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Abstract. In this paper, we give a new characterization for the
Dunkl-classical orthogonal polynomials. The previous characteri-
zation has been illustrated by some examples.
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1. Introduction and preliminary results. Let P be the vector
space of polynomials with coefficients in C. An orthogonal polynomial
set (OPS for short) {P,},>0 in P is called classical (resp. A-classical,
H-classical) if {DP, },>1 (resp. {AP,}u>1, {HyPn}tn>1) is also an OPS,
where D (resp. A, H,) denotes the derivative operator D = - (resp.

dx
A the difference operator, H, the Hahn operator given, respectively, by

Af(z) = flz+1) = f(z) and Hyf(x) = {5 g 221, f e P).

In [10], the authors characterized the so-called classical orthogonal
polynomials (Hermite, Laguerre, Jacobi, and Bessel) by a new characteri-
zation. In particular, they showed that a MOPS { P, },>0 is classical if and
only if there exists a polynomial «,, of degree n > 0, and a polynomial ¢
(monic) of degree less or equal to 2, such that P,.;u = D(a,Pu), n > 0,
where u is the corresponding form to { P, },>o. Later on, this characteriza-
tion has been extended for the classical discrete and g-classical (discrete)
polynomials (see [2]).

A natural question arises: Is there a similar characterization for Dunkl-
classical orthogonal polynomials?

The aim of this paper is to answer this question. Namely, we prove
the Theorem 2 (see section 2).

We begin by reviewing some preliminary results needed in the sequel.
Let P’ be the dual of P. We denote by (u,f) the action of u € P’ on
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f € P. In particular, we denote by (u), = (u,2"), n > 0, the moments of
the form u (linear functional).

Let us introduce some useful operations in P’. For any form u, any
polynomial p and any (a,c) € C\ {0} x C, let fu, hyu, §. and (x —c)"'u
be the forms defined by duality:

(fu,p) = (u, fp);  (hau,p) = (u, hap) ,

(0c,p) = ple);  ((z =) 'u,p) = (u, Ocp)

p(z) — p(c)
r—c
Then, it is straightforward to prove that for ¢ € C and u € P’

where hop(z) = p(ax) and (0.p)(z) =

(x—c) ' ((z — c)u) = u — (u)obe.

Let {P,},>0 be a sequence of monic polynomials (MPS for short) with
deg P, = n,n > 0. The dual sequence for { P, },,>0 is the sequence {u,, },>0,
u, € P, defined by (uy, Pn) = 0pm, n, m > 0, where 6, ,, is the kronecker
symbol.
The linear form w is called regular if there exists a MPS {P, },>0, such
that [8]:
(u, P Pn) = m0pm, nym =0, 7, # 0, n > 0.

The sequence { P, },>o is then said to be orthogonal with respect to u. In
this case, we have

tn = ({uo, P3)) ™" Pyug, n > 0. (1)

Moreover, u = Aug, where (u)o = A # 0 [13].

In what follows, all regular linear functionals u are assumed to be
normalized, i.e, (u)y = 1.

A polynomial set {P,},>o is called symmetric if and only if
P,(—x) = (=1)"P,(x), n > 0.

According to Favard’s theorem, a monic orthogonal polynomial se-
quence (MOPS) is characterized by the following three-term recurrence
relation |8]:

PO(ZL’):].,Pl(JI):.T—Bo, (2)
Poa(z) = (2 — Buy1) Pria(x) — Yny1 Pul(x), n 2 0.
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with (Bn, Yn+1) € C x C\{0},n > 0. The first associated with { P, },>¢ is
the MOPS {P{"},,~0, defined by

PV (x) =1, PV (a) =z — B,
P, (2) = (2 = Buya) PL (&) = PV (), n > 0,

(3)

Let us introduce the Dunkl operator [9]:

f@) — f(=x)

T,(f) = f' + 20t f. (Hoa @) = 52

, feP,ueC.

