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A MULTIVALUED FIXED POINT RESULT WITH
ASSOCIATED DATA DEPENDECE AND STABILITY
STUDY

Abstract. In this paper, our primary result is on the existence
of non-empty fixed point sets for a new multivalued function de-
fined here. An admissibility condition is also postulated and used
in the main theorem. In two separate sections, we present data
dependence and stability results for the non-empty fixed-point sets
of these mappings. Some consequences of the main theorem are
discussed. The analysis is in the most general setting of metric
spaces. An illustrative example is discussed, which shows that our
existence theorem effectively extends some results in this line of
research.
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1. Introduction and Mathematical Background. Multivalued
contractions appeared first in fixed point theory in the work of Nadler [14].
This work was followed by a development of the branch of fixed point
theory in the domain of set-valued analysis. The books [2[, [12] describe
this development to a considerable extent.

There have been several generalizations of the famous Banach’s con-
traction mapping principle, which appeared in the famous work of Ba-
nach [3] in 1922. Some of the generalizations are Boyd et al. [5] in 1969,
Meir et al. [13] in 1969, Suzuki [18] in 2008, etc. This domain of math-
ematics is active in contemporary research as well. Also, many of these
results have important applications in different problem of mathematics.

One of the recent generalizations is due to Feng and Liu [8] in 2006,
which was followed by the introductions of several single and multivalu-
ed contractions, incorporating the basic idea of Feng and Liu. These
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have come to be known as Feng-Liu-type contractions, which occupy an
important place in metric fixed point theory.

Alongside, there has been another development in fixed point theory,
which addresses the fact coming out of the observations: that in many
established fixed point results the contraction condition between arbitrary
pairs of points in the space is not utilized. There are scopes of restricting
the domains of these contractions. Two approaches appeared for that, one
is introduction of order relations on the spaces 9], [11], [15], and the other
is the use of admissibility conditions, which are certain restrictions on the
concerned mapping [1], [10], [17].

In this paper, we introduce a new multivalued contraction of
Feng-Liu-type and a new admissibility condition. We utilize these con-
cepts to prove a new result in fixed point theory. Further, we investigate
the associated data dependence and stability problem of the fixed point
sets. Some references on these topics are [4], [6], [7], [16].

We begin with the essentials of mathematics required for our purpose.
Let (X, p) be a metric space. We denote the collection of nonempty
subsets of X by P(X), the collection of nonempty bounded subsets of X
by B(X), and the collection of nonempty closed and bounded subsets of
X by CB(X).

Let z € X and A € B(X). The distance of A from z, denoted
by D(z, A), is defined as D(z, A) = inf{p(z,y): y € A}. The distance
between two subsets A, B € CB(X), denoted by H(A, B), is defined as
H(A, B) = max {sup D(z, B), sup D(z, A)}. H is known as the Hausdorff

z€EA r€B

metric induced by the metric p on CB(X) [14]. Further, if (X, p) is
complete then (CB(X), H) is also complete.

Definition 1. A point x € X is called a fixed point of a multivalued
mapping T: X — P(X) if x € Tx. We denote the set of fixed points of

Definition 2. A function f: X — R, where (X, p) is a metric space, is
said to be lower semi-continuous if f(z) < lim +inf f(z,) for any convergent
n—-+00

sequence {x,} in X with limit © € X.

Definition 3. [17] A mapping f: X — X is said to be n-admissible,
where n: X x X — [0,+00), if n(u,v) > 1, for u,v € X implies
n(fu, fo) 2 1.

In a separate vein, the following definition was introduced in [1].
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Definition 4. |[1] Let X be a nonempty set and n, f: X — [0,400). A
function f: X — X is called a cyclic (n — ()-admissible mapping if

(i) n(x) > 1, for some x € X, implies B(fz) > 1,
(i) B(x) =

In the following, we define cyclic (n— ) admissibility for multivalued
mappings.

=
1, for some x € X, implies n(fz) > 1.

Definition 5. Let X be a nonempty set and n, f: X — [0,4+00),
f: X = P(X). We say that f is a cyclic (n — )-admissible mapping if

(i) n(x) > 1, for some x € X, implies B(u) > 1, for u € fz,
(ii) B(z) > 1, for some x € X, implies n(u) > 1, for u € fz.

