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REFINEMENT OF SOME BERNSTEIN TYPE
INEQUALITIES FOR RATIONAL FUNCTIONS

Abstract. In this paper, we establish some Bernstein-type in-
equalities for rational functions with prescribed poles. These re-
sults refine prior inequalities on rational functions and strengthen
many well-known polynomial inequalities.
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1. Introduction. Let 𝒫𝑛 denote the space of complex polynomials

𝑓(𝑧) :=
𝑛∑︀

𝑗=0

𝑎𝑗𝑧
𝑗 of degree at-most 𝑛 > 1. Let 𝑇 := {𝑧 : |𝑧| = 1}, 𝐷−

denote the region inside 𝑇 and 𝐷+ the region outside 𝑇 . For 𝛼𝑗 ∈ C with

𝑗 = 1, 2, . . . , 𝑛, let 𝑤(𝑧) =
𝑛∏︀

𝑗=1

(𝑧 − 𝛼𝑗) and let

𝐵(𝑧) :=
𝑛∏︁

𝑗=1

(︁1 − 𝛼𝑗𝑧

𝑧 − 𝛼𝑗

)︁
, ℛ𝑛 := ℛ𝑛(𝛼1, 𝛼2, . . . , 𝛼𝑛) :=

{︂
𝑝(𝑧)

𝑤(𝑧)
, 𝑝 ∈ 𝒫𝑛

}︂
.

Then ℛ𝑛 is the set of rational functions with poles 𝛼1, 𝛼2, . . . , 𝛼𝑛 at
most and with finite limit at infinity. 𝐵(𝑧) ∈ ℛ𝑛 is known as the Blaschke
product. From now on, we shall assume that the poles 𝛼1, 𝛼2, . . . , 𝛼𝑛 are
in 𝐷+. For the case when all the poles are in 𝐷−, we can obtain analogous
results with suitable modifications of our method.

For 𝑟 ∈ ℛ𝑛, let ‖𝑟‖ = max
𝑧∈𝑇

|𝑟(𝑧)| be the Chebyshev norm of 𝑟 on 𝑇

and 𝑚 = min
𝑧∈𝑇

|𝑟(𝑧)|.
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Definitions and Notations:

1) For 𝑝(𝑧) :=
𝑛∑︀

𝑗=0

𝑎𝑗𝑧
𝑗, the conjugate transpose (reciprocal) 𝑝* of 𝑝 is

defined by

𝑝*(𝑧) = 𝑧𝑛𝑝

(︂
1

𝑧

)︂
.

Therefore, if 𝑝(𝑧) =
𝑛∏︀

𝑗=1

(𝑧 − 𝑧𝑗), then 𝑝*(𝑧) =
𝑛∏︁

𝑗=1

(1 − 𝑧𝑗𝑧).

2) For 𝑟(𝑧) =
𝑝(𝑧)

𝑤(𝑧)
∈ ℛ𝑛, the conjugate transpose 𝑟* of 𝑟 is defined by

𝑟*(𝑧) = 𝐵(𝑧)𝑟

(︂
1

𝑧

)︂
.

Note that if 𝑟(𝑧) =
𝑝(𝑧)

𝑤(𝑧)
∈ ℛ𝑛, then 𝑟*(𝑧) =

𝑝*(𝑧)

𝑤(𝑧)
and, hence,

𝑟*(𝑧) ∈ ℛ𝑛.

3) For 𝑤(𝑧) =
𝑛∏︀

𝑗=1

(𝑧−𝛼𝑗), we denote by 𝑏 the product of roots of 𝑤(𝑧),

i. e., 𝑏 = 𝛼1 × 𝛼2 × · · · × 𝛼𝑛.

4) If 𝑝(𝑧) :=
𝑛∑︀

𝑗=0

𝑎𝑗𝑧
𝑗, then 𝑝(𝑧) is defined as

𝑝(𝑧) = 𝑎0 + 𝑎1𝑧 + 𝑎2𝑧
2 + · · · + 𝑎𝑛𝑧

𝑛.

