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A NEW APPROACH TO EGOROV’S THEOREM BY
MEANS OF af-STATISTICAL IDEAL CONVERGENCE

Abstract. In this work, we introduce the afS-statistical pointwise
ideal convergence, «af-statistical uniform ideal convergence, and
af-equi-statistical ideal convergence for sequences of fuzzy-valued
functions. With the help of some examples, we present the relation-
ship between these convergence concepts. Moreover, we give the
af-statistical ideal version of Egorov’s theorem for the sequences
of fuzzy valued measurable functions.

Key words: Fgorov’s theorem, af-statistical pointwise ideal con-
vergence, af-statistical uniform ideal convergence, af-statistical
equi-ideal convergence

2020 Mathematical Subject Classification: J0A05, 40A30,
46540, 47540

1. Introduction and Preliminaries. The convergence of sequences
plays a crucial role in the functional analysis. In the usual convergence,
almost all elements of the sequence have to belong to an arbitrarily small
neighborhood of the limit, whereas in the statistical one, this condition
is relaxed. Basically, statistical convergence demands the validity of the
convergence condition only for the majority of elements. The hypothesis
of statistical convergence was introduced by Fast [4] and Steinhaus [18],
independently. A lot of development has been done in statistical conver-
gence. Generalized statistical convergence for the double sequences was
examined by Mursaleen et al. [16]. The ideal convergence is a generaliza-
tion of the statistical convergence. Balcerzak et al. [3] presented different
types of statistical convergence and ideal convergence for sequences of
functions. Lacunary statistical convergence in measure for sequences of
fuzzy-valued functions was examined by Kigi and Diindar [9]. Recently,
Kisi [10] introduced lacunary statistical convergence in measure for double
sequences of fuzzy-valued functions.

(©) Petrozavodsk State University, 2023

[G) ev-rc |


http://creativecommons.org/licenses/by/4.0/

A new approach to Egorov’s theorem 73

In summability theory, ideal convergence became a very important con-
cept. The perception of I —convergence was studied by Kostyrko et al. [15].
The ideal convergence of continuous functionss was given by Jasinski and
Reclaw [8|. The ideal convergence by using fuzzy numbers was investigated
by Kumar and Kumar [11]. Later on, lacunary ideal convergence for fuzzy
real-valued sequences was studied by Hazarika [6]. These concepts were
further generalized by Hazarika [7] by using the ideal convergence. To
learn more about ideal convergence,see [12], [14] and [19].

The fuzzy-set theory is a beneficial tool in explaining the situation in
which there is a lack of data. Zadeh [20] established the idea of the fuzzy
set theory, which was further generalized by Matloka [17]. This study
of Zadeh attracted many researchers from different fields of sciences and
mathematics. Altin et al. 2| examined pointwise statistical convergence
for sequence of fuzzy mappings.

Essentially, motivated by the works mentioned above, we introduced
af-statistically pointwise ideal convergence, «f-statistically uniform
ideal convergence, and af-equi-statistically ideal convergence for sequences
of fuzzy-valued functions. With the help of certain examples, we present
some relations between these type of convergence. Moreover, from an ap-
plication point of view, we establish a new form of af-statistical ideal
Egorov’s theorem for sequences of fuzzy-valued measurable functions de-
fined on (Z, A, u).

A fuzzy set is a mapping Q2: R — [0, 1] that fulfill the following re-
quirements:

(i) © is normal,

(ii) €2 is fuzzy convex,
(iii) 2 is upper semi-continuous,
(iv) supp Q = cl{u € R: Q(u) > 0} is compact.
We represent by F'(R) the set of all fuzzy numbers. The set R is
involved in F'(R) if we consider ¢t € F'(R) as

Hu) 1, ifu=t,
u —
supp 2, ifu 3 t.

For a € (0, 1], the a—cut of € is given by [Q]o = {u e R: Q(u) > a}.
The Hausdorff distance between §2 and ¢ is denoted by
D: F(R) x F(R) — [0,00] and is given as

D(Q,q) = sup d([Q)a,[qla) = sup max{|Q; — QL |laq — ¢},

agl0,1] a€[0,1]
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where d represents the Hausdorff metric. To learn more about fuzzy se-
quences, see [5] and [13]. For T' < N, the natural density of 7" is given by

o(T) = lim 1|{k5 <s:keT},
s

n—ao0

if the limit exists; the vertical bars above denote the cardinality of the set.
A sequence z = (z,) is statistically convergent to z if

0({seN:|zg—2| =2€})=0

for every € > 0.

