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TIME-HYBRID HEAT AND WAVE EQUATIONS ON
SCATTERED N-DIMENSIONAL COUPLED-JUMPING
TIME SCALES

Abstract. In this paper, the exponential, hyperbolic, and trigono-
metric functions on n-dimensional coupled-jumping time scales
(CJTS for short) are introduced. Based on this, we introduce the
Laplace transform on n-dimensional CJTS and establish their re-
lated properties. Moreover, the homogeneous time-hybrid heat and
wave equations are solved on scattered n-demensional CJTS using
this Laplace transform.
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1. Introduction and preliminaries. The notion of the time scale
was introduced by Stefan Hilger in 1988. It unifies the continuous and
discrete analysis on various hybrid domains (see [6], [7]). There have
been many results related to different topics on time scales, such as the
general theory of dynamic equations (see [3]), Sturm-Liouville eigenvalue
problems (see [2]), the theory of translation closedness of time scales, and
the related functions (see [10], [11]). Moreover, some new studies of various
applications and theories on time scales were conducted (see [13] — [19]),
such as quaternion dynamic equations (see [9]), the Lebesgue measure
integral (see [4]), and partial dynamic equations and applications (see [1],
151, [8])-

In [12], the authors initiated the notion of coupled-jumping timescale
space (CJTS for short) and introduced the theory of calculus and funda-
mental functions. Based on this theory, the initial-value problem of time-
hybrid dynamic equations whose initial value is given in the time scale
T, and the unique solution is located in the time scale T; was introduced
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and discussed including some important integral transforms, such as the
convolution and the Laplace transform. The coupled-jumping timescale
theory largely deepens and includes the Hilger theory and brings a com-
pletely new significance of dynamic equations on time scales (see [12]).

In this paper, based on the basic concepts and properties from [12], we
introduce the n-dimensional coupled jump operators and basic functions
on CJTS. For more details of coupled-jumping time scale theory, consult
[12].

Definition 1. [3]

(1) A time scale T is an arbitrary nonempty closed subset of the real
line. Let o: T — T be the forward jump operator with o(t) = inf{s €
T: s>t} and p: T—T the backward jump operator with p(t) = sup{s€
T:s <t}

(i4) Let f: T — R ont € T%, where T" = T\[p(supT),sup T| for
supT < oo and T* = T, otherwise. Then, we define f~(t) to be a real
number (provided it exists) with the property that for every € > 0, there
exists a neighborhood U of t (i.e., U = (t — §,t +0) NT) for some 6 > 0),
such that |f(o(t)) — f(s) — fA({t)(o(t) — s)| < €elo(t) — s| for all s € U.
We call f2(t) the delta (or Hilger) derivative of f at t.

Definition 2. [12] Let T,,, and T,,, be a pair of time scales. For
t € T,,, UT,,,, we define the coupled-forward jump operator between T,,,
and T,,, by or,(t) = inf{s € T;: > t} and define the coupled-backward
jump operator between T, and T,, by pr,(t) = sup{s € T;: < t},
l€{my,mg}, me{1,2,... ,n}.

Definition 3. [12] Let T,,, and T,,, be a pair of time scales. Define T%,
T% and Tf as follows:

. Ti\(supT;, + 00), supT; < oo,
Ty, otherwise,

N {Tk\(—oo,inij), inf T; < oo,
T: =

T}, otherwise,

T = Ty N'Tf, where k,j € {m1,mo} and k # j, m € {1,2,...,n}.
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Definition 4. Let f: {T;, UT,} x{Ty, UTo, } x...x{T,, UT,,} — R.
Define a hybrid-composition integral of f(t) with respect to t,, as follows:
, Am f[UTrm @), Py (O)]Tyy F () Ay 7+
=) Jigr, @y Oy S (B) BT, @ <D,
f AhmT = "2 "2
’nfbmn(@zwmlwhmlf(bnﬂsde_
\_(1 — Q) f[ng2 (5). P2y ()] Ty, f(tm)Am,7,  a>b,

where t = (t1,...,tm,...,tn), a,b € T, UT,,, 0 < a, < 1,
tm:(tl,...,tm,l,T,tm+1,...,tn),tmGTmIUTmQ,1<m<n.

