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ON THE STATISTICAL CONVERGENCE OF NESTED
SEQUENCES OF SETS

Abstract. In this paper, we show that Wijsman convergence and
statistical Wijsman convergence are equivalent to each other if we
choose the sequences of sets as monotone. Then, we show that every
statistical Wijsman convergent monotone sequence of sets is not
only Hausdorff convergent but also statistical Hausdorff convergent
to the same set.
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1. Introduction and Background. There are three basic conver-
gence types for the sequences of sets: Kuratowski convergence, Hausdorff
convergence and Wijsman convergence. First, Painleve introduced the
concept of convergence of sequences of sets by defining the outer and in-
ner limits of sets. If the inner and outer limits are equal to each other,
then this convergence type is known as Kuratowski convergence [7].

Second well-known convergence type for sequences of closed sets was
given by Hausdorff as follows: Let (X, px) be a metric space and CI(X)
denote the nonempty closed subsets of X. The Hausdorff distance between
two sets A and B of CI(X) is defined by

H (A, B) =sup|d(z,A) — d(x, B)|,

zeX

where d(-,A): X — [0,00) is the distance function defined by
d(z, A) = inf{px(z,y): y € A} [12].
Equivalently, the Hausdorff distance is given by

H (A, B) =max{h(A,B),h(B,A)},
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where h(A, B) = supd(a, B) is the Hausdorff excess of the set A with

acA
respect to the set B [3].

It is clear that a sequence (A,) of sets is Hausdorff convergent to the

set A if
lim H(A,,A) =0.
n—oo

In this case, we write A, —+ A as n — 0o 6].

If a sequence (A,) of sets is Hausdorff convergent to A, then the se-
quence {d(-, A,)}, ey of distance functions is uniform convergent to the
distance function d(-, A). Finally, if we replace this type of convergence
with the pointwise convergence, we get the Wijsman convergence as fol-
lows:

Let A, C X for each n € N; a sequence (A,,) of sets is said to be Wijsman
convergent to the set A if

lim d(z, A,) = d(x, A) for all z € X.

n—oo
In this case, we write A, — A as n — 0o ([12], [13]).

A sequence (A,,) of sets is said to be monotonically increasing if
A, C A, for each n € N and it is said to be monotonically decreas-
ing if A,41 C A, for each n € N [7].

The relations among these three types of set convergence have been
investigated by several authors. In 1979, Salinetti and Wets [9] showed
that every Hausdorff convergent sequence of sets is Kuratowski convergent
to the same set. Then, Beer [2| examined that the Wijsman convergence
implies the Kuratowski convergence for nonempty closed sets. Also, he
gave the conditions for these convergences to be equivalent to each other
in [2, Theorem 1]. In 2001, Apreutesei [1] observed that Wijsman con-
vergence and Hausdorff convergence are equivalent to each other if the
sequence of compact sets is monotone. In [3], the Hausdorff limit of a
sequence of sets was obtained as intersection of closure of the union of
terms of this sequence.

In 1951, Fast [4] introduced the concept of statistical convergence. In
2012, the theory of set convergence was generalized to the theory of sta-
tistical convergence by Nuray and Rhoades [8]. They investigated the
relation between statistical Hausdorff convergence and statistical Wijs-
man convergence. Furthermore, Talo et al. [10] defined statistical inner
and outer limits of sequences of closed sets and they compared the statis-
tical Kuratowski convergence with the statistical Hausdorff convergence.
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Recently, Ulusu and Giille [11] examined statistical Wijsman convergence
and statistical Hausdorff convergence of order « for double sequences of
sets.

In this paper, we first show that Wijsman convergence and statisti-
cal Wijsman convergence are equivalent to each other if we choose the
sequences of sets as monotone. Then, we show that every statistical Wijs-
man convergent monotone sequence of sets is not only Hausdorff conver-
gent, but also statistical Hausdorff convergent to the same set. Finally, we
characterize the statistical Hausdorff limit by using the concept of ideal.
Note that we used the similar proof tecniques of [1].