Let Z be a non-empty set. Then a family of sets I < 27 (the power
set of Z) is said to be an ideal on Z iff
(i) g€ I,

(ii) I is additive, that is, U,V e [ = U uV eI,
i) Uel,VecU=Vel.

A non-empty family of sets I < 27 is said to be a filter on Z if and
only if ® ¢ F. For U,V € F, we have U n'V € F, and for each U € F
and U < V this implies V € F. An ideal I < 27 is called non-trivial
if I # 2Z. There is a filter F(I) = {K < Z: K¢ e I}, for each I, where
K¢ =7—K. A non-trivial I < 27 is called admissible if {{z}: z € Z} < I.
A non-trivial ideal is maximal if there cannot exist any non-trivial ideal
J # I containing I as a subset. A non-trivial ideal [ is called translation
invariant ideal if for any U € I the set {k + 1: ke U} e I.

A sequence z = (z) is said to [ —convergent to the number z, if Ve > 0:

{keN: |z —z| > €} el

A function ¥: P(N) — [0,00) (where P(N) is the power set of N) is a
submeasure on N if

(i) w() =0

(i) W(U) S UU V)< WU + V) YU,V N,

(iii) W is lower semicontinuous if V U < N, W(U) = Sll_)IIolO V(U ns).
Let | - |¢: P(N) — [0,0) be the submeasure defined by

|U|g = lim sup U(U\s) = lim W(U\s).
§—00 §—00

Consider Exh(V) = {U < N: |U|y = 0}. Therefore, Exzh(¥) is an ideal
for any submeasure V.
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Remark. Let us choose I = I5 = {T < N: §(T") = 0}, where 6(T) repre-
sents the asymptotic density of set T'; then Is is a non-trivial admissible
ideal of N and the corresponding convergence coincides with the statistical
convergence.

The concept of af-statistical convergence was given by Aktuglu [1].
Assume that a(s) and [(s) are two sequences of positive numbers, which
fulfill the following conditions:

(i) o and 8 are both non-decreasing,

(if) A(s) = als),

(iii) B(s) — a(s) — w as s — .

The set of pairs a,( satisfying (i), (ii), and (iii) will be denoted A. For
each pair (o, 3) € A and T < N, we define the density §%?(T) as:

T o
5*5(T) = lim ——Cs

I s a1 & 86D

A sequence z = (z,) is said to be af-statistically convergent to z, if for

ke Coh|
a7ﬁ OI,B: — 2 = l‘ | S =
Ok e G [z — 2l > ) s B(s) —a(s) +1 0

for every € > 0; it is denoted by S,g.
Throughout the text, we denote a sequence of fuzzy-valued functions by
SFVF and a fuzzy-valued function by FV F.

Definition 1. A SFVF (h,) is af-statistically pointwise ideal conver-
gent to FVF h on |a,b], if for every z € |a,b], i.e., V e >0, >0, £ > 0,
V z € |a,b]

1
B(s) —a(s)+1 %
< |{vece?: D), h2) = e} | > 8}\r) = €]

belongs to I. In other words, ¥z € [a,b], Ve,6 >0,V > 03T, €I s.t.,

{reN:qJ({seN;

1
\If({seN: ﬁ(s)—oz(s)—i—lx

X HIJ e C*P: D(hy(2),h(2)) = e}‘ > 5}\7") <&,
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SEs(I) . .
vV reN\T,. We write h, 2 h oon [a,b] or S,ps—pointwise ideal conver-

gence.

Definition 2. A SFVF (h,) is af-statistically uniform ideal convergent
to FVF hon [a,b],i.e,Ve>0,0>0,£>0,V z€ [a,b]

1 X
B(s) —als) + 1

x [{vece?: D) h(2) = e} = shvr) > ¢}
belongs to I. In other words, Vz € [a,b], Ve, § > 0,V > 03T eI s.t.,

{ren:w({sen:

v({sen: 6(5)—Zz(s)+1x

{l/ e C*P: D(hy(2),h(2)) = GH > 5}\7’) <&,

X

SJs0)
VreN\T. We write h, 2% hon [a,b] or S,p-uniform ideal convergence.