Definition 5. [12] Let t,s € Ty UTy, f: TyUTy - C, 0 < a < 1.
Define the hybrid-composition exponential function by

(

Log(1+/(r)f(7))
exp <Oé «f[o"f[‘l (S),p']rl (t)} 1 (T) A17-+
- Log(1+u5(r)f(r))
€ (t 3) = +(1 O./) f[UTQ(S)7pT2(t)]T2 12(r) A 7') s < t,
™ exp ( —a [ Log(tm(Mf () A 7
p [UTI t) ATy (s)]ﬂ’l ;Ll(‘r) 1
- Log(1+42(1) (7))
~1-a f["T )s P (8)]my 112(7) AzT) s >1.

If1+ ul(t)f(t) #0 and 14 i (t)f(t) #0 for any t € TYUTS, | € {1,2},
then we define the hybrid-composition hyperbolic functions sinh(t, s) and
coshy(t,s) by

Ef(tv S) - é—f(tv S)

sinh (¢, s) = 5

and
- er(t e_¢(t
COShf(t,S) _ ef( 73) _{'26 f( ,3);

we define the hybrid-composition trigonometric functions sin(t,s) and
coss(t,s) by

élf(t,S) — é,lf@, S)
2

Si—nf(t’ S) =

and

éif(t, S) + E_if(t, 8)
2 )

ﬁf(lf, S) =
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where i is the unit imaginary number.

Definition 6. T,,,,T,,, are called coupled-jumping equivalent time scales
on T, if pr,, (0m, (1)) = Omy(p1,., (1)) and pm, () = pms(pr,, (t) =
= m, (P1,,, (P1,0,(t))) for any t € Ty, . For convenience, the coupled-
jumping equivalent time scales T,,, and T,,, are denoted by T,,, ~ T,,,.

2. Hybrid-composition Laplace transform on n-dimensional
CJTS. In this section, we introduce the hybrid-composition Laplace trans-
form and establish some properties of the hybrid-composition Laplace
transform on n-dimensional CJTS. We always assume that sup T,,, = oo
and sup T,,, = oo for all m € {1,2,...,n}.

Definition 7. [12] Let m € {1,2,...,n} be fixed, f: {Ty, U Ty,}x
X{Ty, UTs,} x ... x {T,,, UT,,} — R is regulated with respect to t,,,
tmy € TF, UTE, . We define the hybrid-composition Laplace transform of
f with respect to t,, by

(e}

Z() (™) = a, / Cenn (T (7)) f (b)) By 7

UTml (tmo)

(1 — ) / €, crm2 T),tmo)f(tm)AmT, (1)

O’Tm2 tmO)

where t,, € Tppy UTpy, 0 < iy < 1, 2, € C) 1+ i, (),) © 2 # 0,

t(m) - (t17 .o 7tm717 Zm7tm+17 s 7tn); tm = (tla o 7tm7177—7 tm+17 s 7tn>
and Oz, = # for all t,,, € Tﬁqk, k € {1,2} and the improper
mk m m

integral (1) exists.

In what follows, we establish some properties of the hybrid-composition
Laplace transform on scattered n-dimensional CJTS.