Note that 𝑝(𝑧) = 𝑝(𝑧).

If 𝑝 ∈ 𝒫𝑛, then, concerning the estimate of |𝑝′(𝑧)| on the unit circle 𝑇 ,
we have the following well-known result due to Bernstein (see [6], p. 508,
Theorem 14.1.1), which relates the norm of a polynomial to that of its
derivative.

‖𝑝′‖ 6 𝑛‖𝑝‖. (1)

The inequality (1) is sharp and equality holds for polynomials having all
zeros at the origin.

Since equality in (1) holds if and only if 𝑝(𝑧) := 𝑐𝑧𝑛, one would ex-
cept a relationship between the bound 𝑛 and the distance to the zeros of
the polynomial from the origin. This fact was observed by Erdös, who
conjectured the following fact later proved by Lax [3]:
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If 𝑝 ∈ 𝒫𝑛 and 𝑝(𝑧) ̸= 0 in 𝐷−, then

‖𝑝′‖ 6 𝑛

2
‖𝑝‖. (2)

Turàn [7] considered the polynomial having all zeros in 𝑇 ∪𝐷− and
proved the following reverse inequality:
If 𝑝 ∈ 𝒫𝑛 has all zeros in 𝑇 ∪𝐷−, then

‖𝑝′‖ > 𝑛

2
‖𝑝‖. (3)

Dubinin [2] proved the following strengthened version of inequality (3).

Theorem A. If 𝑝(𝑧) :=
𝑛∑︀

𝑗=1

𝑎𝑗𝑧
𝑗 is such that 𝑝(𝑧) ̸= 0 in 𝐷+, then

‖𝑝′‖ > 1

2

[︂
𝑛+

√︀
|𝑎𝑛| −

√︀
|𝑎0|√︀

|𝑎𝑛|

]︂
‖𝑝‖. (4)

In 1995, Li, Mohapatra, and Rodriguez [5] extended inequality (2) to
rational functions with prescribed poles. Besides other things, they proved
the following results:
Theorem B. If 𝑟 ∈ ℛ𝑛, such that 𝑟(𝑧) ̸= 0 for 𝑧 ∈ 𝐷−, then, for 𝑧 ∈ 𝑇 :

|𝑟′(𝑧)| 6 |𝐵′(𝑧)|
2

max
𝑧∈𝑇

|𝑟(𝑧)|.

Equality holds for 𝑟(𝑧) = 𝛼𝐵(𝑧) + 𝛽 with |𝛼| = |𝛽| = 1.
Theorem C. Suppose 𝑟 ∈ ℛ𝑛 and all the zeros of 𝑟 lie in 𝑇 ∪𝐷−. Then,
for 𝑧 ∈ 𝑇 ,

|𝑟′(𝑧)| > 1

2
[|𝐵′(𝑧)| − (𝑛− 𝑡)] max

𝑧∈𝑇
|𝑟(𝑧)|

where 𝑡 are the number of zeros of 𝑟(𝑧).
Recently, Wali and Shah [8] used the lemma of Dubinin [2] and proved

the following result:

Theorem D. Suppose that 𝑟(𝑧) =
𝑝(𝑧)

𝑤(𝑧)
∈ ℛ𝑛, where 𝑝(𝑧) :=

𝑡∑︀
𝑗=0

𝑎𝑗𝑧
𝑗,

𝑡 6 𝑛, 𝑟 has exactly 𝑛 poles 𝛼1, 𝛼2, . . . , 𝛼𝑛 and all the zeros of 𝑟 lie in
𝑇 ∪𝐷−. Then, for 𝑧 ∈ 𝑇 ,

|𝑟′(𝑧)| > 1

2

{︃
|𝐵′(𝑧)| − (𝑛− 𝑡) +

√︀
|𝑎𝑡| −

√︀
|𝑎0|√︀

|𝑎𝑡|

}︃
|𝑟(𝑧)|.
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The result is sharp and the equality holds for 𝑟(𝑧) = 𝐵(𝑧) + 𝜆 with
|𝜆| = 1.