Definition 3. A SFVF (h,) is afS-equi-statistically ideal convergent to
FV'F hon [a,b], iff for all e > 0,6 > 0,£ > 0, s. t.,

1 X
B(s) —als) +1

x [{vece?: D(h(2),h(2) = ef| = 6}vr) > €}

w.r.t., z € |a, b] is uniformly convergent to zero function. It is denoted by
hy, — Sgg(I)h or S,p-equi ideally convergence.

{rem:u({sen:

2. Relation Between different convergence concepts of se-
quences of fuzzy-valued functions.

SYg(D) SP,(I)

Remark 1. If h, =3 h, then h, —— h. The converse is not neces-
sarily true.

Let us show this by an example.

Example 1. For any z € [0, 1], let

( vz
h,(2) = { \1+ 1222
0, otherwise.

), for z € [0,1];
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Then (h,) is af-statistically pointwise ideal convergent to h. However,
for v e C%¥:

— vz 1 1
sup D(h,(2),0) = sup ———— = sup =—-#0.
2€[0,1] (h(2).0) o] L+ 1222 o vz 2

Therefore, (h,) is not af-statistically uniformly convergent nor af-statis-
tically uniformly ideal convergent to 0 on [0, 1].

Corollary. Let (h,) be a SFVF and h be a FV'F on [a,b]. Then

SP()
h, =3 h=h,—» S;s(I)h = h, —— h,

but converse is not true in general.

P

Sas(D)
To show that the converse of h, — S55(I)h = h, —— h is not true, let
us consider an example.

Example 2. Consider the SFVFs (h,) defined by h,(z) = e**
for z € [0,1]. Then D(h,(2),0) = e™** for z € [0,1] for each v € N.
Therefore, (h,) is af-statistically pointwise ideal convergent to h = 0.
However, for each r € N, consider r € [v,2v — 1]. Therefore, for all

z € [v,2v — 1], we get
1
> 0, ])
(as °F [ v 1

=

D(hr(Z),G) — e V? > e—(21/—1)z >

Q|
Wl =

Thus, for all z € [0 we get

il

B(s) — ;<s> —|{re 211 D, (2),0) > é}\ —1(#0),

so, h,(z) is not af-equi-statistically ideal convergent to F'VF 0 on [0, 1].

SUL(1)
To show that the converse of h, =3 h = h, —» Sgs(I)h is not true,
let us consider an example.

Example 3. Suppose

1— 22 1)2 1
&)7 forze[()?_];
v+1

0, otherwise.
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Then

! Ve b 2),0 € 1 —
ﬁ(s)—a(s)ﬂ{ G D (2).0) > ¢ gﬂ(s)—a(s)Jrl 0

as s — . Then (h,) is af-equi-statistically ideal convergent to h = 0.
However, for all v e C2¥:

_ 1 — 22 1)2
sup D(hy(2),0) = sup L1

# 0,
2€[0,1] 2€[0,1] 1+ 22

for all v € C*. Hence, (h,) is not afS-statistically uniformly ideally con-
vergence to 0 on [0, 1].

Proposition. S,3-equi ideally convergence is defined for vy, such that
0<y< L

Proof. Let us prove this result by contradiction. Consider two lower
semicontinuous submeasures Wy and Vo, such that Exh(V,) = Exh(¥s)
andVe >0,00>0,3reN,Vze 7

‘I’1<{SEN‘ B(s)—l(s)—klx

x H” e Co% . D(h(2), h(2)) > 61}‘ > (51}\7’> <a,

Ve >0,00>0,dreN,Vze 7,

‘1’2({861\1‘ B(s)—clx(s)—klx

x Hu € C®% . D(h(2), h(2)) > ez}( > (52}\7’> <.

For all z € Z and for vy € [0, 1], we take

p(z) = {seN: 6(5)—;(s)+1x
X ‘{I/EC?’BZ D(h,(z),h(2)) > 62}‘ > 52}
1
B(s) —a(s)+1

- {SEN; HyeC?"B. sup max ’ (Z));

~v€[0,1]

kmu»&wmwﬁu>@ﬂ>@}
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and
p1(z) = {s e N:
B(s) — clJz(S) +1 HV €C ‘(h”(Z)); a (h(Z»;‘ Z 62}’ Z 52}’
p2(z) = {s e N:

1
pBls) —als) +1

Now, we take r; and z; s.t.,

]{y e o ‘(hl,(z))j - (h(z));( > ez}] > 52}.