Theorem 1. Let f: {T;, UTy,} x {To, UTs,} x...x{T,, UT,,} = R,
m,j€{l,....n}, m#j, ty, € Tr, UTE . then

o0

[f(f)(t(m))} S Am / Ue’an (T, 2fmo)fAj’C (tm) Ay T+

O"]rml (tmO )
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+(1—an) / o (T by ) 29 () Ay, T,
OTmg (tmo)
where k =1, 2.
Proof. Let t;, € Ti. We have
_ 1A, 1 _ o
2O = an [ Eonnlom) )5 €) -
gy, (tjk)
OTmq (tmo)
— ay, / €on,, (O‘ml (1), tmo)f(tm)AmlT} +
U"]I‘m1 (tmo)
L o X { / €ozm, (Umz (7—)7 tmo) S (tm)AﬂmT
Hgy, (tjk)
OTmy (tmo)
- / €ozm, (UmQ (7—)7 tmo)f(tm)Asz:| =
OTmgy (tmo)
% tm - m
= a,, / o, (Um1 (1), tmo) f7e(tm) = 1 )AmlT—I—
iy, (tjk)
U’ﬂ‘ml (tmo)

o / o (s (7)) 25 (b)) Ay 7+

O'Tml (tmo)
(1= an) / o (O (s g ) 2 () A
U'er2 (tmo)

The proof is completed. [J

Lemma 1. [12] Let t,ty,, € Ty, UTF , t > ty,. If Ty, ~ Tp,. Then
oL, (b timg) = 2L (t timy)-
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Remark 1. LetcecC,t t,, € T}, UT}

m27

> tmes Ly ~ Tony. Then

B (L tmg) = CCo(t, tmy), Cosh?t(t,tmo) = csinh(t, tp,),

Cc

S (£, g ) = € COSDL(E, by )y TSR (L, tyng) = —C St tmg),
S (£, tyng) = CTOB(t, tmg )

Moreover,

2

éfg (t,tmy) = 2 ec(t, tmg)s coshCAt (t,tm,) = ¢ cosh ot tme)s

—A? A2 —
sinh, ' (t,ty,) = ¢ sinho(t, tmg ), COSLt (t,tmg) = 2 COSe(t, tyny ),

2

SN, (E, tng ) = € SING(E, Eng )-

Lemma 2. [12] Let ty,ty, € Ty, UTE ., by > tmg, f {Th U Ty, } %

mo?

X{To,UTy, } x...x{T,,UT,,} >R, T,,, ~T,,, and F,,( f () ApmT.
tmy

Then

Entm(t) = f(t1, .o, pro(tim)s - o to) H(L=am) [ (1, proy(tm), - ta).
Lemma 3. [12] Let f:{Ty, UTy,} x{Tsy, UT22} X >< {T,,UT,,} = R,
I < m < n, tyy,ty, € Th UTE . F, f ftm)Appr.  If

tmo

tlim €, (tms tmg ) Fin(t) = 0, T, ~ T,,,. Then
. —>00

Z(F) (6™) = L Z(F2™) (60

Zm
for k=1,2.
Using Lemmas 1, 2, and 3, we can prove the following result:

Theorem 2. Let f:{T;, UTy,}x{Ty, U T22} X . >< {T,,, UT,,} — R,

L <m < n, by, tm € T3, UTE, F f f&n) Ay, If
tmo

thm €z, (tms tmg ) f(£) =0 and tlim €z, (tms tmg ) Fin(£) =0, Ty ~ Ty

1 —>00 1 —>00

Then
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X(FAg’Lk>(t(m ) = 222 (F) () — af (b 0w (tang)s ) —
— (L= am) f(t1, - 0m,, (Emg)s - -5 tn) s
where k =1, 2.
Proof. Since T,,, ~ T,,,, we have

oo

A2 A2
Z(E) (1) = a, / Comn (s (5): ) For™ (£1) Ay 5+
O'Tml (tm())
oo A2
+ (1 — am) / o (T (8) st ) Fin ™ (tm) Apys =
UTmQ (tmo)
_ : = Amy .
= q,, tilinm €czm (trms ting ) Fm (tl, U A ,tn)

— A (07 (g )stmo ) Fon ™ (b1, 05 (o), <+ )+
+ (1 - ap) lim oo (b tong ) Ein ™ (F1, - s o ) —

