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Abstract. In this paper, the complete monotonicity of arctlanx is

proved. This problem was posted by F. Qi and R. P. Agarwal as
the eighth open problem of collection of eight open problems.
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1. Introduction. A function f is said to be logarithmically com-
pletely monotonic on an interval [ if its logarithm In f satisfies

(=1)" [In f(2)]" =0 (1)

forn € Non [.
A non-negative function f is called a Stieltjes function if there exist
non-negative constants a,b > 0 and o is a measure on (0, c0), such that

fa)=2 40+ /(0 o(dt) 2)

i 700)1‘4'15

and f(o OO)(1 +t)"lo(dt) < oo (see [7]). The theorem of Widder (see
Theorem 12.5 in [2| or Theorem 18b at p. 366 in [3]) states that a non-

negative function f is a Stieltjes function if and only if it is smooth and
such that

()" @ f@)® V20, nz1. (3)

In the paper [4], F. Qi and R. P. Agarwal posed eight open problems on
complete monotonicity. The eighth open problem says:
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Qi’s Eighth Open Problem. The function Cta is logarithmically
completely monotonic on (0,00) but not a Stieltjes transform.

In [1], [6], [8], there is Fad di Bruno’s formula: if g and f are functions
with a sufficient number of derivatives, then

n

. FO(t
T 0) = 3 g 0) I1(

where the sum is over all different solutions in nonnegative integers
bi,by, ... b, of by +2by +---+nb, = n, and s := by +--- + b,. And
in [5], the nth derivative of arctanz is obtained:

ddxn (arctanz) = (_(11):_;(27;;/21)‘ sin (n arcsin (ﬁ)) (5)

N

Equations (4) and (5) are important tools in the solution.

The function ¥(z) = Llogl(z) = %, the logarithmic deriva-
tive of the gamma function, is called psi function or digamma function,
and ™ (z) for m € N are called the polygamma functions. Properties
and inequalities related to polygamma functions can be found in [9-12]
and references therein. The only positive zero of digamma function is

¢ =1.461632144 . .. and the series representation is [1]

o0

(@) = ()Y n+xm+1, r>0, m=12,. ..
n:O
It follows that [1]
(—1)(m+1)¢(m) (;p) > 07 m = 1’ 2’ . (6)

2. Main Results.

Theorem 1. The function arctlanx is logarithmically completely mono-

tonic on (0,00) but not a Stieltjes transform.

1
Proof. Let h(z) = In m) = —In(arctanz), g(z) = In(z) and

f(z) = arctan z, then h(z) = —g(f(z)). Now,
(=1)"h"(z) = (=1)"*! (In(arctan z))™ .

By (4) and (5), we obtain
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1)m+sp] _
bl‘bg by! ( arctanx)

= (=) (=1 . br
X E <( (11)+ x(2)r/21) sin <r arcsin (ﬁ))) —

using (—1)" = (—1)2b1+3b2+4b3+“'+("+1)b” we obtain

Z (s —1)! y
bl'bg .b,! (arctan z)®

_ 1 1 b,
XH( 1:x2 -7z Sin (rarcsin <\/ﬁ>)> >0 for all z € (0,00).
Suppose that f(z) = —— is a Steiltjes transform; then the equation (3)

must hold for all n € N. However, we claim that for n = 2 the equation
(3) does not hold for f(x) = Now, for n =2

arctanx ”

2

1 @) = (o) =

arctan
6 arctan(z)* — 2 arctan(z)?z? — 12z arctan(z) + 622
arctan(x)*(1 + 22)3

We have
. /6arctan(z)? — 2 arctan(z)?z? — 12z arctan(z) + 62>
lim ( ) — 9
20+ arctan(x)*(1 + 22)3
and
6 arctan(z)? — 2 arctan(z)?z? — 12z arctan(z) + 622
lim ( ) =0
z—00 arctan(z)4(1 + x2)3

This implies

22 (3)
-2 < (—1)1 (—) <0, Vze(0,00),

arctan x

which contradicts (3). Thus, the function —L— is logarithmically com-

pletely monotonic but not a Steiltjes transform. The proof of Theorem 1
is complete. [J

Theorem 2. The function g(x) = m
pletely monotonic on (¢, 00), where c¢ is the only positive zero of ¥ (x).

is strictly logarithmically com-
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Proof. Consider

1

0 (i (575))" = 1M i)™ -

using (4) we have

(s — ) () \or " () \b2 M) () \bn
- U%wﬁ)>(w§))’~(¢n55 -

since n+ s =20y +3by +4bs + -+ - + (n + 1)bn and using (6), we have
_ S Gl 1)' @)\ =9 (@) (=1 () \ b

(n)
So, (—1)"<ln (ﬁ)) > 0, for all x € (¢,00). The proof of Theorem 2

(z)

is complete. [
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