2. Main Results. Before giving our results, we recall some definitions
about the statistical convergence.

Let K be a subset of the set of positive integers Nand [{k < n: k € K}|
denote the number of elements of K N [1,n|. The natural density of K is
defined by

§(K) = lim % Hk <n:keK}

n—o0
if this limit exists. It is clear that any finite subset of N has zero natural
density and 0(K¢) =1 — 0(K), where K°:=N\ K [5].
Let A, A, € Cl(X). The sequence (A,) is said to be statistical Haus-
dorff convergent to the set A if for every ¢ > 0,

1
lim — [{k < n: max{h(Ax, A),h(A, Ay)} >} = 0.
n—oo M
In this case, we write A, =5 A 8].
Let A, C X for each n € N. Then the sequence (A,,) of sets is said to
be statistical Wijsman convergent to a set A if

lim L [{k < |d(z, Ay) — d(z, A)| >} = 0

n—oo N

for cach z € X. In this case, we write A, =5 A [8].

Theorem 1. Let A, A, € Cl(X) (n € N).

(i) Let Ay C Ay C ... C A, .... Then the sequence (A,) is Wijsman
convergent to the set A if and only if it is statistical Wijsman convergent
to the set A.

(ii) Let A; D Ay D ... D A, D .... Then the sequence (A,) is Wijsman
convergent to the set A if and only if it is statistical Wijsman convergent
to the set A.
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Proof. The necessity parts of (i) and (ii) are provided for all sequences
of sets (see [8]).
i) Assume that A, WA, Firstly, we show that A, C A for every n € N.

Fix n € N and let u € A,. From A4, =% A, we have § (K(u,e)) =1 for
each € > 0, where

K(u,e) :={m € N: |d(u, Ap,) — d(u, A)| < e}.

For each £ > 0, there exists an m. € N, which is m. € K(u,¢) and m. > n.
Since (A,,) is monotonically increasing, we have A, C A,,. and u € A,,_.
Therefore, we get d(u, A,,.) = 0 and so,

d(u, A) = |d(u, Ap.) — d(u, A)| < ¢

for each € > 0. We get u € A, since the set A is closed.
Now, let us take any = € X. Hence, we can write d(z, A) < d(z, A,)
and so:
d(z, Ay) —d(z, A) >0 (1)

for each z € X and each n € N.

We show that for each ¢ > 0 there exists an ng € N, such that
d(z, A,) — d(z, A) < € for every n > ny. Let € > 0. Since A, LW A, we

have 0 (L(z,¢)) = 1, where
L(z,e):={neN:|d(z,A,) —d(z,A)| <e}. (2)

Let no(z,¢) := min L(z, ). By the monotonicity of the sequence (4,,), we
have

d(z, A,) < d(z, Ayn,) (3)
for every n > ng. If we combine the expressions (2) and (3), we get
d(l’,An) —d(LC,A) < d<x7An0) —d(:L',A) <é€ (4>

for every n > nyg.
By the inequalities (1) and (4), we get

|d(x, A,) —d(z, A)| < e

for every n > ny.
Since x is arbitrary, we obtain

lim d(z, A,) = d(z, A)

n—oo
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for every x € X and A, WA

ii) Let us assume that A, W A Fix n € N and take u € A. Since

A, =8 A, we have § (K (u,e)) =1 for each € > 0, where

K(u,e) :=={m e N: |d(z, Ap) — d(z, A)| < e}.

Then there exists an m. € N, which is m. € K(u,e) and m. > n for each
e > 0. Since (A,) is monotonically decreasing, we have A,,. C A, and
d(u, An) < d(u, Ap.). Moreover, since d(u,A) = 0, we have

d(u, Am.) = |d(u, Ap,) — d(u, A)| < e

for each e > 0. Hence, we get d (u, A,,) < € for every ¢ > 0 and, so, u € A,
since the sets A,, are closed.
Hence, we can write d(z, A,) < d(z, A) and, so,

d(x,A,) —d(z, A) <0 (5)

for each x € X and each n € N.
Let z € X and & > 0. Since 4, =5 A, we have § (L(x,e)) = 1, where

L(z,¢) == {n € N: |d(z, A,) — d(z, A)| < €} . (6)

Define ng(z, €) := min L(x, €). Using the monotonicity of the sequence
(An), we have
d(z, Apo) < d(z, Ay) (7)

for every n > ny. By the expressions (6) and (7), we get
—e<d(xz,A,,) —d(x,A) <d(z,A,) —d(z, A) (8)

for every n > nyg.
Using the inequalities (5) and (8), we get

|d(x, A,) —d(z, A)| < e

for every n > nyg.
Since x is arbitrary, we obtain

lim d(z, A,) = d(x, A).

n—oo
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Consequently, we get A, oA O

Corollary.