— Am
- (1 - Oém)eezm (UTm2 (tm0)7 tmO)Fm ? (tlv <oy Oy, (tmo)a s 7tn)_

oo / OZmEorz, (5 tmo)Fﬂ%ml () Ay 5—
UTml( mo)
Am
1 a am / @ZmeQZm tmo)Fm 2(tm)Asz =
0'11‘,m2 tmO

=~ Fin " (b1 0m (bmg), ) —

(1—am)F 2ty 0Ty (fmg)s - - -5 )+

o0

+ ZmOm / eos, (Um1 (s), tmo) Fﬁml (tm) A, S+
O.Tml (tmo)
(1 — an) / Comn (O (5), tons) FE™ (6 Ay s =
UTmz (t’mo)

— —q, Fa" Yty om (fmg)s oo ) —
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— (1= ap)Fn™ (1, 0, (bo)s -+ tn) + 2 (F ™) () =
= —q, [amf(tl, s Py (O, (Bmg))s - - ,tn)+
+ (L= am)f(tr, - pr, (01, (b)) -5 ta) | —
— (1= o) [ f (B, - - s PT, (O, (o)) - - - o tn) +
+ (L= m)f(tr ey Py (07, (Eg))s - - - )] + 222 (F) (87) =
= —anf(t, . 0m,, (tmg)s - - - tn) —(1—a) f (T, - -, oy, (Bing)s - - )+
+ 22 L (F,) (™).

The proof is completed. [J

3. Time-hybrid homogeneous heat and wave hybrid equations
on scattered CJTS. In this section, we will solve the time-hybrid ho-
mogeneous heat and wave hybrid equations on scattered CJTS using the
hybrid-composition Laplace transform.

Consider the time-hybrid homogeneous heat and wave equation on
CJTS as follows:

17All (tl, tg) = CZFAgl (tl, tg) (2)

with the initial boundary-value conditions

FAU (1, 1) = AP (1, 1),
F<t10’t2) = O F(tb ) ﬁFA% (tlaa') = g(t1)>
’YF(tlv % ( )) +5FA21 (tha?l (b>) = h(tl)a

where ¢, o, 3,7,0 € C, t; € T, t2,b€T2,t10€T UTY,, a € T5 UTS,,
f: (Tll UTlZ) X (T21 UT22) - Ra F(tlth - f f t2 Ath a < b.

th
Using the hybrid-composition Laplace transform, the initial boundary-
value problem (2) can be rewritten as

2 z
XA (21,t2) = C—;X(Zl,tz),
aX(z,a) + XA (2,a) = G(z), (3)
IVX ('217 0-31 (b)) + 5XA21 (Zlv 021 ) H

Wher?CX(zl,tg) = Z(F)(21,t2), G(z1) = Z(9)(z1), H(z1) = Z(h)(z1),
z1 € C.
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Theorem 3. IfT,,, ~ T,,,, m = 1,2. Then the solution of (3) can be
given as: X (z1,t2) = c1€ =1 (t2, a) + c2€_ =1 (t2, @), where

[01702]T=
Oé+ﬁ\/7 ﬁﬁ §
=1(03,0),9 v1(02,0,0) 7e_yz(03,0.a ) 5r va1(02,0),0)

Jge.

N

Proof. By Remark 1, we have

z z
XA21 (Zl, t2> =C gé\/ﬁ(tg, CL) — \/—C_ICQE_\/H (tg, a),

2 z zZ ya
X2% (2, ty) = clc—;e@ (t2,a) + C—;cﬁ_ﬂ(tQ, a) = 2 X(21,1).

