = [] fy,?,ﬂ > 1, and, by (9), we obtain
k=1

(1+q")g"5
(To T (2,q)) = 4-———, n> 1. (25)
(IT(1+ )
k=0
On the other hand, we may write
<uq7U Zz q H,Yk; I /
Using relation (10), we get
n(n+1)
. 1+qn+1 qg 2
Uy U2,y = 41+ ) LT s (g
(TI(+49)

k=0
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Relations (23), (24), (25), (26) and the fact that by = —ﬁ, give (21).
After multiplying both sides of equation (20) by 2 — 1 and using
relation (21), we deduce (22). O

Remark. When g — 1 in equations (19), (20), (21) and, (22) respectively,
we meet, again, the formulas given in [10], [16], [17] concerning the classical
monic Chebyshev polynomials.

4. Integral representation of 7, and U,.
Theorem 3. For f € P, we have

+1
2. .2
W) =K1 [ %ﬂx) de,0<q <1, (27)
.
Uy, f) = K3 / %f(w)d:v,qﬂ, (28)

1 qz K (97% ¢*)so
mn =510 | T ey
1 5 K4 +a ( 2 2)
LOELS: 47% ¢*)oc
+ 2{1 + qg+1 /1 (x — 1)(¢?x%; ¢?) dx}f(l)—l—

1 +4q
qu 2. .2
+ "7 / ( (9275 g )Oo f(z)dz, 0 <g<1, (29)

g KL @y
T 1) = {1 C]+1_[(x+1)( fc2q2)d}f( v

1 +1
1 q2 K3 (2% ¢ )
-1 d
* { +q+1/(x—1)(Q‘1x2;q‘2)oo x}f(l)Jr

—1
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1 +1
Ky 2%¢ )
4+ 4 /(1 (%97) F()dz, ¢ > 1, (30)

¢+1J (1=2%)(g7'2% ¢ )
where
-1 T (2% ¢%) oo dr. (K71 — +q%(q‘lx%q*)oo p 41
007 = [ Gy o 0D = [ Gzt @
_q?
Proof. We need the following formula [11]:
(x—a) ™ (z—a)w=w—(w)yd,, a € C,w € P (32)
From the definition of the form U,, we have
Uy, f) = @(%), f(a=a)), f €P.
By virtue of Proposition 4.3 in [15], we get
+g? —1,2. 2
Uy ) = K, / Wﬂqéx) dv, 0<q<1, (33)
gt
T 99 o
W) =Ko [ (S5 ) dng > 1

—q
where K| and K, are normalization constants.

The change of variable t = ¢~ 2z in (33) and (34) gives relations (27)
and (28), respectively.

Taking into account the functional equation (11), we may write

(@= 17 @~ D+ )T, = ~—

+ 1 (.’L' - 1)_1hq*%u(b

and, by formula (32) and the fact that ((z + 1)7;)o = 1, we get

(x+1)T, =6 — (x — 1)_1hq,%L{q.

qg+1
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Always by (32), it follows that

1
-1 1 1
Tg=01+(z+1) 51—q+1(9&+1) (x—1) h -y Uy

But (z +1)7'0; = (6, — 6_1); then

1
77125(5—1+51)—q+1

(z+1)" Yz - 1)_1hq,%2/{q.

This implies for f € P

1

(Tou £} = 5D+ £(1) = AP (35)

where

AG) =+ 1) @ = D)7 h gty ).
We may write

A(f) = (hq,%uqﬁl@_lf) =

2 1'2 -1
Therefore,
1/, 2f(q2x) = (¢ 2z + )f(1) + (¢ 2z — 1)f(=1)

A(f) - §<uq7 q_le 1 > (36)
When 0 < g < 1, we get, by (27),

A(f) = 51

+1 1 1 1
(2% ¢%) 2f(¢22) — (¢ 2z + 1)f(1) + (¢ 22 — 1) f(-1))
) / (4% ¢*) oo g la? —1 -

Let t = q’%x, it follows that

_ i a (4t*;4*)oo f (2)
R I el
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1, (qt2§q2)oo
51 | G 0

(gt?; ¢%)

<Rt [ i 1O

By virtue of the previous relation and (35), we deduce (29).
In the case of ¢ > 1, we get, by (28) and (36),

A(f) = ;K3 %
+q% 1 1 1
(¢7'2% ¢ ) 2f(q22) — (¢ 2z + 1 f(1) + (¢ 2z — 1) f(=1)
. / (47222470 ¢ le? —1 "

Using the change of variable y = q_%x, we obtain

=K ] oof() dy+

(y? —1 @92 07%)
+1
11 (v% 4 oo
+ -q2 K] / : d —1)+
21 2<_1 (y+1)(¢'v?* ¢ y)f( )

+1

V(@Y% 07

Taking into account the last relation and (35), we get (30). O

Corollary 1. When q — 1 in representation (29) (respectively, (30)), we
obtain the integral representation of T .

