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THE WEAK DROP PROPERTY AND
THE DE LA VALLEE POUSSIN THEOREM

Abstract. We prove that a closed bounded convex set is uniformly
integrable if and only if it has the weak drop property. We extract
the weakly compact subsets of the Henstock integrable functions on
the H-Orlicz spaces with the weak drop property via de la Vallée
Poussin Theorem.
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1. Introduction and preliminaries. The weak drop property was
introduced by Giles, Sims, and Yorke (see [6]). Rolewicz [18] introduced
the sequential approach to the drop property. Qiu established the fol-
lowing fact: in a locally convex space, every weakly sequentially compact
convex set possesses the weak drop property, and every weakly compact
convex set possesses the quasi-weak drop condition (see [19]). Bhayo et
al. [3] introduced convexity and concavity of a function with the identric
and Alzer mean. The class of spaces with norm having the drop property
resides between the classes of nearly uniformly convex and nearly strictly
convex Banach spaces (see [4]). For details of the drop property, one can
see [12], [19] and reference therein. It can be traced to as early as 1915,
the publications of de-la Vallée Poussin, although it was the Banach space
research of 1920’s that formally gave birth to what were later called the
Orlicz spaces, first proposed by Z. W. Birnbaum and W. Orlicz. Later this
space was further studied by Orlicz himself. Orlicz spaces are generaliza-
tions of LP spaces. Further, Luxemburg developed the theory of Orlicz
spaces. Details of this theory can be found in [1], [13], [17].

Kurzweil first proposed a solution to the primitives problem in 1957,
and then Henstock did the same in 1963. It is a generalized form of the
Riemann integral, commonly known as the Henstock-Kurzweil integral
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(HK-integral); Kurzweil and Henstock each proposed this generalization
independently. The Henstock-Kurzweil integral is similar to the Riemann
integral, but is stronger than the Lebesgue integral. Additionally, it is well
known that the HK-integral can resolve the issue of primitives in the real
line. The limit of Riemann sums over the appropriate integration domain
partitions is referred to as the HK-valued integrals. The HK-integral has
a constructive definition. Within the HK-integral, a gauge-like positive
function is employed to assess a partition’s fineness, rather than a constant
as in the Riemann integral: this is the fundamental distinction between
the two definitions. One can see [5], [7], [8], [10] and references therein for
details of Henstock-Kurzweil integrals.

Hazarika and Kalita [7] introduced the H-Orlicz space with non-absolute
integrable functions. They proved that C§° is dense in the H-Orlicz space,
but is not dense in the classical Orlicz space. It is known that if a func-
tion f is bounded with compact support, then the following statements
are equivalent:

(a) f is Henstock—Kurzweil integrable,

(b) f is Lebesgue integrable,

(c) f is Lebesgue measurable.

In general, every Henstock-Kurzweil integrable function is measurable,
and f is Lebesgue integrable if and only if both f and |f| are Henstock-
Kurzweil integrable. This means that the Henstock-Kurzweil integral can
be thought of as a “non-absolutely convergent Lebesgue integral". This
fact relies on compact support in H-Orlicz space. Of course, we are work-
ing with H-Orlicz spaces without compact support. In this case, H-Orlicz
spaces are not equivalent to Classical Orlicz spaces.

Let f be a function defined on [0, 1] that has values in a Banach space
X. If f has an integrable majorant and X is separable, Caponetti et al.
demonstrated in [5] that the limit set Ik (f) of Henstock-Kurzweil inte-
gral sums is non-empty and convex. They provided a detailed explanation
of the limit set in the same setting.

In several contexts, the de la Vallée-Poussin Theorem has been taken
into account. For instance, in the space of measures with values in a
countably additive Banach space. The de la Vallée-Poussin Theorem is
used to characterise the strongly measurable vector functions that are
Pettis integrable through the compactness of a certain set of scalar func-
tions in a specific space of Orlicz, as well as the countably additivity of
the Dunford integral of vector functions (see |2]). The characterization
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of the countable additivity of the Henstock-Dunford integrable functions
with the help of de la Vallée Poussin Theorem was discussed by Kalita and
Hazarika in [8]. Recently, Volosivets [20] has studied de la Vallée-Poussin’s
mean in weighted Orlicz spaces.

The paper is organized as follows: In Section 1, the basic concepts and
terminology are introduced together with some definitions and results.
In Section 2, we prove that a closed bounded convex set has weak drop
property only if it also possesses uniform integrability: Theorem 5. In
Section 3, several properties of H-Orlicz spaces with drop property are
discussed. In Section 4, with the help of Theorem 5, we find relatively
weakly compact subset in H-Orlicz space via weak drop property.