2
Hence, X (z1,t2) = c1€ sz (t2,a) + c2€_ = (2, a) is a solution of (3). More-
over, through using the initial boundary-value conditions of (3), we have

z z
aleie y=(a, a)+ e yzm(a, a)+8e géﬁ(a, a)— \/—C_lcgé_ va(a, a)|=G(z),

c

(01+C2)+5( Vi \/_> G(z1);

E\/H(O'§1<b> )+CQ€ \/* 0'21 ,CLi|

21
+ 5[61\/—C_er(021(b) a) — \/—_ ﬁ(agl(b),a)] = H(z).
The proof is completed. [

Example. Let T, = Z, Ty, = {n+ 3: € Z} and Ty, = {2n: € N},
t1 > t;, = 0. Then the solution of (2) satisfies the equation

a1 f(tr,ta) + (1 —an) f(ts — %JQ) —
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o1

2

where a; € [0, 1]. In fact,

1 > [f(k—%,t2+4) —2f(k—1,t2+2) +f(k—%,t2)},

).

o1, (t1) t
aq f(Ta t2)A117— — f f(7_7 t2)A11T
ory (tig) ory (t1g)
FAll (t17t2) — 1 1 +
pa, (1)
pry, (014 (t1)) Py, (t1p)
(1-o) / frt) A —(T—ay) [ f(r,t)ALT
ory,, (t1g) ory,, (t1g)
+ =
M1y (tl)
t1+1 tl"'%
= / f(T, tQ)AllT + (1 — Oél> / f(T, tg)A12T =
t1 tl_%
1
= ay f(ti,t2) + (1 — Oé1)f(t1 - §,t2
F(t1,03 (82))=F(t1,02, (t2))  F(t1,09, (t2))—F(t1,t2)
2% (1), ty) = oy (t2) 2, (t2) -
N21(t2>
_ F(ti,to+4) = 2F(t,ta + 2) + F(t1,12)
= 1 =
t1 tl*%
1
= Z(Oél/f<7',t2—|—4>AhT+ (1 —Oél) / f(T,t2+4)A12T—
0 1
2
t1 tl_%
— 20[1 / f(T,tQ —f- 2)A11T — 2(1 — 041) / f(T, tg —|— 2)A12T+
0 1

2

tlfl

+a1/1f(7,t2)A117+(1—a1) / f(T,tg)A12T) =
0
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= % [fk,ta +4) = 2f(k,ta +2) + f(k, ta) |+
k=0
1—0[1 «— 1 1 1
I > [f(k_§7t2_|_4)_2f(k—§,t2—|—2)—i—f(k—g,h)].

Now consider the time-hybrid homogeneous heat and wave equation
on CJTS as follows:

FAU (1, 1) = AF(t), 1), (4)
with the initial boundary-value conditions
(FAi (th ) 2FA%(t17t2)7
F(tlo, tg) = 0
F h (tloa t?) Oélf(o-'ﬂ‘ll (tlo)v t2) + (1 - al)f(UT12 (tlo)a 262) - T(t2)7

aF(t,a) + BF2(t,a) = g(t),
[V (t1,03(0)) + 0122 (1, 02(b)) =

where ¢, o, 3,7,0 € C, oy € [0,1], t; € Tf, to,a,b € T5, t;, € Tf U
51
T?Q, r: Ty — R, f: (Tll U T12) x Ty — R, F(tl,tg) = ff(T,tg)Ath,

th
a < b. Through using the hybrid-composition Laplace transform, the
initial boundary-value problem (4) can be rewritten as

XA% (Zl, tg) = —QX(Zl, tg) QT’(tg),
X(z1, )+5XA2(217 a) = G(z), (5)
PyX(zl ) + 06X A2 (zl, Ug(b)) = H(z),

Q

Wher(ecX(zl,tg) = 2(F)(21,t), G(z1) = Z(9)(z1), H(z) = ZL(h)(z),
z1 € C.