Proof. We need the following relations [2|:

+1

+1
\/1—$d vV1+zx
xr =
Vi+z V1—=x
—1 -1

dr =T. (37)
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Using relation (7), we obtain, successively:
(z 27q2)oo e (qw,Q) T
. ™ T (¢7'7%, ¢ %)oo _ 3
};E} (22,0 ) llll_rﬂ (222, ) 1—a?, [z <1 (39)
Based on relations (38) and (2), we get
+1
2. 2 o -1 1 2
hH} K = hrr%</ %dm) =g =—. (40)
= — 22%;4%) o ™
! AR [ V1—2?dx
1
On one hand, by (38) and (37) we have
+q +1
. (42 ¢%) o0 Vi-u
lim dr = dr =m. (41)
=1 ) (24 D7 ¢%)oo Vit
1 |
—q 2
On the other hand, by relations (38) and (37), we obtain
1
T 2. 42) ! Atz
lim 025 ) g —/ Cdr = -7 (42)
g1 (@ — 1)(¢°2% ¢*)oo V1—z
1 5
—q 2
Using relation (38), we see that
-3
. (q2% ¢ )oof /
1 d : 43
i ) e e P W
b

Taking into account relations (38)—(43) and (30), we get

(x)dx = (T, f), f€P.

lim (7,

1 1
) q’f>:;_[¢1—ﬁzf
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In a similar way, we obtain, from (39):

lim Ki =

q—1

Also, by relations (39) and (38), we can deduce, successively,

+1 +1

(%47 ) oo dp — Vv1— a:

lim = .
(1) (g ¢ Ve +1
+1 +1
lim (%4 7)o dxr = Lt I
1) (=D %) V1= 2
21
By (39), we get
+1 +1
. (7% 40 %) / f(z)
1 = .
L e A Vet
1

Based on relations (44), (45), (46), and (31), we obtain

llm (T, f) = (x)dx = (T, f), f€P.

\/7

Hence, the desired results. [

(46)

In the following section, we give explicitly the expression of the Stielt-

jes functions of the forms 7, and U,.
5. The Stieltjes functions of the forms 7, and U,.

Lemma 6. We have
(z° = @*)H—1(5(2,7,)) = —q2S(2,7T,),

(22 — @) H,~1(S(2,U,)) = 25(2,U,) + g+ 1.
Proof. We need the following formulas [2|:

w(l)(z) =1, w(&)(x) =z, w € P’ (symmetric form).
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From the functional equation in (9) and Theorem 2, we have
(47222 = D) Hya(S(2,Ty) = = (e (22 = 1)) = 2) (S To) () -
— Hy1(Tgfo(2* — 1)) (2) — a(Tbo) (—q ' 2)(2).

However, H,-1(2* — 1)) — z = —¢~ 'z, and with (49), we have

—H 1 (TE)() + (T)(2) = —Hya(2) + (Ty1) (=) = 0.

Thus, we conclude the relation (47).
By the functional equation in (10) and Theorem 2, we may write

(472" =) Hys (S (2, ) == (Hyms (= H =) (S T)()

— HpsUfola? — a7 )() — ayfo) (L) (o),

since Hy-1(2* — ¢ 1) + q;ﬁjz = —q2z. By (47),

— Hy WUy — 47 2)(2) — aUyfo) (2 ——a)() -

l—gq
Which proves relation (48). O
Theorem 4. The following formulas hold:
1(*27%¢%) o
= 1
S(T) =~ gy i < 1,2 40, (50)
12747 %)w
3(277:]) = _; (Z 27q )Oo ) |Q| >1,z 7£ 0, (51)

2

S(t) = (1 +¢7 ) ‘QE‘”Q’ koYl <lzA0, (32)
q (2~

z $4%) oo

2)00

z  (gqz~ ,q2)oo

Z J—

S(2,Uy) = (1+ 471 —zf lal > 120, (53)
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Proof. Equation (47) can be written as follows:

2 2
S(q 2 T) = L =15z, 7).

22 —q
1 1—gqz 1
Therefore, S(q—z7 7;) 1_—(]225( ,7;) V4 7é 0.
Let .

S(;, 7;) — 2A(2), 240, (54)

Then )

1—gz
Agz) = . qQZQA(z)7 z # 0. (55)

This implies

2,2 2
A(z):aw, lqf <1, 2#0, a € C.

(42%,¢%)o0
By (54), we get
a(@®27% ¢*)oo
S(z,7T, — <1,z+#0.
=70 =7 (4272, ¢%) a 7
2,2 2
But 15(1,7,) = a%, and 1117%%5(%,7;) = —1. Then a = —1,
4z~ 4" )0 =
which provides (50).
From relation (55), we get
_ 1— 22
Thus,
—1,2
q =4
A(Z)—ﬁ((ZQT))aZ?éO, g > 1, B €C,
and, by relation (54), it follows that
B2
S —— > 1, 0.
(2 = 2= g > 1,

Since lin% %S(%,’Y;) = —1, we obtain § = —1. So, we get (51).
zZ—r
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From the functional equation (11), we get
Uy = ~(g+ Dby ((a* = 1T,)
and by formula (5), it follows that
Uy = —(g+1)((¢" " = 1)h
Then
S(z,U,) = —(q+1)S(z, (¢ 'a* = 1)h

and, by (4), we get

S(2y) = (g + g2~ 1S (z,h 7))~
1

(h 3 T)bo(q 2" = 1))(2) = ¢ (h , T) (&) () = ¢ 'z,
5(27 hq%’]:z» = qiés(qiézﬂ:})'
Then

S(z,U,) = —(¢~ +1) (q%(q—lz2 C)S(q T + z)>.
Using relations (50) and (51), we obtain formulas (52) and (53). O
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