By transposition, we define the operator 7}, from P’ to P’ as follows:
(Tyu, fy =—(u,T,f), f€eP,ueP.
In particular, this yields
(T = — ()1, 1 > 0,
with the convention (u)_; = 0 where

1 (—1)"

5 ,n = 0. (4)

P =1+ 208, & =

Note that Tj is reduced to the derivative operator D.
Using the previous definitions, we get the following formula [5]:

T,(fu) = fTou+ (Tuf)u+2pu(H-1 f)(hoqu —u), f € P,ueP. (5)

Now, consider a MOPS {P, },>0 and let

1
(TMPn+1)(x)7 H 7& —n—5,n =0

P (z, ) =
(@, ) - 5

Denoting by {ug](u)}@o the dual sequence of {P,[ll](~, 1) } =0, we have [14]
TM“L”(M) = —Hn1Uni1, 1 2 0. (6)

Definition 1. [4,7,14] A monic orthogonal polynomial sequence { P, },>¢
is said to be T,-classical (or Dunkl-classical) polynomial sequence if
{T,,P, }n>1 is an orthogonal polynomial sequence. In this case, the form u
corresponding to {P,},>¢ is called T, -classical form.
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B. Bouras proved in [5] the following theorem:
Theorem 1. Let {P,},>0 be a MPS orthogonal with respect to a linear

form ug. For pu # — and p # 0, the following statements are equivalent:

(a) The sequence {P,},>0 is Dunkl-classical.
(b) There exist a non-zero complex number K and three polynomials
® (monic), ® and ¥ with deg® < 2, deg® < 3 and deg V¥ = 1, such that

V(0 + gy ey (6 =)+ g (6 ) 20, (7
and L4
T, <<I>u0 - 2,uh,1(<I>u0)> + vy =0, (8)
with B
x®(x)ug = h_1(P(x)up). 9)

Remark 1. Symmetric Dunkl-classical forms are well described in [4]. In
particular, two canonical forms appear: the generalized Hermite and the
generalized Gegenbauer forms; however, for the non-symmetric case one

canonical case appears: it is the regular perturbed generalized Gegenbauer
form [6]

- 1 1
Gla,n—35) =M= 1)7'G(a, p—5) + b, (10)
where 5
A= (11)
200+ 2p + 1

and G(a, pu — 3) Is the generalized Gegenbauer form [1], [3].

1
The MOPS corresponding to G(a, p—3), which we denote {Sfla’u 2)}n>0,
satisfies the three-term recurrence relation (2) with [8]

Hn+1 (/’LTH*l + 20‘)
2n 4 200+ 2+ 1)(2n + 20 + 2 + 3)

fn =0 and Tt = 7 ,n >0, (12)

where i, 11 is given in (4).

Lemma 1. [5], [7]. If {P,}.>0 is a Dunkl-classical MOPS, then ugl] (1)
satisfies

(ug (1), (P, 10))?) = (‘I"(O) + 2K(D”(O)

m(‘l/ffn —n)+
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K‘i”’(@)

<u0> P7%+1>
3(1— 4u?) |

13
e, 1)

,u(gn - n))

2. Main Result. The main result of this section is as follows:
Theorem 2. Let {P,},>0 be a MPS orthogonal with respect to a linear

1
form ug. For p # 0, 3 the following statements are equivalent.

(a) The sequence {P,},>0 is Dunkl-classical.

(b) There exist a non-zero complex number K and three polynomials
® (monic), deg ® < 2, P, deg@ < 3 and ¥, degV = 1 and a polynomial
Qn, deg(Q,) =n,n >0, such that

Poirug = 1_L4M2Tu <Qn(<I>u0 . 2,uh,1(®u0))>, n>0,  (14)
V(O + gy (6 =) + (6 ~m £0, (19

with
2@ (z)ug = h_y (P(z)up). (16)

Proof. (a) = (b) From the assumption, we have
tn = ({uo, Py)) ™ Pag, n 2 0 (17)

and
() = (o (), (PR (-, w)) PG, g (), n > 0. (18)
Substitution of (17) and (18) in (6) gives

A

Pn+1U07 n > 0, (19)

Tu(PP s ) (1) = —finss
Tn—i—l
here v — e (PUC N and o — (un. P2
where .’ = (ug ' (p), (P (-, ))%) and r 1y = (uo, Fryy)-
For n = 0, equation (19) becomes
14+ 2p

Ty () = == == Pruo (20)

Using formula (5), equation (19) is transformed to

PO )Tl (1) + (T, P )l (1) + 20(H_ PI(-, 1)) x
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(1]

T'n
X (h,lu([)l] (n) — u([)l](ﬂ)> = —Hns1——Fnirtio, n 2 0. (21)
n+1

For n = 1, equation (21) becomes
[1}

PG T ) ) 0) - 2 e (o) = =27 Poug.— (22)

Substitution of (20) in (22) gives

ub (1) + 2uh_yug (1) = K®uo, (23)
where n
142
Ko = -~ p Pl py— 2" p, (24)
71 )

and the non-zero constant K is chosen to make & monic.
Applying the operator h_; to (23), we get

hovug () + 2puug (1) = K hoy (@ug). (25)
Multiplying (25) by 2u and subtracting the result from (23), we get
K
ul(p) = 1_—4M2(<I>u0 —2uh_1(Pug)). (26)