Definition 1. [6] Let € be a closed convex set. A drop D(z,€) deter-
mined by a point x ¢ € is the convex hull of the set {x} U €. The set €
is said to have drop property if for every non empty closed set A disjoint
from €, there exists a point a € 2, such that D(a,&)NA = {a}.

Next we recall the concept of weakly sequentially closed set below.

Definition 2. [11] A set 2 is weakly sequentially closed if every 2A-valued
weakly convergent sequence has its limit in 2.

Definition 3. [18] A closed convex set € is said to have the weak drop
property if for every weakly sequentially closed set 2l disjoint from € there
is an a € 2, such that D(a,&) N A= {a}.

Recalling a closed bounded convex set €, a sequence {x,} in X \ €,
such that x,.; € D(z,,€) ¥n € N is called a stream. It is known that
the norm || - || has drop property if and only if each stream in X \ B(X)
contains a convergent subsequence (see [18]). Giles et al. in [6] showed
that the norm || - || has weak drop property if and only if each stream in
X \ B(X) contains a weakly convergent subsequence.

Definition 4. [14, Definition 2.5] A subset § of L'(Q2) is said to be
uniformly integrable if § is a bounded subset of L*(§2), such that

lim sup / |fldu = 0.
Cc—00
{If[=e}
Recall de la Vallée Poussin Theorem from [17], as follows:

Theorem 1. Let § be a family of scalar measurable functions on a finite
measure space (€2, %, ). Then the following conditions are equivalent:
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1) §= {fa: « Is in an index set} is uniformly integrable.

2) There exists a convex function §: R™ — R, such that 6(0) = 0,
O(—z) = O(x) and O(x)/r — oo as x — oo, in terms of which

sup [ 0(fa)sp < oo.
a 0

Definition 5. |[1, Definition 1.1] Let m: RT™ — R™ be a non-decreasing
right-continuous and non-negative function satisfying

m(0) =0, and lim m(t) = co.

t—o0

A function §: Rt — R* is called an N-function if there is a function ”m”
satisfying the assumptions above and such that
Jul
O(u) = /m(t)dt.
0

Evidently, 0 is an N-function if it is continuous, convex, even, satisfies

0 6
lim ﬂ:ooand limﬂ:O.
u—oo U u—0 U
For example, 0,(z) = 2; p > 1. One can see 9] and references therein

for details of N-functions.
Definition 6. ( [17, Definition 7, p 28], [1, Definition 1.5, 1.6])

(a) An N-function 0 is said to satisfy A’ condition if there is a k > 0,
so that

0(zy) < kO(x)0(y) for large values of = and y.

(b) An N-function 6 is said to satisfy Ay condition if there is a k > 0,
so that
0(2z) < kb(z) for large values of x.

Theorem 2. [18] Every closed bounded convex set with weak drop prop-
erty is weakly compact.

Remark. All Young’s functions are convex. It is easy to claim that every
closed bounded set of Young’s functions with weak drop property is weakly
compact. Also, every bounded closed convex set of N-function with weak
drop property is weakly compact.
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Henstock-Kurzweil integral is defined as follows:

Definition 7. [8] A function f: [a,b] — R is said to be Henstock-
Kurzweil integrable on a set [a,b] if there is an element I,y € R, such
that for every e > 0 there is a positive function ¢ (called gauge) on [a, b]
with

‘S(f, P) — I[a,b}| <€
whenever P = {a = a:o <ty <29...< 2, = b} is a d-fine partition of

la,b] and S(f, P) = Z f(t:)(z; — x;-1) is a Riemann sum.

Through out the article, the space of Henstock-Kurzweil integrable
functions is denoted by HK(u). This space is not complete with the
Alexiewicz semi-norm

Iflla= sup | f|

[a,b]CR Ja
where the integral is in the sense of Henstock-Kurzweil.

Theorem 3. |7, Theorem 1.1] If f: Iy C [0, 1] — R is a measurable func-
tion with the gauge 0: Iy — R, then g = 0(f): [0,1] — R" is Henstock-
Kurzweil integrable.