(i) Let Ay C Ay C ... C A, ... (n€N). If there exists a compact set A,
such that A, "= v — A, then

st—H

— A.

(ii) Let Ay D Ay D ... D A, ... (n € N). If there exists a closed set A,
such that A, =% — A, then

A, C A for everyn € N and A,

A C A, for everyn € N and A, gy}

Proof. i) Assume that A, =W A. By Theorem 1(i), we write A, A

From [1, Theorem 3.1.(i)], we obtain A, C A for every n € N and
A, 2. A. Since A, oA implies A, puny A, the proof is completed.
ii) By Theorem 1(ii) and [1, Theorem 3.1.(ii)|, the proof is obvious. [J

Remark. Assume that the hypotheses of Corollary (i) (or (ii)) are valid.
If A, =% A, then we have A, —= A.

As can be seen from the following theorem, the hypothesis of Corollary
can be weakened using the concept of natural density.

Theorem 2. Let A, A, €CIl(X),n € Nand K={n;<ny <..<nj<..}
be a subset of N, such that § (K) = 1.

i) Let the subsequence (Ay, )icy of (An),en
ing according to the inclusion relation, i.e., A,, C A

If14 st—W

be monotonically increas-

for each k € N.

k41

— A and A is compact, then

A,, C A for every k € N and A, A

(ii) Let the subsequence (Ay,),cy of (An),cny be monotonically de-
creasing according to the inclusion relation. If A, ’s are compact and

A, =W A then
A C A,, for every k € N and A, =% A.

Proof. i) Fix nj € K and u € A,:. We have u € A,, for every ny € K

with ng > nj; hence, we have d(u, A,,) = 0. Since A, W A, we have
d (L (u,e)) =1 for every € > 0, where

L(u,e):={neN:|d(u,A,) —d(u,A)| <e}.
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Then, for each £ > 0 there exists an ny € K N L (u,¢), with ng > nj such
that
d(u, A) = |d(u, A, ) — d(u, A)| < e.

Hence, we get d(u, A) < € for every ¢ > 0. So, u € A since the set A is
closed. Therefore, we obtain A,, C A for every n;, € K. Then we get

h(Ap,,A) =sup{d(z,A):z€ A, } =0 9)

for every ny € K.
We have d(z, A, ) < d(z, Ay, ) for every ki, ks € N with ky > ki and for
every x € X. Therefore, we have

d(a, Ay,,) < d(a, Ay, ) for every a € A
and for every ki, ko € N with ky > k; and, so, we get
h(A, An,) < h(A, Ayy))-

Define a;, = h(A, A,,) for each k € N. Since (oy),cy is a decreasing
sequence of positive real numbers, it is convergent. Let us call this "the
limit as @ > 0". Since the function d(., A4,,) is continuous and A is
compact, for every k € N there exists an a, € A, such that

ap =sup{d(a, Ap,): a € A} = d(ag, Ay,).

By the compactness of A, the sequence (ay), .y has a subsequence (akj)
converging to a point ag € A. By the triangle inequality, we get

JjEN?

0< d(akj,Ankj) < plak;, ao) + d(ao, Ank]_).
Since A, W A, we have
5
|d(ag, An) — d(ag, A)| < 5

for every n € KN L (ag,¢). Since d(ag, A) = 0, we get |d(a0,Ank]_)| <e/2.
By lim ax; = ag, there exists a jo € N, such that

Jj—00

5 S
plag;, ap) < B for every j = jo.
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Then we get
0< d(akj,Ankj) <e

for every ny, € K N L (ag,e) with j > jo. Hence, the subsequence (akj)
of (ay) is convergent to 0, therefore, we obtain o« = 0. Then we have

klim h(A,A,,) = 0. Consequently, we get A, gy’

—00

ii) Let v € A. Fix ny € K. Since A, W A, we have § (L (u,e)) =1 for
every € > (0 where

L(u,e):={neN: |d(u,A,) —d(u, A)| < e}.

Then, for each ¢ > 0, there exists an nj € K N L (u,e) with nj, > ny, such
that
d(u, Aps ) = |d(u, Apz) — d(u, A)l <e.

Also, we have d(u, A,,) < d(u, An:), since ni > ng. Hence, we get
d(u, A,,) < € for every ¢ > 0 and, so, u € A,, from the closeness of
A, . Therefore, we obtain A C A,, for every n; € K.