Lemma 4. Let

R(Zl,tg,@) =
t
1 /253(0'2(7') a)é,%(tg,a) — ez (tg

€z (o2(7), (l)é_%(O'g(T), a)

2czy
a
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727 Log(1+n (1) 2L)

where € (03(T),a) =€ @ #2( *. Then
c

22 1
RA% (Zl, t2, CL) = C—;R(Zl, tg, a) — C—QT(tQ)
Proof. Let R(z1,t2,a) := H(tz). We have
1
pa(t2)
Ug(tgl _ _ _
[ 1 / ex1(0a(T),a)e_z(og(ta), a)—ez(oa(ta), a)e_z(oa(7), a)
X C C C
2

(4]

HAQ(tQ) = X

r(T)Agm—

= — i — r(t2)+
2z 221 (02(t2), )1 (03(t), ) (t2)
| -2 (0a(7), a)e_z (t2, a) — 2ea (ta, a)e_z (0a(r). a)
/ : — - — - < r(T)AyT=
22 ez (09(7),a)e_z(02(7),a)
1 F =28 (0a(7),0)2_ 2 (g, @) — Dz (ty, a)E_ 21 (02(7), )
= / - — — - - (7)Aot
2cz1 ex1 (02(7),a)e_z (09(7), a)
1 -2z 22 22
.. A o 1 1 _ =
Similarly, X2 (t,) 2% o r(t) + 5 X(t2) gX(tz) — 5r(ta).
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The proof is completed. [
Theorem 4. If Ty, ~ Ty,, then the solution of (5) can be given as:

X(21,t2) = c1ez(fz, a) + ez (t, a)+
1 [Ea(0s(r),a)F_x1(ta, @) — Bai (2, a)F_x1 (05(7), )
o / T e r(r)Aar. (6)
where
A(z1) = H(z1) — 7R(z1,05(b),a) — 5%le
o2(b)
_%E%(UQ(T),a)e =1 (02(b), a) %E%(UQ(b),CL)E_%(UQ(T),Q) AL
| rtsat s e~ Sy e 2 O

_ o+ f a - p2 «
s (03(0), )92 eie (0u(b). @) 7 (03(b), @)~ 207 a1 (02(0), @)

Proof. From Lemma 4, it follows that (6) is a solution of (5). Since

z z
X22(21, ) = “Hei@a (ty, a) — —caf_zi (ty, a)+
c e c e

_l_

T(T)AQTv
2czq
for the initial boundary-conditions of (5), we have

z z
X(Zlya) =C1 + CQ,XAQ(Zl’a) — ?101 — ?102’

X(z1,05(b) =1 1821 (o3(b),a) + C2€_z1 (o3(b),a)+
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a3 (b)
1 €z (oa(7), a)é_%l (02(b), a) —_%(ag(b), a)é_le (09(7), a)
+2021a/ i (o9(71), a)é_%(@(T)’ a) r(7)AqT,
X 2(21702(1))) = Z—Clcl X éz?l (0'2([))7a> —_ %026 2 (0-2<b)’a)_'_
oa(b
1 [~ 2ea(7), ) 21(02(b), a) — 2ea(0(D), a)e_2(0a(7),a)
+ ZCzla/ 6%1(02(7'), OL)E_%I(C;Q(T)7 a) r(T) AT
Hence,

z z
ale + ) + ﬁ(;lcl — ;102> = G(z),

21

+ 5[%015% (02(b),a) — ;6257%(02(5)&)} = A(z1),

a+ [E a— B "
vz (03(b), a)+02 crez(0a(b), a) ve_z(03(b),a)—20e_z(02(b), a)

The proof is completed. [

Remark. Let A € C, Ty, ~ Typyy, tin € Tk, ting € Th UThH .t > i
where m € {1,2},

S/\(') S {Ec)\(tlv tlo)a Sinhc/\(th tlo)v COShc/\(tla tl())y ﬁc)\ (tly tlo)a m(:)\ (tla tlo)}a

l,\() € {é)\(tQ,tzo),sinh/\(tQ,tQO),
coshy (ta, ta, ), sing (ta, ta, ), €8x (t2, ta, ) }-
Then
F(t1,t2) = sa(t)li(12)

are the solutions of (4).
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