Example. Define T: X — P(X), where X = [0, 1] is the usual metric
space, as Tx = [0, g]. Define n, 3: X — [0, +00) as

n(a) = {ex, it 0 <w< Lo B(z) = {coshx, if 0 <w< L
0, otherwise 0, otherwise.

Let € X and n(z) > 1. Therefore, z € [0, 3] and Tz = [0, £] C [0, 3].
Then B(u) > 1, for all u € Txz. Similarly, if y € X and S(y) > 1, it
can be shown that n(v) > 1, for all v € Ty. Therefore, T is a cyclic
(n — B)-admissible mapping.

In the following, we define a generalized Feng-Liu-type contraction
for multivalued mapping.

Definition 6. Let (X, p) be a metric space, T: X — CB(X) be a mul-
tivalued mapping and n, : X — [0,+00). Let b, ¢ € (0,1) with ¢ < b.
Then T is said to be a generalized Feng-Liu-type contraction if for x € X
with A(x) > 1 there is ay € Tx, such that

bp(z,y) < fz and fy<cM(z,y), where

M(z.y) = max {p(% ), 2. T) ;rD(y, Ty) D(l‘éTy) }

A(x) =n(z)orf(z)and f: X — Ris given by fr = D(z,Tx),x€X.

Definition 7. Let (X, p), (Y, p1) be two metric spaces and H be the
Hausdorff metric on CB(Y). A multivalued mapping T: X — CB(Y) is
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said to be continuous at z € X if for any sequence {z,} in X,

lirf H(Tz, Tz,) =0, whenever p(z, z,) — 0 as n — +oc.
n—-+00

2. Multivalued fixed point results.

Theorem 1. Let T: X — CB(X) be a multivalued mapping and 7,
B: X — [0,400), where (X, p) is a complete metric space. Suppose that:
(i) there exists xo € X, such that n(xg) > 1 or B(zo) = 1; (ii) T is cyclic
(n — B)-admissible; (iii) T is continuous, or f, where f(x) = D(x, Tx)
for all z € X, is lower semi-continuous; (iv) there exist b, ¢ € (0, 1) with
¢ < b, such that T is a generalized Feng-Liu-type contraction. Then Fr is
non-empty.

Proof. Since Tx € CB(X), forx € X and b € (0, 1), we have the following:
1
for any x € X there exists y € Tz, such that p(z,y) < ED(.%, Tx), that is,

b p(z,y) < D(x, Tx) = f(x). (1)

By the assumption (i), there exists xy € X, such that n(zg) > 1 (the
proof is similar if 5(x¢) > 1). Then A(zg) > 1 and, hence, by (1) and the
assumption (iv), we choose x1; € Tz such that

b p(zo,71) < frog and fr; < cM(xg, 21).

As n(zg) > 1 and z; € Txg, by the assumption (ii), we have f(z;) > 1
and, hence, A(z1) = B(z1) = 1. Then, by (1) and the assumption (iv),
we choose x5 € T'xy such that

b p(zi,22) < frr and fry < cM (2, 22).

As B(z1) 2 1 and a9 € Txy, by the assumption (ii), we have n(z9) > 1
and, hence, A(zg) = n(z2) = 1. Then, by (1) and the assumption (iv), we
choose x3 € Try such that

bp(xe,x3) < fre and faoz < cM(xo,x3).

As n(xz2) > 1 and x5 € Txq, by the assumption (ii), we have f(x3) > 1
and, hence, A(z3) = B(x3) = 1. Then, by (1) and the assumption (iv),
we choose x4 € T'x3 such that

bp(ws, x4) < frs and fry < cM(x3,14).
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As [(x3) > 1 and x4 € Tx3, by the assumption (ii), we have n(zy) > 1
and, hence, A(xy) = n(xy) > 1. In this way, we construct a sequence
{z,}, such that

