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Abstract. The objective of this work is to give a characterization
of the domain D (A) of A in terms of the integral resolvent family

t
of the equation z (t) = zo + [a(t — s) Ax(s)ds, t > 0, where A is
0

a linear closed densely defined operator, a € L}O . (R") in a general

Banach space X and x¢ € X. Furthermore, we give a relationship
between the Favard classes (temporal and frequency) for integral
resolvents.
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1. Introduction, Definitions, and Notations. Let (X, |-]|) be a
Banach space, A a linear closed operator with dense domain D (A), defined
in X and a € L}, (R") a scalar kernel. We consider the linear Volterra

loc
equation:
t

z(t) = /a (t —s)Azx(s)ds+ f(t), t=0, (1)

where f € C (R, X). Denote by [D (A)] the domain of A equipped with
the graph-norm and define the convolution product x of a scalar function
a and a vector-valued function f by:

t

(ax f)(t) ::/a(t—s)f(s)ds, t > 0.

0

Definition 1. [I11, Definition 1.1] A function x € C (R*, X) is called:
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1) A strong solution of (1) if x € C(R*,[D (A)]) and (1) is satisfied.
2) Mild solution of (1) if axz € C(R*,[D (A)]) and

r=ft)+Alaxa](t), t>0. 2)

Obviously, every strong solution of (1) is a mild solution. Conditions
under which mild solutions are strong, were studied in [11].

Definition 2. [7, Definition 2.2] Equation (1) is called well-posed if for
each v € D (A) there is a unique strong solution x (t,v) on R of

z(t,v)=a(t)v+ (ax Az)(t),t >0, (3)

and for any sequence (v,) C D (A),v, — 0 implies z (t,v,) — 0 in X
uniformly on compact intervals.

Definition 3. [7, Definition 2.3] Let a € C(R") be a scalar kernel.
A strongly continuous family (R (t)),., C £(X); (the space of bounded
linear operators in X ) is called an integral resolvent for equation (1), if
the following three conditions are satisfied:

(R1) R(0) =a(0)I.

(R2) R(t) commutes with A, which means R(t)(D(A)) C D(A) for all
t >0, and AR(t)x = R(t)Ax for all x € D(A) and t > 0.

(R3) For each x € D(A) and all t > 0 the resolvent equations holds:

Rt)r =a(t)x + /a (t —s) AR(s)xzds.

0

Note that when a(t) = 1, R(t) corresponds to a Cy-semigroup.
If there exists an integral resolvent for (1), then a mild solution of (1)
may be obtained by the formula

t

x(t) :f(t)+A/R(t—s)f(s)ds, t > 0.

0

In fact, this supposes that R (t) is an integral resolvent for (1); let
f€C(RT, X) and z € C(R*", X) be a mild solution for (1). Then R * f
is well-defined and continuous and we obtain, from (R3) and (1):

axx=(R—AaxR)xx=R*x— RxAaxx = Rx* f.
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Hence, R« f € C(R*,[D (A)]), and from (1) we obtain

o) = £ (1) +A/R(t—s)f(s)ds, £>0.

The following result establishes the relation between well-posedness
and existence of an integral resolvent. In what follows, R denotes the
range of a given operator.

Theorem 1. [7, Theorem 2.4] Equation (1) is well-posed if and only if
(1) admits an integral resolvent (R (t)),.,. If this is the case, we have, in
addition, R (a* R(t)) C D (A) for allt > 0 and

t
Rt)yx=a(t)z+ A / a(t —s) R(s)xds, (4)
0
for each x € X, t > 0.
Definition 4. An integral resolvent (R (t)),,, is called exponentially

bounded if there exist M > 0 and w € R, such that |R ()| < Me**
for all t > 0 and the pair (M,w) is called the type of (R (t)),-

The growth bound of (R (t)),, is
wo:=inf{w € R, [|[R(@)|| < Me*", t >0, M > 0};
if wy < 0, the integral resolvent is called exponentially stable.

Note that, contrary to the case of the Cy-semigroup, an integral resol-
vent for (1) does not need to be exponentially bounded (see [3], [11], [7]).
However, there are verifiable conditions guaranteeing that (1) possesses
an exponentially bounded integral resolvent.