In this paper, we find some inequalities for rational functions, which,
in particular, refine Theorem B and Theorem D for a particular class of
rational functions. We also deduce some polynomial inequalities, which
strengthens the prior inequalities, including inequality (4) and improves
many other inequalities concerning the polar derivative of a polynomial.

Our first result gives a refinement of Theorem B for a particular class
of rational functions.

Theorem 1. If 𝑟(𝑧) =
𝑝(𝑧)

𝑤(𝑧)
∈ℛ𝑛, where 𝑝(𝑧) :=

𝑛∑︀
𝑗=0

𝑎𝑗𝑧
𝑗, 𝑟(𝑧) ̸= 0 for

all 𝑧 ∈ 𝐷− and |𝑎0| 6 |𝑏| · |𝑎𝑛|, then for 𝑧 ∈ 𝑇 ,

|𝑟′(𝑧)| 6 1

2

[︁
|𝐵′(𝑧)| −

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|
· (|𝑟(𝑧)| −𝑚)2

(‖𝑟‖ −𝑚)2

]︁
(‖𝑟‖ −𝑚),

where ‖𝑟‖ = max
𝑧∈𝑇

|𝑟(𝑧)|.

Equality is obtained for 𝑟(𝑧) = 𝐵(𝑧) + 𝑘𝑒𝑖𝛼, with 𝑘 > 1 and real
𝛼. Since 𝑟(𝑧) does not vanish in 𝐷−, |𝑎0| > |𝑎𝑛|. Also, 𝑚 > 0; hence,
Theorem 1 is an improvement of Theorem B.

Remark 1. Let 𝛼𝑗 = 𝛼 > 1 ∀ 𝑗 = 1, 2, . . . , 𝑛; then 𝑤(𝑧) = (𝑧 − 𝛼)𝑛

and 𝑟(𝑧) =
𝑝(𝑧)

(𝑧 − 𝛼)𝑛
, so that 𝐵(𝑧) =

[︂
1 − 𝛼𝑧

𝑧 − 𝛼

]︂𝑛
→ 𝑧𝑛 as 𝛼 → ∞. Also,

𝐵′(𝑧) → 𝑛𝑧𝑛−1 as 𝛼 → ∞.
Further, let

‖𝑟‖ = max
𝑧∈𝑇

⃒⃒⃒⃒
𝑝(𝑧)

(𝑧 − 𝛼)𝑛

⃒⃒⃒⃒
be obtained at 𝑧 = 𝑒𝑖𝜁 , 0 6 𝜁 < 2𝜋, and

𝑚 = min
𝑧∈𝑇

|𝑟(𝑧)| = min
𝑧∈𝑇

⃒⃒⃒⃒
𝑝(𝑧)

(𝑧 − 𝛼)𝑛

⃒⃒⃒⃒
be obtained at 𝑧 = 𝑒𝑖𝛽, 0 6 𝛽 < 2𝜋; then, clearly,

‖𝑟‖ = max
𝑧∈𝑇

⃒⃒⃒⃒
𝑝(𝑧)

(𝑧 − 𝛼)𝑛

⃒⃒⃒⃒
=

⃒⃒⃒⃒
𝑝(𝑒𝑖𝜁)

(𝑒𝑖𝜁 − 𝛼)𝑛

⃒⃒⃒⃒
6

max
𝑧∈𝑇

|𝑝(𝑧)|

|(𝑒𝑖𝜁 − 𝛼)𝑛|
=

‖𝑝‖
|(𝑒𝑖𝜁 − 𝛼)𝑛|
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and

𝑚 = min
𝑧∈𝑇

⃒⃒⃒⃒
𝑝(𝑧)