Let (X, 3, 1) be a measure space and X be a Banach space The Orlicz
space LY(X,%, 1) or LY (p) is defined as follows: if 6(f L) [6(f)du,
then

L%(p) = {f measurable: 6(f) < co}. (1)

The space L?(u) is absolutely convex, i.e., if f, g € L(u) and o, B are
scalars, such that |a| + |8| < 1, then af + Bg € L(u). Also, if § € Ay,
then L°(u) is a linear space (see [17, Theorem 2|). If §: R* — Rt is a
Young function, then it can be represented as

= /gb(:v)dx, r € RY,
0

where ¢(0) = 0, ¢: Rt — R" is non-decreasing left-continuous, and if
¢(r) = +oo for x > a, © > a > 0, then 6(z) = +oo for z > a. The
function ¢ is called the complementary function of € (see |17, Corollary 2]).
If ¢ denotes the complementary in Young’s sense function to 6, and

Lo(p) = {f measurable: !(L)/fgdu‘ < oo for all g € L¢(u)},
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the collection LY(p) is then a linear space. The collection (Lf(,u), |-l LQ)
is a Banach space called an Orlicz space, where

[ fllze = SUp{! /fgdu]:a(g) < 1}.

Moreover, let || - || be the Minkowski functional associated with the
convex set {f € LI(u): 6(f) < 1}. In the sequel, || - [|(g) is an equivalent
norm on L?(1), called the Luxemberg norm. Indeed,

1Ny < I fllze < 2[|f]l ) for all f € L(u).

For details of Orlicz spaces, see [1], [9], [13], [17] and references therein. It
is clear that A conditions of the Young function play crucial role for the
reflexivity of the Orlicz space (see |9], [13], [17]). Now, we recall reflexivity
of Orlicz space.

Theorem 4. |[1], [9] The Orlicz space L(u) is reflexive if and only if
0 € As.

2. Uniform integrability and weak drop property. In this sec-
tion, we prove that a closed and bounded convex set of H K () is uniform
integrable if and only if the set has weak drop property. Consider a finite

collection P = {(Ai,ti): i=1,2,... ,p}, where A; are non-overlapping
P
intervals in [0,1], t; € A; and |J A; = [0, 1].

i=1
A strictly positive function 6 on Iy C [0,1] is called a gauge on I,.

Given a gauge ¢ on [0, 1], a partition P = {(Ai,ti): 1 =1,2,... ,p} of
0, 1] is called d-fine if A; C (t; — 0(¢;),t; +6(t;)) for i =1,2,...,p. Given
a partition P = {(Ai,ti): i =1,2,... ,p} of [0,1], Henstock-Kurzweil
integral sum S(P,g) = > 5, g(t;)|Ay].

Definition 8. [5] Let ¢g: [0,1] — X,z € X. We say x is a Henstock-
Kurzweil point of g, if for every € > 0 and for every gauge 6 on [0, 1] there

is a 0-fine partition P of [0, 1], such that ||S(P,g) — x| < e. We denote
Ik (g) the set of all Henstock-Kurzweil points of g.

It can be seen from the Theorem 3 that we get a class of subsets of
HK(p) as follows:

{IHK(Q): g= / 0(f) € HK(M)}-

[0,1]
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Let § = {Iux(g9): g =0(f) € HK(n)} be a bounded closed subset of
HK (u). Clearly, § is a convex set.

Definition 9. Let g: [0,1] — X be an arbitrary function. We will say
that a point x € X belongs to the weak limit set W1y (g) of g, if for any
weak neighborhood U of x and any partition P of [0, 1] there exists a finer
partition Q > P, such that S(Q, g) € U.

For € > 0, we set

v(§.€) = sup { (HK) / €ldn: € €3, A€ S, p(A) < e}

and define the modulus of uniform integrability v(§) of § by

v(§) = limv(S, e) = inf v (S, ).
Lemma 1. Let § be a subset of HK (u1). Then the following are equiv-
alent:

1) § has weak drop property.
2) § is weakly sequentially compact in HK ().
3) § is a bounded subset of HK(u) satisfying the two properties:

v(§) = 0 and for every € > 0 there exists [0,1]. € X, such that
1([0,1]¢) < oo and

sup(HK) / |€]dp < e.
£es
[0,1]\[0,1]e

Proof. For (1) = (2): Suppose § has weak drop property. The [15,
Proposition 4.4.7| states that § is weakly compact. Clearly, Eberlein-
Smulian theorem says that § is weakly sequentially compact in HK ().

(2) = (3) follows from [14, Theorem 2.3].