Remark 1. Note that if a € C* (R*) N L' (R") with a (0) = 1 and such
that a (\) admits zeros with arbitrary large real part, the problem (1) can-
not admit an exponentially bounded integral resolvent (For more details
see [11, Page 45-46]).

We will use the Laplace transform at times; suppose that g: Rt — X
is measurable and there exist M > 0, w € R, such that ||g (¢)| < Me**
for almost all ¢ > 0; then the Laplace transform

o0

G\ = / e (t) dt,

0
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exists for all A € C with Re A > w.
A function a € Lj,.(R") is w (resp. w™)-exponentially bounded if

loc

[ e“*la(s)]ds < +oo for some w € R (resp. w > 0) (see, e.g [6, p. 113]).
0

The following proposition, stated in |7, Theorem 3.1], establishes the
relation between an integral resolvents and the Laplace transforms:

Proposition 1. Let a € C(R") be w-exponentially bounded and let
(R(t));so C L(X) be strongly continuous and exponentially bounded,

such that the Laplace transform R (A) exists for A > w. Then (R(t)),,
is an integral resolvent of (1) if and only if the following conditions hold:

1
1) a(\) #0 and a0 € p(A), for all A\ > w, where p(A) is the set
a
resolvent of A.

1 -1
2) K(\):= <WI - A) called the resolvent associated to R(t)
a
satisfies:

<d (1/\)] - A) 71x = /e_AtR (t) zdt,

0

forallz € X and all A > w.
Under these assumptions, the Laplace transform of R (-) is well-defined
and it is given by R(\) = K (\) for all A > w.
2. The Domain of A. We have the following characterization of D (A)
given in [11]:

Proposition 2. Let equation (1) admit an integral resolvent family with
growth bound w (such that the Laplace transform of the resolvent exists
for A > w) for w-exponentially bounded a € L}, (R*). Set, for 0 <6 < %
and e > 0,

1
Q= {m: ReA > w +¢, |arg \| < 9} :
Then the following characterization of D (A) holds:

D(A) = {x € X: lim  pApl —A) ' exists} :

|| =00, neQ)
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For more details concerning the proof of this proposition, see
[11, Corollary 1.1.6] and the proof of the [11, Theorem 1.4].

Without loss of generality, we may assume that f la (s)| ds # 0 for all

t > 0. Otherwise, we would have, for some ¢, > 0, that a (t) = 0 for almost
all t € [0,y] and, thus, by definition of a integral resolvent, R (t) = 0 for
t € [0,to]. This implies that A is bounded, which is the trivial case with
X =D (A).

In what follows, we will use the following assumption on a, such that

f|a )| ds # 0, for all t > 0.

Assumption H: There exist ¢, > 0 and t, > 0, such that for all
0 <t <t,, we have:

‘/ta(t_sm(s)dS\ >saj|a(s) |ds.

This is the case for functions a that satisfy a (/) C (0,1] at some
interval I = [0,¢,).
In fact, if a(t) € (0,1] for all ¢ € (O7 1], there exists 0 <e, <1

¢
Ja(t—s)a(s)ds eaf|a )| ds for all

0

and t, > 0, such that we have

0 <t < t,.
¢ 1
For all t € (0, 1], then we have [a(s)ds < [a(s)ds < 1. So,
0 0

t
1

/a —/ (t—s)a(s)ds.
€

0 0

It is necessary and sufficient that

t

1
50 a(t—s)a(s)ds.

1

N

Then we have

a(t—s)a(s)ds > e,.

S — .
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1t t
Thus, — [a(t—s)a(s)ds > 1> [a(s)ds.
€a 0 0
Hence, there exist ¢, > 0 and ¢, > 0, such that we have, for all

0<t<t,
t t
‘/a(t—s)a(s)ds‘ >5a/]a(s)\d5.
0 0

For almost all reasonable functions in applications, it is easy to see
that they satisfy this assumption. There are, nonetheless, examples of
functions that do not.