(𝑧 − 𝛼)𝑛

⃒⃒⃒⃒
=

⃒⃒⃒⃒
𝑝(𝑒𝑖𝛽)

(𝑒𝑖𝛽 − 𝛼)𝑛

⃒⃒⃒⃒
>

min
𝑧∈𝑇

|𝑝(𝑧)|

|(𝑒𝑖𝛽 − 𝛼)𝑛|
=

𝑚𝑝

|(𝑒𝑖𝛽 − 𝛼)𝑛|
,

where 𝑚𝑝 = min
𝑧∈𝑇

|𝑝(𝑧)|.

Therefore, taking 𝛼𝑗 = 𝛼 > 1, for all 𝑗 = 1, 2, . . . , 𝑛 in Theorem 1,
using the above observations, and letting 𝛼 → ∞, we get the following
result:

Corollary 1. If 𝑝(𝑧) :=
𝑛∑︀

𝑗=0

𝑎𝑗𝑧
𝑗 ∈ 𝒫𝑛 and 𝑝(𝑧) ̸= 0 in 𝐷−, then, for

𝑧 ∈ 𝑇 ,

|𝑝′(𝑧)| 6 1

2

[︃
𝑛−

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|

]︃
(‖𝑝‖ −𝑚𝑝).

Equality is obtained for 𝑝(𝑧) = 𝑧𝑛 + 1.

Since 𝑚𝑝 > 0 and |𝑎0| > |𝑎𝑛|, it follows that Corollary 1 is an im-
provement of the result by Aziz and Dawood ( [1], Theorem 2).

As a refinement of Theorem D, we present the following result:

Theorem 2. If 𝑟(𝑧) =
𝑝(𝑧)

𝑤(𝑧)
∈ ℛ𝑛, where 𝑝(𝑧) :=

𝑛∑︀
𝑗=0

𝑎𝑗𝑧
𝑗, |𝑏|·|𝑎𝑛|6 |𝑎0|,

𝑟 has exactly 𝑛 poles at 𝛼1, 𝛼2, . . . , 𝛼𝑛, and 𝑟(𝑧) ̸= 0 for all 𝑧 ∈ 𝐷+, then,
for 𝑧 ∈ 𝑇 :

|𝑟′(𝑧)| > 1

2

[︃
|𝐵′(𝑧)| +

√︀
|𝑎𝑛| −

√︀
|𝑎0|√︀

|𝑎𝑛|

]︃
(|𝑟(𝑧)| +𝑚).

Equality is obtained for 𝑟(𝑧) = 𝐵(𝑧) + 𝑘𝑒𝑖𝜁 , with 𝑘 6 1 and real 𝜁.

For a complex number 𝛼 and for 𝑝 ∈ 𝒫𝑛, let

𝐷𝛼𝑝(𝑧) := 𝑛𝑝(𝑧) + (𝛼− 𝑧)𝑝′(𝑧),

where 𝐷𝛼𝑝(𝑧) is a polynomial of degree at most 𝑛 − 1 and is known as
the polar derivative of 𝑝(𝑧) with respect to 𝛼. It generalizes the ordinary
derivative in the sense that

lim
𝛼→∞

𝐷𝛼𝑝(𝑧)

𝛼
= 𝑝′(𝑧).
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Assume that 𝛼𝑗 = 𝛼 for all 𝑗 = 1, 2, . . . , 𝑛, with |𝛼| > 1 and

𝑝(𝑧) :=
𝑛∑︀

𝑗=0

𝑎𝑗𝑧
𝑗 is a polynomial of degree 𝑛. Then it can be easily shown

that 𝑟′(𝑧) =
−𝐷𝛼𝑝(𝑧)

(𝑧 − 𝛼)𝑛+1
and 𝐵′(𝑧) =

𝑛(1 − 𝛼𝑧)𝑛−1(|𝛼|2 − 1)

(𝑧 − 𝛼)𝑛+1
.