For (3) = (1): Given § is a bounded subset of H K (u) satisfying the
two properties: v(F) = 0 and for every € > 0 there exist [0,1]¢ € 3, such
that u([0,1]) < co and sfué)(HK) f[O,l]\[O,lle |€]dp < e. Since v(F) = 0 and

S

§ is a bounded subset of H K (p), we can confirm from [14, Proposition 2.6|
that § is uniformly integrable. Hence, from Prokhorov’s theorem (see [16,

Theorem 1.12]) § = [(HK) Jio i (HE) [ 1]5@] is weakly sequentially
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pre-compact. The definition of weakly sequentially pre-compact is: every
sequence {&,} in § has a subsequence {¢,, } that converges weakly to some
§ € HK ().

Suppose § does not have weak drop property. Then there exists a
weakly sequentially closed set € of HK(u) disjoint from §, such that
c e g, inf{d(x,%): x € €N D(c, 3)} = 0. So, there exists a sequence
{z,} in €, such that 2,11 € D(z,,§) and there exists a sequence {y,} in
5, such that ||z, — y,|| — 0. As a stream {z,,} has a subsequence {z,, }
weakly convergent to some zy and € is weakly sequentially closed, xg € €,
but ||zn, — Yn,ll = 0. So, {yn,} is weakly convergent to . Since § is
closed and convex, in both cases zy € §. This is a contradiction to the
fact that € & § are disjoint. Hence, § has weak drop property. [J

Theorem 5. A closed bounded convex subset § of HK (1) is uniformly
integrable if and only if § has weak drop property:.

Proof. The proof follows directly from Lemma 1. [J

Proposition 1. A subset § of HK (u) is bounded and uniformly inte-
grable if and only if there is an N-function 6, such that

sup {IHK(g): g=10(f) € HK(,u)} < 00.

3. H-Orlicz spaces and weak drop property. In this section, we
discuss the reflexivity of the H-Orlicz spaces with the drop property. For
an N-function ¢ and a measurable f define g = (HK) [, ,, 0(f)dp.

Let

HY = {f measurable: g < oo}

If ¢ is the complement of 6, we assume
HY = {f measurable: |(HK)/ff| < oo forall f € H? }
The collection H? is a linear space. For f € H?, define

HfHezsup{KHK)/ffduI: g<1}, g=(HK) [ o¢(f)du.

[0,1]

Then (HY, || - ||p) is a Banach space called an H-Orlicz space. Moreover,
letting || - ||y be the Minkowski functional associated with the convex set
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{f € H?: g <1}, we have the fact that | - || is an equivalent norm on
HY called the Luxemberg norm.

In fact, £ < £l < 20 £l for all f € HY.
Theorem 6. The H-Orlicz space H?(11) is reflexive if and only if 0 € A,.
Proof. The proof is similar to the proof [13, Theorem 5|. (J

Theorem 7. Let 6 be a N-function and Ey be the closure of the bounded
functions in H?. Then the conjugate space (Ej, || - ||()) is isometrically
isomorphic to (H?, || - ||(s)), where ¢ is the complement of 6.

Proof. Let vy € HY; define f: E; — R by

flug) = (HE) /[ < oty vty >
0,1

Then f is well defined. Also ug, vy are limits of simple functions, so that
< g, Ug > is measurable. So,

(HE) / | < vgy g > |dj < (HE) / oo ) Lsc- o () e
[0,1] [0,1]

< llvallo-[uells.
Consequently, f(vg) = (HK) f[o g < vp(t), up(t) > dp is linear and
| fllzr < ||v]le. Consider vy = El’l){g , ;€ X, i=1,2,..., and {Ei}zl

is a countable partition of [0, 1] Wlth w(&) > 0,i=1,2.... Now, for
€ >0, |vg| € H?(u), so there exists a non-negative h € E¢(u) C HK(p),
0 < ||h|l¢ < 1, such that

€
ool = 5 < (HE) [ fou(®)lnsch @)
[0,1]
If ||lz;|| = 1, so that

€ _
1271 = Al < ()

and up = Y x;hxe,, then for o > 0 we have
i=1

15) [ 6o = 3 (015 / O (®) ) ~

(0,1]
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= Z(HK) /9(a|h(t)|)du = (HK) / O(a|h(t))dp < oo.
=! £ [0.1]

Thus, uyg € Ey and

[0,1]
- & [h(1)| -
= mf{a >0 Z(HK)/9<T>d,u < 1} =
=1 &
=Rl <1
Now,
fug) =< vg,ug >= (HK)/ < Vg, Up > du =
[0,1]

= / Zx Ti) Xe, dp >

[0,1]
> ) [ 103 (1ol = 1l o -

[0,1] =1

(HK) [ h(t)du
€ [0,1]
— (HE) [ hOlun(®lldn -~ 5. >
2 |hll 5

[0,1]
> Jlualls — = —
Z Welle =5 = 5

So, [Iflliux = l[vlls. Hence, |flux = llvglls and 0 < [If — fullax <

< |lvg —ve, [ls — 0. Therefore, [fllax = lim || f,]l = lim 100,116 = llvello-
n—oo n—oo
So, H? is isometrically isomorphic to a subspace of Ey. [J

Theorem 8. The H-Orlicz space H?(j) has weak drop property if and
only if 0 € A,.