Hence, we get

h(A, A,,) =sup{d(z,A,,): x€ A} =0 (10)

for every n, € K.
Take 8y, = h(Ap,, A) for each k € N. Since h(A,, ,A) < k(A ,A)

Ny ?
for every ky,ky € N with ky > ki, the sequence (f),y is a decreasing
sequence of positive real numbers and therefore it is convergent. Say its
limit 8 > 0. Since the function d(., A) is continuous and A,,, are compact,

for every k € N there exists an a; € A,,, such that
Br =sup{d(a,A): a € A, } = d(ax, A).

Hence, we have a; € A,, for every k € N due to monotone decrease of
(Ay,). From the compactness of A, , the sequence (ay), .y has a subse-
quence (ag,)jen converging to the point ag € A,,. Since the subsequence
(Ankj) is decreasing and Ankj are closed, we get

lim ay, = ag € A, for every j € N.
J—00 J

Using the triangle inequality, we have

0 < d(akja A) g p(a'k’ja a’O) + d<a07 A)



On the statistical convergence 11

for each 7 € N.
Take ¢ > 0. Since A, p A, we have

€
|d(ag, An) — d(ag, A)| < 5
for every n € K N L (ag,¢). Since d(aq, Ankj) = 0 for every j € N we get

|d(ag, A)| < /2. Also, from lim ay, = ao, there is a jo € N, such that

j—00
€ S
pla;, ag) < 3 for every j > jo.

Then we get
0 <d(ax;, A) <e

for every ny, € K N L (ag, ) with j > jo. Hence, the subsequence (5,) of
(Bk) is convergent to 0, and, therefore, we obtain § = 0. Then we have
lim & (A,,,A) = 0. Consequently, we get A, A O

k—o0

Theorem 3. Let Z; = {I C N:§(I) =0} be an ideal connected with

statistical convergence. If A, p 4 A, then we have

(i) A= Ig g\l A,, and
(ii) A= U (N B(An,¢), where B(A,,,e)={z € X : d(x, A,) <e}.

e>0I€Zs meN\I

Proof. i) Define B := (| |J A,. Firstly, we show that A C B. Let
I€Zs meN\I

r € Aand I € Zs. Since A, SE{A, we have
I.:={neN:h(AA,) 2cor h(A,,A) >c} €TLs

for every e >0. Moreover, since [UI, € Zs, the set N\(JUI.) = (N\T)N(N\ ;)
is non-empty. Hence, there exists an m € (N\ )N (N \ I.) for each € > 0,

and we get
h(A Ap) <e

and, so,
d(z,An) < €.

Since A,, is a closed set, there exists an z,, € A,,, such that

p(z,x,) =d(x,Ay) <e.
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Also, since z,, € |J A, weget x € |J A, Since [ is arbitrary, we

meN\I meN\I
get v € B.
Now let us show that B C A. Takez € B= (| |J Au. Then we
I€Ts meN\I
have x € |J A, for each I € Zs. Since A, g A, we have
meN\T

I..={neN:h(AA,) Zcor h(A,,A) >2c} €T

for every € > 0. Take € > 0. Then we have x € |J A,,. Hence, there
meN\I.
exists a sequence (2,),cy C U Am, such that z,, — z. In this case,
meN\I¢
there exists an ng (¢) € N, such that p (z,,,x) < € for every n > ng (¢). We
can choose an ny; > ng and an my € N\ I, such that x,, € A,,,. Then we

get

d(va) < p(zv,a:nl) +d($n1aA) <
< p(x,xm) +d(xn17/4m1) +h(Am1aA) <
<e+4+04¢e=2e.

Since € is arbitrary and A is closed, we get = € A.

ii) Define B := (U () B(Am,e). Let € A. Choose ¢ > 0

£>0 I€T5 meN\I

arbitrarily. Since A, put} A, we have
={neN:h(A A,) >2cor h(A,,A) >} €I
We can write
h(AA,) <e=d(z,A,) <e =z € B(An,¢),

for every m € N\ I.. Consequently, we obtain € B and, therefore,
ACB.
Now, we show that B C A. Let x € B. Hence, for every € > 0 there

exists an I, € Zs, such that © € B(A,, ) for every m € N\ I.. Also, from

{—H
A, ==5 A we have

J.:={neN:h(A A, >cor h(A,,A) >¢c} € L.
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Then I. U J. € Zs and there exists an my = mg(¢) € N\ (I U J.). By
x € B(An,,€), we have
d(z,An,) <e.