Substitution of (13) and (26) in (19) gives

K
T gl (PR )@ — 2h s (o)) ) =
o K(0) K&"(0)
= —(‘I’ (0)+m(4ﬂgfn—n)+m (&n— n)) 1o, 1 2= 0.
Thus, (14) follows, where
0, = — o T, Pt K(I),,,( | 0.
(‘I"(O)+m(4ﬂzﬁn—n) 31— 4#2)”(6 n)>ﬂn+1

(27)
Now, putting n = 2 in (21), we obtain
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P i) Tyl (1) + (T P (o)l () +
2l PP egn) () o) = ul () = —xoPouo. (28)

Taking into account (20) and (26), we get

—2uK
1 —4p? <T“P2[1]('>:“) —(1+ QN)H—1P2[1]('>M)>h—1((I)U0) =
= PPy (1) — T, Py (-
(AP = T A )
2uK
t 1 ijJQM(I)HlPQm('nU/) - X2P3)Uo- (29)

Applying the operator h_; to the last equation and taking into account
the fact that

(T, P (-, 1)) (@) — (1 + 2u)(H A P, ) () =
= (P (2, 1) — (H P (2, 1) = 22
and the formulas
h_y(zv) = —zh_v and h_y(h_jv) =v,v € P,

we obtain (15), where

~ :1—4M2(1+2MP1

)= () (T, 5", )+

Pl )
S PR ) =

A () (o ) 1) — xoPy(a)). - (30)

+1—2u

(b) = (a) Putting n =0 in (14), we get

K
PluO = —QQOTN <(I)’U,0 - Q/Lh,l(q)'u,o)) (31)
1—4u
Then, according to Theorem 1, the sequence {P,},>o is Dunkl-classical
P
with O = ——. 0
Qo

3. Examples. In this section, we will illustrate Theorem 2 by giving
some examples. For this, we need the following results.



36 Y. Habbachi, B. Bouras

~a L
Let {57(I " 2)},%0 be the sequence of orthogonal polynomials with re-
spect to the form Q(a p—3) (see (10)).

The sequence {S e 2)}@0 satisfies the recurrence relation
~(o,p— % ~(c,p— % ~
S @) =1, 5 @) =2 - .
:g“(avﬂ—%) _ 3 §(avﬂ—%) ~  Slap—3)
n+2 (I’) - ('ZC - /Bn+1) n+1 (IE) - fyTH“ISn ('T)u n 2 07

with [12]

(32)

60 —ao =1+ §n+1 = a7(1a) - agi)la Vg1 = —agl,a)(l + aif")), =0,

where a is given by Maroni [12]

al®) — _ - ,n>0. (33)

~ap_l L
The relationship between {Sfl " 2)}@0 and {S,(L ” 2)}@0 is (see [12])

@ a,pu—x au—L
glen=) _ gle=a) 4 plglen=a) 4 g, (34)

Lemma 2. The coefficient a' is given by

(@) _ _ Hn+1 >0 35
fin mt2atoutrl T (35)

Proof. We will prove (35) by induction on n. Using (3), (11), (12), and
(33), we get

ST AT
SR ) + A1)

M1
—(1 =
(1+2) 20+ 2+ 1 (36)

Hence, (35) is true for n = 0.
Assume that (35) is true until n and let us prove it for n + 1. From
(33), the recurrence hypothesis, and the three-term recurrence relation

_1
fulfilled by {5\ "?'},150, we have
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(ap—3) ap-1)
B (1 N 1Sn”2()+)\(5 “2)(1)(1))_ <1+’Vn+1>_
(1=, - —— _ )
ST+ AET0) ai”
i1 + 2
= (1 ) by (12) =
2n+ 2o +2pu+3
_n+2+l’b_u(_]‘)n:_ Hn+2
2n + 200+ 2+ 3 2n+2a 421+ 3

This completes the proof. [J

Remark 2. From (35), it is easy to see that a'® satisfies the following

relation:
Pl X aiﬁl = finyz X 00D n > 0. (37)

Lemma 3. We have the following results:

1) The generalized Hermite polynomials H\" ) satisfy [11]
THY, (2) = prn HY (2), 0> 0. (38)

_1
2) The generalized Gegenbauer polynomials glta) satisty [4]

T80 (@) = S (@), n > 0, (39)
3) The sequence of orthogonal polynomials g,(la’“_ﬁ) satisfy
1, Sn+1 ( ) = Mn+1S (ot 2)(x), n = 0. (40)