Tpi1 € T, with n(2e,) > 1, B(22n41) = 1, for all n > 0. (2)
>

By (2), either n(z,) > 1 or f(z,) > 1 for all n > 0 and, hence, A(z,) > 1,
for all n > 0. Applying the assumption (iv), we have

bp(xp, xni1) < fo, and fr,1 < cM(zp, xpe), for alln >0,  (3)
where fz, = D(z,,Tx,) and

M(xm xn+1) =

Dan DnaTn DnaTn
:max{p(xn7$n+l)> (x ° )+2<x = x+1>7 (x 2x+1)}<

P(Tny Trg1) + P($n+1> -Tn+2) p(xna $n+2) }
2 ’ 2

< maX{p(a:m Tni1),

= maX{p(In; xn—i—l)a p(xn, xn—H) +2p($n+1’ xn+2)7
P(ffm xn—&—l) + p(l’n—f—la mn-l—2) } <
5 S
< max{p(n; Tnt1); P(Tni1, Tns2)} (4)

Suppose that 0 < p(z,, Tnt1) < p(Tni1, Tng2). Then, from (3) and (4),
we have

frpi1 < CM(*TmIn—H) <

bp(Tny1, Tnga) <
< e max{p(Tn, Tni1); P(Tni1; Tns2)} < CP(Tni1, Tnga).

As ¢ < b, it is a contradiction. Thus, we have p(z,41, Zni2) < p(2n, Tna1),
for all n > 0. Therefore, using (3) and (4), we come to

bp<mnaxn+1) < D(xn;Txn)a
D(xpy1, Txni1) < cp(ay,Tnugq), for all n > 0. (5)

From (2) and (5), we have

bp(xn-i-l?xn-&-?) < Cp($n7$n+l)> that iS, p(xn-i-la an+2) g p(l’n, xn-i-l)

SO

D(z,, Txy,).
(6)

D(ns1, T Tns1) < €p(Ty, Tpy1), that is, D(pq1, TTnq1) < g
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By repeated application of the above inequalities, we get

c

n+1
P(Tpi1, Tpaa) < [l_)] p(xg, 1), for all n € N|

n+1
D(xpi1, Txps) < [g] D(xg, Txyp), for all n € N.

(7)

c
Asc<b,wehavea:5<1. Hence, a™ — 0 as n — +o00. For m, n € N

with m > n, we have

< p(l'na :L‘n-l—l) + P($n+17 xn+2) +...+ p(xm—h xm) <
< a"p(wo,w1) +a" M p(xo, 1) + ..+ a™ p(wg, 1) <

aTL

(1—-a)

+oo
< Zakp(xo,xl) = p(xo,z1) = 0 as n — +o0.
k=n

Hence, {z,} is a Cauchy sequence. As (X, p) is complete, there exists a
point z € X, such that

Tp — X as n — +00. (8)

We consider the two following cases.

Case (i): Suppose that T" is continuous.

Using (8) and the continuity of T, we get H(Tx,,Tx) — 0 as
n — 400, which implies that D(x,.1,Tz) — 0 as n — 400, that is,
D(x,Tx) = 0. Since Tx € CB(X), Tx = Tx, where T denotes the clo-
sure of Tz. Now, D(z, Tx) = 0 implies that x € Ta = Tz, that is, » € Fr.
Therefore, Fr is non-empty.

Case (ii): Suppose that f, where f(x) = D(z,Tz) for all z € X, is
lower semi-continuous.

As 7 <1, we have from (7) that lim fz, = lim D(x,,Tw,) = 0.

n—-+oo n—-+oo

Then 0 < D(z,Tz) = fr < hmJirnffxn = 0, that is, D(z,Tz) = 0.
n—-—+0o0
Arguing as above, we get € Frp, that is, Frr is non-empty. [
3. Data dependence of fixed point sets. Here we prove a data
dependence result for the mappings described in the previous section.

The problem of data dependence is to estimate the distance between the
fixed point set of an operator with the corresponding fixed point set of
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another mapping where the functional value of the mapping at every point
is different from that of the given operator by a magnitude less than a given
number. It is generally considered for multivalued operators. In that case,
the Hausdorff distance is often used for estimating distance between two
functional values, wherever it is applicable.

Here we investigate the data dependence of fixed point sets of the
setvalued contractions mentioned in Section 2.