Since A,,, is a closed set, there is a y € A,,,, such that

p(r,y) <e. (11)
By h (A, A) > ¢, we have
d(y,A) <e.

Since A is a closed set, there is a z € A, such that

p(y z) <e. (12)

Using the inequalities (11) and (12), we obtain

p(z.2) <plzy)+p(y z) < 2.

Since ¢ is arbitrary and A is closed, we get z € A. [J

References

[1] Apreutesei G. Set convergence and the class of compact subsets. An. Stiint.
Univ. Al. I. Cuza lagi. Mat. 2001, vol. 47(2), pp. 263 —276.

[2] Beer G. On convergence of closed sets in a metric space and distance func-
tions. Bull. Aust. Math. Soc., 1985, vol. 31(3), pp. 421 —432.
DOI: https://doi.org/10.1017/S0004972700009370

[3] Castaing C., Valadier M. Convex analysis and measurable multifunctions.
Lecture Notes in Mathematics, Springer-Verlag, Berlin-New York, 1977.
DOI: https://doi.org/10.1007/bfb0087685

[4] Fast H. Sur la convergence statistique. Colloq. Math., 1951, vol. 2,
pp. 241 -244. DOI: https://doi.org/10.4064/CM-2-3-4-241-244

[5] Freedman A. R., Sember J. J. Densities and summability. Pacific J. Math.,
1981, vol. 95(2), pp. 293 -305.
DOI: https://doi.org/10.2140/PJM.1981.95.293

[6] Hausdorff F. Grundzuge der Mengenlehre, Verlag von Veit & Comp.,
Leipzig, 1914.

[7] Kuratowski K. Topology, Academic Press, New York, 1966.


https://doi.org/10.1017/S0004972700009370
https://doi.org/10.1007/bfb0087685
https://doi.org/10.4064/CM-2-3-4-241-244
https://doi.org/10.2140/PJM.1981.95.293

14

H. Albayrak, F. Babaarslan, O. Olmez, S. Aytar

8]
9]

[10]

[11]

[12]

[13]

Nuray F., Rhoades B. E. Statistical convergence of sequences of sets. Fasc.
Math., 2012, vol. 49, pp. 87—99. (Corpus ID: 118991448).

Salinetti G., Wets R. J.-B. On the convergence of sequences of convex sets
in finite dimensions. SIAM Rev., 1979, vol. 21(1), pp. 18—33.

DOLI: https://doi.org/10.1137/1021002

Talo O., Sever Y., Bagar F. On statistically convergent sequences of closed
sets. Filomat, 2016, vol. 30(6), pp. 1497 —15009.

DOLI: https://doi.org/10.2298/FIL1606497T

Ulusu U., Giille E. Some statistical convergence types of order « for
double set sequences. Facta Univ. Ser. Math. Inform., 2020, vol. 35(3),
pp. 595—603. DOI: https://doi.org/10.22190/FUMI2003595U

Wijsman R. A. Convergence of sequences of convex sets, cones and func-
tions. Bull. Amer. Math. Soc., 1964, vol. 70, pp. 186—188.

DOLI: https://doi.org/10.1090/S0002-9904-1964-11072-7

Wijsman R. A. Convergence of sequences of convex sets, cones and func-
tions. II. Trans. Amer. Math. Soc., 1966, vol. 123, pp. 32—-45.

DOI: https://doi.org/10.1090/50002-9947-1966-0196599-8

Received May 20, 2022.

In revised form, August 14, 2022.
Accepted August 17, 2022.

Published online September 15, 2022.

H. Albayrak

Stileyman Demirel University,

Department of Statistics, 32260, Isparta, Turkey
E-mail: huseyinalbayrak@sdu.edu.tr

F. Babaarslan

Yozgat Bozok University,

Department of Mathematics, 66100, Yozgat, Turkey
E-mail: funda.kocabiyik@bozok.edu.tr

0. Olmez

Siileyman Demirel University,

Department of Mathematics, 32260, Isparta, Turkey
E-mail: oznur olmez@hotmail.com

S. Aytar

Stileyman Demirel University,

Department of Mathematics, 32260, Isparta, Turkey
E-mail: salihaytar@sdu.edu.tr


https://doi.org/10.1137/1021002
https://doi.org/10.2298/FIL1606497T
https://doi.org/10.22190/FUMI2003595U
https://doi.org/10.1090/S0002-9904-1964-11072-7
https://doi.org/10.1090/S0002-9947-1966-0196599-8