Proof. We aim at proving (40); from (34) and (39), we have:

~(a7 7l) (av 71) (0%
7,507 (@) = 1,807 (2) + a1 1,819 (2) =

(a+1,u—1)
= Nn+25n+1 (e )+G£LOjr)1Mn+1S

(0% -1 o 6% s _1
= (S @)+ afh ST @) ) =

= 2 (S5 (@) + a;“”sé‘““’“‘ﬁ)(a:)) by <37> =

T () =

o1 o] L
Moreover, it is clear that TMS§ i 2)(23) =142u= MlSé e 2)(35)-
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Hence the desired result. [

Example 1. Generalized Hermite polynomials. The sequence of
generalized Hermite polynomials {H" )}n>0 is symmetric Dunkl-classical
and its associated form H(u) satisfies (7)—(9) with [5]

O(z) =1, b(z) = —z, U(z) =2z, K =1+ 2. (41)

Using (27), (38), and (41), we can easily prove that

1

Qn(z) = =3 W(x), n>0.

The form H(u) is symmetric, i.e, H(u) = h_yH(u). Then
H(p) = 2phaH(p) = (1= 20)H(p).

According to Theorem 2, the sequence {Hﬁf‘ )}@0 satisfies the following
relation:

1
H M () = =5 Tu(HP (), n > 0.

Example 2. Generalized Gegenbauer polynomials. The sequence

a1
of generalized Gegenbauer polynomials {S?(1 * 2)}@0 is symmetric Dunkl-
classical and its associated form G(o, u — 3) satisfies (7)—(9) with [5]

(z) = 2® — 1, B(x) = —x(2® — 1),
(1+2p)(a+p+3)
a+1 '

U(x)=(2a+2u+3)z, K = — (42)

From (27), (39) and (42), we can easily prove that

a+1 (a+lp—3)
n = — Sn ) ’ 2 0
Qel) (4 p+3)n+2+ 20+ p(l - (1)) o

Moreover, since G(a, i — %) is symmetric, then we have

1 1

Gla—5) = ha(Glan =)

Multiplying the last equation by 22 — 1, we obtain

(4 = )G, = ) = ha((a* = DGt~ ),
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Therefore,

1

(2= 1)G (0, p—5)~2uh (x>~ 1)G , p—3)) = (1-22)) (- 1)G e p3).

-t
Thus, according to Theorem 2, the sequence {S,(L " 2)}n>0 satisfies the
following relation:

( opu—73) _1 - !
Sni1 2 G(onp 2) S n+2+ 20+ p(l - (_1)n>><
1

X To(SEH 2 (22— )Gl — 5)in >0,

Example 3. Non-symmetric Dunkl-classical orthogonal polyno-

~(epp— L
mials. The sequence {5'7(1 " 2)}@0 is non-symmetric Dunkl-classical and
its associated form G(a, p — 3) satisfies (7)-(9) with [5]

14+2p, ~ 14+ 2p
O(z) = (r — 1 b(a) = x(z — 1)(z —
()= = a + 200 B0) =2te Do = 10
1+2 2 1+2 20 —1)(142 2
\P(x):(+u+a) L 1t2u >’K:(u )+ 24 + 2a)
20 14 2p + 2c 200
(43)
for a # 0.
On the one hand, we use (27), (40), and (43) and we get
20 "“(oc—l—lu—l
@)= - S D)z 0
(@) =~ B D T 1+ 20+ g T (=1) (w),n
On the other hand, from (10) we have
~ 1 1
(2 = )G (o — 5) = AGla i — 3. ()

2 2

Since G (o, — %) is symmetric, we have G(o,p — 3) = h_1(G(a, p — 1)),

or, equivalently, in (44):

(e = 0G0, 5) = hal(x — DGla i~ 3).

142
Multiplying the last equation by = — 2Z we obtain

(=1 (= 120G 3) = sl (o= 1) (0 1) Gl s )

(45)
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Now, from the first equality in (43) and (45), we have
~ ~ 1 ~ 1
S(@)G (e p—5) = 2ph 1 (B(2)G (e, p = 5)) = (1+2) (@ = 1)G (e, p = 5).
(46)
g(avu_%)

Consequently, according to Theorem 2, the sequence {Sy, }nso satis-

fies the following relation:

~ ~ 1 1

(avu_l)
Spi1 PGl — ) = X
1 (o, p 2) n+1+2a+p(l+(-1)")

X T(SCT72 (22 - 1D)G(a, i — =), > 0.
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