Theorem 2. Let (X, p) be a complete metric space, n, 3: X — [0, +00).
Let Ty, To: X — CB(X) be two multivalued mappings, such that
H(Thx, Tox) < K for all x € X, where K > 0 is a fixed a real number.
Suppose that Ty satisfies the assumptions (ii), (iii) and (iv) of Theorem 1,
Fr, # 0 and n(z) > 1 or f(x) > 1 for any € Fr,. Then Fr, # () and
e, Pl ) S5
Proof. By the assumption of the theorem, Fp, # 0. Let yo € Fry, that
is, yo € Tiyo. Then n(yo) = 1 or S(yo) = 1. Therefore, we know that
there exists yo € X, such that n(yo) = 1 or S(yo) = 1, and T satisfies
the assumptions (ii), (iii) and (iv) of Theorem 1. By Theorem 1, Fr,
is nonempty, that is, Fp, # (. Assuming that n(yg) > 1 (the proof is
similar if 5(yo) > 1) and arguing similarly as in the proof of Theorem 1,
we construct a sequence {y,}, such that

Ynt1 € ToYn; 1(yon) = 1, B(yan+1) = 1, for all n > 0, 9)
b0(Yn Ynt1) < DWn, Tovn),  D(Yns1, ToYnt1) < €p(Yn, Yns1), for all n >0
(10)

and
c n+1
P(Yn+41, Yn+2) < [[—)] p(yo, y1), for all n > 0,

(11)

c n+1
] D(yo, Tryo), for all n > 0.

D(Ynt1, Toynt1) < [g

Like in the proof of Theorem 1, we prove {y,} to be a Cauchy sequence
in X and that there exists u € X, such that
Yp — U aS N — 400 (12)

and wu is a fixed point of T3, that is, u € Thu. Following (10), we have

K
H(Thvyo, Toyo) < o (13)

>

D(yo, Toyo) <

S

p(Yo, y1) <
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Using (11), we have

n

[E} ip(yo’ y1) + p(Yn+1, w).

P(Yo, u) < Zp(yi7yi+1) + p(Ynt1,u) < b

i=0 =0

Taking limit as n — +o00 in the above inequality and using (12) and (13),
we have

“+o00

pyo,u) <Y [grp(yo,yl) <

<
i=0 (1-%)

Sbh—c

1 b K K
b

Thus, given yo € Fr,, we have u € Fr,, for which p(yo,u) <
K

b—c

b—c

holds. Hence, D(yo, Fr,) < As yo € Fp, is arbitrary, we get

SupgceFT1 'D([E, FT2) < b g

—c

4. Stability of fixed point sets. In this section, we have a stability
result, in which we answer the question whether for a convergent sequence
of functions of the category considered in Section 2, the corresponding
fixed point sets also converge to the fixed point set of the limiting function.

Theorem 3. Let (X, p) be a complete metric space, n, 5: X — [0, +00).
Suppose there exists o € X, such that n(xy) > 1 or f(zo) > 1. Let
{T,,: X - CB(X): n € N} be a sequence of continuous multivalued map-
pings, which uniformly converges to T': X — CB(X). Suppose that each
T, (n € N) and T satisfy the assumptions (ii) and (iv) of Theorem 1.
Then Fr, # (0, for each n € N and Fr # (). Furthermore, suppose that
B(x) = 1 orp(x) > 1 for any x belonging to Fr, (n € N) and Fr. Then
limy, 400 H(Fr,, Fr) = 0, that is, the fixed point sets of the sequence of
mappings {T,,} are stable.

Proof. Since each T, (n € N) is continuous and 7,, — 7' uniformly as
n — +oo, T is continuous. Then each T, (n € N) and T satisfy the
assumptions (ii), (iii) and (iv) of Theorem 1. By Theorem 1, we have
Fr, # 0, for each n € N and Fr # (. Let K,, = sup,cx H(T,z,Tx),
where n € N. Since the sequence {7},} is uniformly convergent to 7', we
have

lim K, = lim supH(T,x,Tx)=0. (14)

n——4o00 n—-4o00 xeX
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By Theorem 2, we have sup D(z, Frr) < bKT”C and sup D(z, Fr,) < %,
xGFTn xebr

for all n € N. Combining these two inequalities, we get

K
H(Fr,, Fr) < b—n’ for all n € N.