Using the above facts and those discussed in Remark 1, we get the
following result from Theorem 2:

Corollary 1. If 𝑝(𝑧) =
𝑛∑︀

𝑗=0

𝑎𝑗𝑧
𝑗 with |𝛼|𝑛|𝑎𝑛| 6 |𝑎0| is a polynomial of

degree 𝑛 having all zeros in 𝑇 ∪𝐷−, then, for every finite complex number
𝛼 satisfying |𝛼|𝑛|𝑎𝑛| 6 |𝑎0| and |𝛼| > 1,

|𝐷𝛼𝑝(𝑧)| > |𝛼| − 1

2

[︂
𝑛+

√︀
|𝑎𝑛| −

√︀
|𝑎0|√︀

|𝑎𝑛|

]︂
(‖𝑝‖ +𝑚𝑝).

2. Lemmas. To prove these theorems, we need the following
lemmas. The first lemma is due to Li, Mohapatra, and Rodrigues [5]:

Lemma 1. If 𝑟 ∈ ℛ𝑛 and 𝑧 ∈ 𝑇 , then

|𝑟*′(𝑧)| + |𝑟′(𝑧)| 6 |𝐵′(𝑧)|max
𝑧∈𝑇

|𝑟(𝑧)|.

Equality holds for 𝑟(𝑧) = 𝑢𝐵(𝑧) with 𝑢 ∈ 𝑇 .

The next Lemma is due to Li [4]:

Lemma 2. Let 𝑟, 𝑠 ∈ ℛ𝑛 and assume that 𝑠(𝑧) has all zeros in 𝑇 ∪𝐷−
and

|𝑟(𝑧)| 6 |𝑠(𝑧)| for 𝑧 ∈ 𝑇.

Then,
|𝑟′(𝑧)| 6 |𝑠′(𝑧)| for 𝑧 ∈ 𝑇.

The next two lemmas are due to Wali and Shah [8]:

Lemma 3. If 𝑟(𝑧) =
𝑝(𝑧)

𝑤(𝑧)
∈ ℛ𝑛, where 𝑝(𝑧) :=

𝑛∑︀
𝑗=0

𝑎𝑗𝑧
𝑗 and all zeros of

𝑟 lie in 𝐷+, then, for 𝑧 ∈ 𝑇 ,

Re

(︂
𝑧𝑟′(𝑧)

𝑟(𝑧)

)︂
6

1

2

[︂
|𝐵′(𝑧)| −

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|

]︂
.
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Lemma 4. If 𝑟(𝑧) =
𝑝(𝑧)

𝑤(𝑧)
∈ ℛ𝑛, where 𝑝(𝑧) :=

𝑛∑︀
𝑗=0

𝑎𝑗𝑧
𝑗, and 𝑟 has

exactly 𝑛 poles at 𝛼1, 𝛼2, . . . , 𝛼𝑛 and all zeros of 𝑟 lie in 𝐷−, then for
𝑧 ∈ 𝑇 ,

Re

(︂
𝑧𝑟′(𝑧)

𝑟(𝑧)

)︂
>

1

2

[︂
|𝐵′(𝑧)| +

√︀
|𝑎𝑛| −

√︀
|𝑎0|√︀

|𝑎𝑛|

]︂
.

3. Proofs of the Theorems.

Proof of Theorem 1. Assume that all zeros of 𝑟(𝑧) lie in 𝐷+; then 𝑚 > 0
and

𝑚 6 |𝑟(𝑧)|
for 𝑧 ∈ 𝑇 . Let 𝛼 and 𝛽 be two complex numbers, such that |𝛼| < 1 and
|𝛽| < 1; then