Define the set D (A) as follows

~ R(t)x —a(t)x

D(A)={reX: tli%i (ara) () exists}.
If |a ()| is continuous and nondescreasing and
lim sup M < 00,
t—0t |a (t)’
then
D) = {wex: fim 2T alr_ (5)

t—0t  (axa)(t)

This was proved in [8], [7]. Note that in the case of semigroups: a () =1
then (a*a)(t) = t and in the case of cosine families: a(t) = t then

(axa)(t) = %, we have the well-known result that D (A) = D (A) (see
[12], [4]). In what follows, we prove that this is the case in general.

Theorem 2. Under Assumption H, we have D (A) =D (A) and

lim R(t)yx —a(t)x

R P R

Proof. Let € D (A) and let there exist ¢, > 0 and ¢, > 0, such that for
all 0 <t < t, we have

’/t“(t—$>a<s)ds\ >ea]1a(s)\ds.
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For an arbitrary € > 0, let t € (0,¢,], such that |R (s) Az —a(s) Az| < ¢
for all s € [0,¢] due to the fact

li _ I|| =
;ﬁﬂR@) a(s)I||=0

by the strong continuity of R () and a (-) and the property (R1). Then

-

(axa)(t)

t

= HWUW—s)AR<s>wdS—/C‘(t‘s)“(S)AmS)H =

G;%ﬂ5</a@—s s)Axds — ! (t—s)a Amg‘:

ﬁ(/a(t— ) (R(s) — a(s)) Awds) | <

H(a*a /

t

1
< mo/w—sn I(R(s) — a (s)) Aal| ds <

(R(t)x—a(t)x—(a*a)(t)Ax) H —

<m0/ya(t—s)|ds:

/|a )| ds < —<oo
(ax*a)

due to the properties (R2), (R3) and Assumption H. This shows that
D (A) c D(A). B
Conversely, let x € D (A) and let
lim R(t)z—a(t)r
=0+ (axa)(t)

Under Assumption H, we have
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mo/a(t—s) R(s)xds—xH =

t t
1

Hm</a(t—s)}3(s)xds—/a(t—s)a(s)a:ds)” <

0

1 t
< mo/m(t—s)’||(R<5)—a(5))x\|d5<
1 / €
<m(}/|a(3)’€d$<€_a.

t
Then m [a(t—s)R(s)zds — x as t — 0. On the other hand, by
0

t

Theorem 1, we have [a(t —s)R(s)zds € D(A). Since A is closed, we
0
obtain, by

the following;:

: 1 t L B
lim WA/CL(T, — $)R(s)xds = lim —————(R(t)z — a(t)x) = y.

=0t (a*xa t—0+ (a * a)(t)
0

Finally, y = Az. Hence, x € D (A) and

lim R(t)x —a(t)x

R e YO I

O

From now on and in view of this result, we say that the pair (A, a) is
a generator of an integral resolvent (R (%)),

3. The Favard class of A. The following definition, which corresponds
to a natural extension, in our context, of the Favard class, is frequently
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used in the approximation theory for semigroups and resolvent families
(see e.g., [10], [4], [7]. [1], 2], [9])-

Definition 5. Let equation (1) admit a bounded integral resolvent
(R(t)),;50 on X, for an w*-exponentially bounded a € Lj,, (RT). We de-

loc
fine the Favard spaces (frequency and temporal) associated to (A, a) as

follows:
<)

1 1 -1
Fa7A::{x€X/ sup A( [—A) x

A>w d()‘> &O‘)
:{x € X/ sup d(l)\)AK (/\)xH < oo}.

and

o [R(t)x—a(t)z|
Fa,A.—{xeX/ os<Utl£1 (0 a) () <oo}.

Remark 2. The Favard class of A with kernel a (t) can be alternatively
defined as the subspace of X given by

ﬁA (ﬁ[ - A)_le < oo},

We prove that F, 4 is stable by R (¢) for any scalar kernel a.

{x € X/ limsup

A—00

Proposition 3. Let equation (1) admit a bounded integral resolvent
(R(t)),;50 on X, for an w*-exponentially bounded a € Lj,, (R*). We have
R(t) (Fa,A) C Fa7,4, for all t > 0.

Proof. For all x € D(A) and ¢t > 0, from (R2) we have:

and, by |5, Theorem 7|, (1] — A)~" commutes with R (t) for all u € p(A)).
Since R (t) is bounded, then, under Proposition 1, the following holds
for all A > w:

a(A) #0 and €p(A).