Taking limit as n — +oo in the above inequality and using (14), we have

Ky
lim %<FTnaFT) < lim = 0,

n—+00 n—+oo b — ¢

that is, 1ir£ H(Fr,, Fr) = 0. So, the fixed point sets of the sequence of
n—-+0oo
mappings {7,,: n € N} are stable. [J

5. Consequences and illustration. We have the following conse-
quent results of our main theorem.

Theorem 4. Let (X,p) be a complete metric space and T: X —
CB(X) be a multivalued mapping, such that T is continuous or f, where
f(x) = D(x,Tx) for all z € X is lower semi-continuous. Suppose that
there exists ¢ € (0,1), such that for all z,y € X

H(Tz, Ty) < cM(x,y).

Then Fr is nonempty.

Proof. Let us define n, 8: X — [0,400) as n(x) = f(z)=1, forall z € X.
Then the assumptions (i) and (ii) of Theorems 1 are trivially satisfied. Let
r € X and b € (0,1) with ¢ < b. As b € (0,1), there exists y € Tz, such
that bp(z,y) < D(x,Tx) = fx. Hence, by contractive inequality of the
theorem, we have fy = D(y, Ty) < H(Tx,Ty) < cM(z,y). Therefore, for
x € X with A(x) > 1, there is a y € Tz, such that bp(z,y) < fzr and
fy < ceM(x,y). Hence, by an application of Theorem 1, we conclude that
Fr is nonempty. [

Theorem 5. [14] Let (X,p) be a complete metric space and
T: X — CB(X) be a multivalued mapping. Suppose that there exists
c € (0,1), such that for all x, y € X,

H(Tz, Ty) < cp(z,y).

Then Fr is nonempty.
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Proof. The inequality of the theorem implies that mapping T is continu-
ous. Then the proof of the theorem (Nadler’s result) follows from that of
Theorem 4. [J

Example. Take the metric space (X, p), where X = {0,1,2,...,n,...}

and
(z,7) 0, if =y,
',1;7 - .
peey r+y, if x#uy.

({4,5}, if 2=0,4,5,
(2,3}, if r=1,23
Let T: X — CB(X) be defined as T'(z) = ¢ {7}, if ©=6,8,
{8}, if =1,
{2+ 1, z+2}, ifz>0.

Define n, : X — [0, +00) as

e’ if ©=0,1,...,5 2,if x=0,1,...,5
— Y ) Y ) ) d — ) ) ) Y )
(@) {0, otherwise and f(z) {0, otherwise.

Take b = 0.7 and ¢ = 0.5. Then all the conditions of Theorem 1 are
satisfied and here Fr = X —{0,1,6,7,8} is the fixed point set of T

Remark 1. Let us take x =0 and y = 1 in the example above. Then
H(T'z, Ty) = H(T0,T1) =7>1=p(0,1) = p(z,y),

which shows that there exists no ¢ € (0,1), such that H(Tx,Ty) <
¢ p(x,y). Therefore, the inequality of Theorem 5 is not satisfied and,
hence, Theorem 5 is not applicable to this example. So, Theorem 1 is a
proper generalization of Theorem 5, that is, Theorem 5 in [14].

Remark 2. Let us take x = 6 in the example above. Then y = 7 is the
only member in Tx and b p(z,y) = 0.7x13 =9.1 < f(z) = D(z,Tx) = 13.
But f(y) = D(y,Ty) = 15 > 13 = p(z,y). There exists no ¢ € (0,1), such
that f(y) = D(y,Ty) < cp(x,y). Therefore, Theorem 3.1 in [8] is not
applicable to this example.

Remark 3. The result of Feng and Liu (Theorem 3.1 of [8]) is derived
for mappings that are from X to C(X), where C(X) is the set of all closed
subsets of X. Our result (Theorem 1) generalizes the result mentioned
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above for the case where the functional values are restricted to CB(X).
The above Remark 2 shows that in this case the generalization is exact.
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