Proof. The H-Orlicz space HY(pu) is reflexive if and only if § € A,.
We can conclude the complete proof with a similar way of the proof of

the |6, Theorem 5|. O
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4. Some consequences for relatively weakly compact subset
in H-Orlicz spaces. In this section, we discuss the subsets of HK (1)
with weak drop property that are relatively weakly compact in H?(u).

Theorem 9. A closed and bounded convex subset § of HK (1) has weak
drop property if and only if there is an N-function § with A’ condition,
such that § is relatively weakly compact in H?(1).

Proof. Suppose a closed and bounded convex subset § of HK(u) has
weak drop property. From the Theorem 5, § is uniform integrable.

Take an N-function § € A’ with 6(0(z)) < 6i(z), where 6, is
an N-function for large values of x.

Then sup{(HK) J 0(0(8))d¢: € € S} < o0o. So, by de la Vallée
[0,1]

Poussin’s theorem, § = {IHK(g): g= [ H(f)} is uniformly integrable in
[0,1]

HK (11). The modulus of uniform integrability vanishes: v(F) = 0 in HY.

Since § has weak drop property, so, § is relatively compact in HK (u).

It is also relatively compact in the topology of convergence in measure.

Hence, § is relatively compact in H?(u). O

Theorem 10. Let 0 € A, and suppose that its complement ¢ satisfies

tlim Z(ét)) = oo for some ¢ > 0; then there is a closed bounded convex set
—00

§ C HY(p) that is relatively weakly compact if and only if v(F) = 0.

Proof. Let us consider the closed bounded convex set § C H?(u) that is
relatively compact. If possible, assume v(§) # 0; then there is an €y > 0,
a sequence (f,) C §, and a measurable sequence (&,) with u(&,) — 0, so
llxe, fnll > €o for each n € N.

Using the Eberlein-Smulian theorem, we can have f € H? and a subse-
quence (f,,) of (f,), so that f,, — f weakly in H(u). We can state that
|| - |lo has weak drop from |6, Theorem 5|. The Lemma 1 gives v(§) = 0.

Conversely, suppose v(F) = 0 and § C Ey. If (f,,) is a sequence in §,
it is bounded in H K (p)-norm as (f,) is bounded in H’-norm. Now, by
Komlés’s theorem, there is a subsequence (f,, ) that has u-a.e. convergent
arithmetic means to f. When ¢ is the complement of 6, we have, for any
measurable subset £ C [0,1] and g € H? with ||g, < 1:

v(§) = |(HEK) / gxefdul < (HK) / loxefldu <
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n

. I 1
<hgnmf(HK)/IQXsﬁankldu<supEZ(HK)/Ig><sfnkldu<
k=1 " k=1

1 n
<sup— 3 llgliorIxe fucllo < sup {lIxehllo: b€ F} =0
" k=1
Thus,

el < s {[(15) [ gxesanl: ol < 1} <

< sup {IIXehIIe: h e S} =0

So, f € H?(p1) with absolutely continuous norm. Assume a,, = £ 37/ hy.
Since the inclusion map: H? — HK (i) is continuous, there is a K > 0,
such that ||g||ux < Kl|glls ¥V g € H?. Now for any € > 0 choose d > 0, so

that sup {|Xgh||9: h € 3} = 0 whenever (&) < §. By Egorov’s theorem,

there is a measurable set £ with p([0, 1]\ &) < 4, so that a,, — f uniformly
on &. Choose N € N, so that ||xg(a, — f)||cc = 0 whenever n > N. Then,
for g € H? with ||g||, < 1 and n > N, |(HK) [ g(a, — f)du| — 0. So, §
is a Banach-Saks set in HY. Since f,, — f weakly in H?, so, by Eberlein
Smulian theorem, § is relatively weakly compact in H?. [J

Conclusions. In this article, we have studied uniform integrability of
a closed bounded convex sets with weak drop property. Relatively weakly
compactness of some subsets of H K (p) with weak drop property that are
relatively weakly compact in H?(1) have been also discussed.
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