1
@A)

Hence, we have

(ﬁ[—Ale(t):R(t) (ﬁI—A)_l. (6)
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Now, if z € F, 4, then

sup
A>w

A(a(lA)I_ A>lx

a () ’< o

by (6), (R2) and the boundedness of R (t). We have:

! A( ! I—A)lR(t)ng

a0y \a 1 1 }
MA(W[—fQ x

sup
A>w

< IR (@] x sup
A>

w

< oo

Then R (t) x € F, 4 for allt > 0; hence, we deduce that R (t) (Fo.a) C Fya
forallt > 0.0

The proof of the following proposition is immediate.

Proposition 4. The Favard classes of A with kernel a(t), F, 4, and ]*Nj% A
are Banach spaces with respect to the norms

1 1 -
IR RVE AR
Il 5, , ||m||+§1>1§ At (&(A) ) ’
and IR (t) (t) =]
r—all)x
xll = = || + su ’
el 7, = Il oot |(axa) (b
respectively.

Now we will prove that F, 4 = ﬁa, 4 holds for all @ € L], (RT) satis-
fying Assumption H.

Theorem 3. Let equation (1) admit a bounded integral resolvent fami-
Iy (R(t)),5o on X, for an w*-exponentially bounded a € Ly, (R*), and
suppose that Assumption H holds. Then

Fa,A = Fa,A-

Proof. Let Assumption H hold: there exist ¢, > 0 and t, > 0, such that
for all 0 <t < tg:

’/t“(t—$>a<s)ds\ >ea]1a(s)\ds.
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Take © € F, 4; let ||R(s)|| < M for some M > 0 and all s € [0,1],
where 0 < t < t, and ¢, > 1. We have

|(axa) (t)] > ea (1% al) ().

1 t 1
Then M < —. By Theorem 1, Remark 2, under the stability of
[(axa)(t)] ~ &

Fua by R (1)

LEHE RSN Y v P

< T lfii‘;pH/ =9 R0) AT —4) o <
() |’/ s s 7554(5557 - 4) RG] <

(el () ey 0 M
< mea o B el < el

Hence, we obtain z € ﬁayA.
Conversely, let z € F, 4 and set

IB(t)z —a(t)z]|

=J, <
ooby [(axa) (b)) -
Write 1 ] . )
d(/\)A<€L()\)I_A) :a(A)AKW’
for all A > w.

Using the integral representation of the resolvent (see Proposition 1),
we obtain:

- (A)  AK (V)
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Since R(t) is bounded, by Theorem 1, and under Assumption H, we have:

1

a1 2] | [ smp LR =0
0

>0 axa) ()]

a(\)

HAOfta(t—s)R(s)xH .
<§(%}§3 (ava) @) +J$><£<%LH+JZ><°O

with L = sup ||AR (¢)||. This implies sup ‘ ﬁAK (\) xH < 00, which ends
t>1 A>w

the proof. [

Example 1. When a(t) = 1, we recall that (R (t));>¢ corresponds to a
bounded Cy-semigroup generated by A. In this situation, we obtain

Fia= {x € X/ sup||AA (M — A)_lscH < oo}
A>0

and

~ T (#) = —
Fia= {xEX/ supw<oo}

>0 t
and we have Fy 4 = F} 4. This case is well-known (see e. g., [4]).

Example 2. Let a(t) = b+ ¢t with b > 0 and ¢ > 0 with b+ ¢ < 1,
satisfying Assumption H; let equation (1) correspond to a solid in the
Kelvin-Voigt model (see [11, Page 131]). Since a(\) = 2 + CF)\(QQ), where I'
denotes the Gamma function, and since (a * a) (t) = b*t + bt> + %t‘Q’; then

in this situation we obtain
< oo}

~ R(t)x — (b+ct
FmA::{l'EX/ sup 17 ()= - ( +2c)x|\ <oo}.
o<t<1  b*t + bt + Gt3

(- (5452

Fa’A:{xGX/ sup 2

A>0

and

And we have F, 4 = F, 4 thanks to Theorem 3.
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