1

Wi (p1(z1)\r1) < %, Wy (p2(21)\r1) < 5

and

Wy(pr(21)\r1) = €2, Wa(pa(21)\r1) = €.

. . . / .
Since submeasure Wy is lower continuous, we get r; with

€9

Ua((pr(z)\r1) N ry) = X

’ €9

Wa((pa(21)\r1) nry) 2 5

Suppose that we have found r,,. Choose r,,.1 > 7, and 2,41, such that

1 1
Ui (p1(zmr1)\rme1) < omr1’ Uy (p2(2mr1)\Tmr1) < oAl

and

qj?(pl(zm—kl)\rm—i-l) > €2, qj2(p2(2m+1)\rm+1) Z €.

From the lower continuity of Wy, we have 7, 41 with
€2
2 Y
/ 62
La((p2(zme)\rms1) O 1ngr) 2 5

o ((p1(Zms1)\Pims1) O Ty ) =
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We put Q = UmeN((/h(Zm)\?”m) N r;n)>, R = umeN((pg(zm)\rm) N r%))
Then we get

Qlw, = lim Wi(Q\rm) <

N

m—00

. °01
dim 2, 5 =0

lim Z Uy (p1(2m) N {Tm7T;n}) <

N

and

|Rlw, = lim ¥y (R\ry) <

m—00

lim > Wy (pa(2n) O {rmsrya}) <

m—00
s=m

N

o 1
< — =
< Jim )5 =0

Thus, we have @ € Fzh(¥;) and R € Exh(¥;). On the other hand, we
have ‘.
1Qw, = rrlzlgéo Uy (Q\1m) = bl >0

and
€

. 2
[Rllw, = lim Wy(R\ry,) > 5 >0,

which is a contradiction. []

Theorem 1. Consider an admissible ideal I. Let (h,) be a SFV F and

SPI
h be a FVF, defined on |a,b]. For every z € [a,b], if h,(2) Fap®, (2),

SPL(1)
then [h,(2)], —— [h(2)], w.r.t 7.
SPL(1)
Proof. Assume that for every z € [a,b], h,(z) — h(z). Let € > 0 be
given. Then, for each z € Z, there exists an integer i = i(z,¢) € N s.t.,

Ve > 0,0 >0, V& > 0,

W({s e N: m){u e C*”: D(h,(2),h(z)) > 6}’ > 5}\7‘) <(1)
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for all » > . Thus, for any v € [0, 1], Ve, §,& > 0,

1
Bls)—als) + 1
X ‘{V e C*: sup max {‘(hy(z)); — (h(Z));‘a

76[071]

() = () }| 2 e} | 2 0)r) <6 @)

{SGN:

for all r > i.
For each v € [0, 1], Ve, 6,& > 0,

‘I’({SEN: 6(3)—(1)4(3)+1X

x H” e o ‘(hy(z)); — (h(2));

for all r > 4. Also, Ve, 6, > 0,

>ef|z0fv) <€ @)

w({sen: 5(5)—(11(5)+1X

X ‘{V € C?”B: ‘(hy(z))Jr - (h(z));r

~

> e}z o) <€ @
for all » > i. From (1), we get Ve, 0,& > 0,

1
B(s) —al(s)+1 .
x ‘{y e Co%: D(h(2), h(2)) > e}‘ > 5}\7~) > 5} CNU{L,2,...,i-1).

{rem:w({sem:

From (2), we get, for all Ve, §,& > 0:
1 X
B(s) —a(s) +1
x ){V € CoF sup max{‘(hy(z)); - (h(z));‘,

~v€[0,1]

()7 = ()T |} = e}z o) 2 e eNo iz -1

for any v € [0,1]. Equation (3) and (4) imply

{TEN: \I/<{SEN:
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{TEN: W({SEN: ﬁ(s)—;(s)—klx

x H” e o ((hy<z));—(h(z));( > e}‘ 2(5}\7“) >§} < Nu{l,2,...,i—1}
and

1
5<s>—a<>+1x
Hyecgﬂ:](h,,(z))j_( ’>e}‘ }\r) 5}CNU{1,2,...,¢_1}.