𝑚|𝛼𝛽| < |𝑟(𝑧)|
for 𝑧 ∈ 𝑇 . Since all the poles of 𝑟(𝑧) are in 𝐷+, 𝑟(𝑧) is analytic in
𝐷−. Also, 𝑟(𝑧) has no zero in 𝑇 ∪ 𝐷−, therefore, by Rouche’s Theorem,
𝑅(𝑧) = 𝑟(𝑧) − 𝛼𝛽𝑚 has no zero in 𝑇 ∪𝐷−. Therefore, by Lemma 3, for
𝑧 ∈ 𝑇 :

Re
(︁𝑧𝑅′(𝑧)

𝑅(𝑧)

)︁
6

1

2

[︂
|𝐵′(𝑧)|−

√︀
|𝑎0 + (−1)𝑛+1𝛼𝛽𝑚𝑏| −

√︀
|𝑎𝑛 − 𝛼𝛽𝑚|√︀

|𝑎0 + (−1)𝑛+1𝛼𝛽𝑚|

]︂
. (5)

Since |𝑎0| 6 |𝑏| · |𝑎𝑛|, then

|𝑎0| · |𝛼| · |𝛽| ·𝑚 6 |𝛼| · |𝛽| ·𝑚 · |𝑏| · |𝑎𝑛|,

|𝑎𝑛| · |𝑎0| + |𝑎0| · |𝛼| · |𝛽| ·𝑚 6 |𝑎𝑛| · |𝑎0| + |𝛼| · |𝛽| ·𝑚 · |𝑏| · |𝑎𝑛|,
|𝑎𝑛|
|𝑎0|
>

|𝑎𝑛| + |𝛼| · |𝛽| ·𝑚
|𝑎0| + |𝛼| · |𝛽| · |𝑏| ·𝑚

.

Choosing argument of 𝛽 in such a way that

|𝑎0 + (−1)𝑛+1𝛼 · 𝛽 · 𝑏 ·𝑚| = |𝑎0| + |𝛼| · |𝛽| · |𝑏| ·𝑚,

we get
|𝑎𝑛|
|𝑎0|
>

|𝑎𝑛 − 𝛼 · 𝛽 ·𝑚|
|𝑎0 + (−1)𝑛+1𝛼 · 𝛽 · 𝑏 ·𝑚|

.

Hence, it follows from inequality (5) that

Re

(︂
𝑧𝑅′(𝑧)

𝑅(𝑧)

)︂
6

1

2

[︂
|𝐵′(𝑧)| −

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|

]︂
. (6)
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Now, 𝑅*(𝑧) = 𝐵(𝑧)𝑅

(︂
1

𝑧

)︂
= 𝐵(𝑧)𝑅

(︂
1

𝑧

)︂
, where 𝑅(𝑧) =

𝑝(𝑧)

𝑤(𝑧)
.

Differentiating both sides gives

(𝑅*(𝑧))′ = 𝐵′(𝑧)𝑅

(︂
1

𝑧

)︂
− 𝐵(𝑧)

𝑧2
𝑅

′
(︂

1

𝑧

)︂
.

Since 𝑧 ∈ 𝑇 , we have 𝑧 = 1/𝑧, and so

|(𝑅*(𝑧))′| =
⃒⃒⃒
(𝑧𝐵′(𝑧)/𝐵(𝑧))𝑅(𝑧) − 𝑧𝑅′(𝑧)

⃒⃒⃒
. (7)

By ( [5], Lemma 1), we have

𝑧𝐵′(𝑧)

𝐵(𝑧)
=

⃒⃒⃒⃒
𝑧𝐵′(𝑧)

𝐵(𝑧)

⃒⃒⃒⃒
= |𝐵′(𝑧)|.

Thus, from equation (7), we have

|(𝑅*(𝑧))′| = ||𝐵′(𝑧)|𝑅(𝑧) − 𝑧𝑅′(𝑧)|.

Since 𝑅(𝑧) ̸= 0 on 𝑇 , we have for 𝑧 ∈ 𝑇 using inequality (6):⃒⃒⃒⃒
𝑧(𝑅*(𝑧))′

𝑅(𝑧)

⃒⃒⃒⃒2
=

⃒⃒⃒⃒
|𝐵′(𝑧)| − 𝑧𝑅′(𝑧)

𝑅(𝑧)

⃒⃒⃒⃒2
=

=

⃒⃒⃒⃒
𝑧𝑅′(𝑧)

𝑅(𝑧)

⃒⃒⃒⃒2
+ |𝐵′(𝑧)|2 − 2|𝐵′(𝑧)|Re

(︂
𝑧𝑅′(𝑧)

𝑅(𝑧)

)︂
>

>

⃒⃒⃒⃒
𝑧𝑅′(𝑧)

𝑅(𝑧)

⃒⃒⃒⃒2
+ |𝐵′(𝑧)|2 − |𝐵′(𝑧)|

[︂
|𝐵′(𝑧)| −

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|

]︂
=

=

⃒⃒⃒⃒
𝑧𝑅′(𝑧)

𝑅(𝑧)

⃒⃒⃒⃒2
+

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|
|𝐵′(𝑧)|.

This implies that for 𝑧 ∈ 𝑇 ,[︂
|𝑅′(𝑧)|2 +

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|
|𝐵′(𝑧)||𝑅(𝑧)|2

]︂ 1
2

6 |(𝑅*(𝑧))′|. (8)

Now, 𝑅*(𝑧) = 𝑟*(𝑧) − 𝛼𝛽𝑚𝐵(𝑧), so that 𝑅*′(𝑧) = 𝑟*′(𝑧) − 𝛼𝛽𝑚𝐵′(𝑧).
Since all zeros of 𝑟(𝑧) lie in 𝐷+, all zeros of 𝑟*(𝑧) lie in 𝐷−. Also,

|𝑚𝛽𝐵(𝑧)| 6 |𝑟*(𝑧)| for 𝑧 ∈ 𝑇 . Hence, by Lemma 2, we have

|(𝑟*(𝑧))′| > |𝑚𝛽𝐵′(𝑧)|
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for 𝑧 ∈ 𝑇 . Therefore, we can choose argument of 𝛼 such that

|(𝑟*(𝑧))′ − 𝛼𝛽𝑚𝐵′(𝑧)| = |(𝑟*(𝑧))′| − |𝛽| · |𝛼| ·𝑚 · |𝐵′(𝑧)|.

Hence, from inequality (8), we have for 𝑧 ∈ 𝑇 :

[︂
|𝑟′(𝑧)|2 +

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|
|𝐵′(𝑧)|(|𝑟(𝑧)| −𝑚 · |𝛼| · |𝛽|)2

]︂ 1
2

6

6 |𝑟*′(𝑧)| − |𝛽| · |𝛼| ·𝑚 · |𝐵′(𝑧)|.

Letting |𝛼| → 1 and |𝛽| → 1 gives[︂
|𝑟′(𝑧)|2 +

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|
|𝐵′(𝑧)|(|𝑟(𝑧)| −𝑚)2

]︂ 1
2

6 |(𝑟*(𝑧))′| −𝑚|𝐵′(𝑧)|.

Applying Lemma 1, we have, for 𝑧 ∈ 𝑇 :

[︂
|𝑟′(𝑧)|2 +

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|
|𝐵′(𝑧)|(|𝑟(𝑧)| −𝑚)2

]︂ 1
2

6

6 |𝐵′(𝑧)| · ‖𝑟‖ − |𝑟′(𝑧)| −𝑚|𝐵′(𝑧)|.

Equivalently, for 𝑧 ∈ 𝑇 :

|𝑟′(𝑧)|2 +

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|
|𝐵′(𝑧)|(|𝑟(𝑧)| −𝑚)2 6

6 [|𝐵′(𝑧)| · ‖𝑟‖ − |𝑟′(𝑧)| −𝑚|𝐵′(𝑧)|]2 .