{rem:u({sem:

As I is an admissible ideal, we get Nu {1,2,...,7 — 1} € I and, hence, for
each € > 0 and for every & > 0,

1
B(s) —als) +1
X ){V € C?’ﬁt ‘(hy(z)); - (h(z));

{rem:u({sen:

>el|zofv) zeher
and

1
B(s) —a(s)+1 8
x H” e o ((hy<z))¢ _ (h(z))ﬂ > e}‘ > 5}\7") > 5} el

{reN: w({seN;

sP.(r
Thus, for every z € [a, b] we get [h,(2)], Pap D, [h(2)], wrt. 7. O

Before starting Egorov’s theorem, let us choose a finite measurable set Z.
Take E' < N (finite), consider [F,s|] = {G <« N: Gns = E}. The [E,s] is
a base for the Cantor set on P(N).

3. af-statistical ideal version of Egorov’s theorem for the se-
quences of fuzzy-valued measurable functions.

Theorem 2. Let (Z, A, 1) be a finite measure space and I be an analytic
P—ideal. Suppose that FVF h and SFVF (h,) are measurable and

SPo(1
defined on a.e. on Z. Also, assume that [h,(2)], LN [h(2)], almost

everywhere on Z. Then, for each ¢ > 03 E < Z, such that u(Z\E) < ¢
S€
and hu\E ———> h\E on E.
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Proof. Consider a finite measure space (Z, A, ). Suppose that ¥ m e N,
h, and (h,) are defined everywhere on Z. For any fixed r, d, ¢ € N, consider
the set

1
B(s) —a(s) +1 .
1 1 1

x \{y € Co%: D(hy(2), h(2)) > EH > g}v) < 5}'

To show that F; ;¢ is measurable, we need to prove that the complement
of every F, ;¢ is measurable.

Flse = {z cZ: \IJ<{3 e N:

Z\Fo5¢ = {ze Z. ({SEN: 0 _;S) .
«|{ve e D). b)) > %H > %}v) e \I/_1<(%oo>>}

As W is lower semicontinuous, 3 set [E,,, $;n], such that

I\F,5¢ =

:{ze Z: ({SENZ B0s) —;(3) n 1‘{V€C?’Bi D(h,(2),h(z)) =

> %}\r) e UIEm sml} =

meN

:Uﬁ{zeZ:({seN: Bs) L ‘{yecg’ﬁzD(hV(z),h(z))E

meN j=r —afs) +1
i3

Since (h,) and h are measurable, the right-hand side of the equation above
is measurable and, so, Z\F, ;¢ is measurable. For every { € N, we have

[ee}
Fose © Friise, Z = | Froe. Thus, p(Z) = limg o (Fr5¢). Let € >0
r=1

fI=

M| =

be given. For every { € N, assume 7(§) € N be s.t., u(Z\Fr¢)s¢) < %
a0 0

Consider Ey = (Z\Fr(g),&g). So, we have u(Fp) < D] ,u(Z\FT(g),M) <e.
=1

0
Let £ = Z\Ey = () Fr(e)s¢- Thus, u(Z\E) = u(Ep) <e. So, we have, for
=1
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all £ >0,0>0,3r(&)eN,Vze FE,

1 s 1, 1 1
\I/<{s e N: 8)+1HV e C*: D(h,(2),h(z)) = EH > g}\r) < £

Bs)—af

This proves that h,\ g is af-statistically equi-ideal convergent to hyg on
E.

4. Conclusion. Upon the preceding analysis, our interest is to modify
the studies of Kigi [10] nd investigate af-statistical pointwise ideal con-
vergence, af-statistical uniform ideal convergence, «af-equi-statistically
ideal convergence for sequences of F'V F's. We demonstrate a/3-statistically
ideal version of Egorov’s theorem for sequences of fuzzy-valued measur-
able functions on (Z, A, u). As the future work, we are going to inves-
tigate Korovkin-type approximation theorems using af-statistically ideal
convergence for double sequences.

Acknowledgment. The authors deeply appreciate the suggestions of the
reviewers and the editor that improved the paper.
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