A simple manipulation gives, for 𝑧 ∈ 𝑇 :

|𝑟′(𝑧)| 6 1

2

[︂
|𝐵′(𝑧)| −

√︀
|𝑎0| −

√︀
|𝑎𝑛|√︀

|𝑎0|
.
(|𝑟(𝑧)| −𝑚)2

(‖𝑟‖ −𝑚)2

]︂
(‖𝑟‖ −𝑚).

This proves the result when 𝑟(𝑧) ̸= 0 for 𝑧 ∈ 𝑇 ; but if 𝑟(𝑧) = 0 for 𝑧 ∈ 𝑇 ,
then the inequality is trivially true. This proves the result completely.

Proof of Theorem 2. Assume that 𝑟 ∈ ℛ𝑛 has all zeros in 𝐷−, so that
𝑚 > 0. Hence, for every complex numbers 𝛼, 𝛽 with |𝛼| < 1 and |𝛽| < 1,

𝑚|𝛼𝛽| < |𝑟(𝑧)| for 𝑧 ∈ 𝑇.
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Therefore, by Rouche’s Theorem, all zeros of 𝑅(𝑧) = 𝑟(𝑧) + 𝑚𝛼𝛽 lie in
𝐷−. Hence, using Lemma 4, we have for, 𝑧 ∈ 𝑇 :⃒⃒⃒⃒

𝑧𝑅′(𝑧)

𝑅(𝑧)

⃒⃒⃒⃒
> Re

(︂
𝑧𝑅′(𝑧)

𝑅(𝑧)

)︂
>

>
1

2

[︂
|𝐵′(𝑧)| +

√︀
|𝑎𝑛 + 𝛼𝛽𝑚| −

√︀
|𝑎0 + (−1)𝑛𝛼 · 𝛽 · 𝑏 ·𝑚|√︀

|𝑎𝑛 + 𝛼𝛽𝑚|

]︂
.

(9)

Since |𝑏| · |𝑎𝑛| 6 |𝑎0|, it can we easily shown (as in Theorem 1) that

|𝑎0 + (−1)𝑛𝛼 · 𝛽 ·𝑚 · 𝑏|
|𝑎𝑛 + 𝛼𝛽𝑚|

6
|𝑎0|
|𝑎𝑛|

.

Therefore, from inequality (9), we have

|𝑅′(𝑧)| > 1

2

[︂
|𝐵′(𝑧)| +

√︀
|𝑎𝑛| −

√︀
|𝑎0|√︀

|𝑎𝑛|

]︂
|𝑅(𝑧)| ⇒

⇒ |𝑟′(𝑧)| > 1

2

[︂
|𝐵′(𝑧)| +

√︀
|𝑎𝑛| −

√︀
|𝑎0|√︀

|𝑎𝑛|

]︂
|𝑟(𝑧) + 𝛼𝛽𝑚|.

Choosing argument of 𝛼, such that |𝑟(𝑧) + 𝛼𝛽𝑚| = |𝑟(𝑧)| + |𝛼| · |𝛽| ·𝑚,
we get

|𝑟′(𝑧)| > 1

2

[︂
|𝐵′(𝑧)| +

√︀
|𝑎𝑛| −

√︀
|𝑎0|√︀

|𝑎𝑛|

]︂
(|𝑟(𝑧)| + |𝛼| · |𝛽| ·𝑚).

Letting |𝛼| → 1 and |𝛽| → 1 gives, for 𝑧 ∈ 𝑇 :

|𝑟′(𝑧)| > 1

2

[︂
|𝐵′(𝑧)| +

√︀
|𝑎𝑛| −

√︀
|𝑎0|√︀

|𝑎𝑛|

]︂
(|𝑟(𝑧)| +𝑚),

which proves the result when 𝑟(𝑧) ̸= 0 for 𝑧 ∈ 𝑇 . But the inequality
above is trivially true if 𝑟(𝑧) = 0 for 𝑧 ∈ 𝑇 : this proves the theorem
completely.
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