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FUNCTIONS

Abstract. As the homogeneous Triebel-Lizorkin space F;’q and
the space BMO are defined modulo polynomials and constants,
respectively, we prove that BM O coincides With the realized space

of FO o and cannot be directly identified with F7; 5. In case p < o0,
n/p

we also prove that the realized space of Fp q 1s strictly embedded
into BMO. Then we deduce other results in this paper, that are
extensions to homogeneous and inhomogeneous Besov spaces, B;’ q
and Bj . respectively. We show embeddings between BMO and
the classical Besov space BOO » in the first case and the realized
spaces of BOO72 and BOO7OC in the second one. On the other hand,
as an application, we discuss the acting of the Riesz operator Zg
on BMO space where we obtain embeddings related to realized
versions of B 2 and BOO o0-
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1. Introduction and the main result. The main result of this pa-
per is the embeddings between the bounded mean oscillation space BMO
and the homogeneous Triebel-Lizorkin spaces FJ in a certain sense. The
spaces Fﬁq defined by the Littlewood-Paley decomposition (abbreviated
by LPd), in particular FO% 5, as defined, e.g., in [10, (5.1)|, are given by
distributions modulo all polynomials however, the space BMO is modulo
constants, as defined, e.g., in [9]. We then observe that F? o cannot be
vdentified with BMO, since for any polynomial f of degree > 1 it holds
that Hf||Fo = 0, while | f| smo = . Concerning this identification, e. g.,
in |21, p. 243] the author replaced the space BM O-modulo constants by a
space modulo polynomials (denoting it by BAMO™), which coincides with
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F%g, we have BMO & BMO™; we refer, e. g., to the short comment at
the end of [10, p. 70].

Another way to investigate the above identification is to introduce the

realized space F >4 (Definition 5 below) of Fps 4» Which is a subspace of S,
(the collection of all tempered distributions modulo polynomials of degree
< v) for some minimal values v, which depend on s — n/p, see (2).

The concept of realization was introduced by G. Bourdaud in [4] for the
homogeneous Besov spaces Bj ;. This has an advantage in some fields,
since there is no need to consider the spaces modulo polynomials. In
general, realizations of homogeneous Besov and Triebel-Lizorkin spaces are
defined up to a polynomial whose degree is less than an integer, denoted
here by v, which plays a crucial role in studying the convergence of the
series associated to the LPd of such functions, see, e.g., [6], [7], see also
the comment below at the beginning of Subsection 2.2.2 just after formula
(2).

Nowadays, we know a lot of concrete characterizations on realized
spaces (see e.g. Remarks 2 and 3 below), and there are many papers
in this subject, e.g., [13], [14]. There are also various works related to
the realizations of certain homogeneous spaces, as, e. g., in Navier-Stokes,
Hardy, and Gagliardo-Nirenberg type estimates, pseudodifferential oper-
ators, pointwise multipliers and wavelets, see, e.g., [2], [12], [15], see also
[1], in which further references on these topics may be found.

Thus, we show:

Theorem 1.
(i) The identity BMO = 152072 holds with equivalent seminorms.

(i) If0 < p < oo, then the embedding F"" <, BMO is proper.
In relation with Theorem 1(i), the following statement (see, e.g., |5,
Thm. VII.12, p. 147]) is proved:

Proposition 1. A function f € LY° belongs to BMO if and only if
0 [ @ el @)l do < o,

R

() sup 2™ J S Qi (@) 2 di < o0,
yeR™ keZ Sk

je—y|<2—* 77
The operators (); are defined in Subsection 2.1 below. This assertion

gives a characterization of BM Oy its proof has a certain history:
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e The authors of [9, Thm. 3| have previously proved it by using the
h

condition sup A" J Jt\VPtf(SC)Pdt dx < oo, where P,f is
yeR™, h>0 | <k D
T—y|<

the Poisson integral of f, instead of (ii). Hence, it seems interesting
to see if F %,.2 can be endowed with seminorms defined by the Poisson
semi-group (probably, open).

e In |20, Sect. 2|, the author has considered (ii) in a continuous form,
that is, the formula (1.1) in this reference. The same situation is
given, e.g., in [18, IV.4.3, p. 159].

We turn to the embedding given in Theorem 1(ii); the authors in |19,
Thm. 2(a)| proved: if 1 < p < oo then

1
| Tnspf | BrO < CStugt ‘{1’ |f(z)] > t}‘ /p7
>

where [/, is the Bessel operator defined as J,f := F*((1 + €12)/2 f),
s € R, and |{...}| denotes the Lebesgue measure of the set {...}; the
right-hand side can be easily estimated by c|f],. Then (which is well

known)
HY? — BMO (1 <p <), (1)

where Hy’(1 < p < o) is the Bessel-potential space defined as the set
of all functions f satisfying | f|| n» 1= | T_nspfll, < o0, but it is also well
p

known that H, /P coincides with the inhomogeneous Triebel-Lizorkin space

Ey /P then the embedding properties of F3 , provide that Fy; ? < BMO

is satisfied for all 0 < p < o0 and all 0 < ¢ < o0. Hence, dealing with F;/{;
(0 < p < o0) presents the contribution of Theorem 1(ii), and now we can
obtain (1) without using the operator J,, indeed we have Fi/F — [P
since Fp'P = L, n F3'F (see [15, Prop. 2.5]).

The paper is organized as follows: In Section 2, we collect the useful
tools, in particular some characterizations of the realized spaces. Section 3
is devoted to the proof of Theorem 1. In the last section, we discuss
two corollaries (Subsection 4.1) of the main result for the inhomogeneous
Besov spaces and their realized counterparts, and give some applications
(Subsection 4.2) related to the actions of Riesz operator on BMO.

Notation. @ We denote by N the set of all positive integers,
Ny = N u {0}. We work in Euclidean space R", then one writes C*(R"™)
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as C*, S(R") as S, etc. For s € R, [s] denotes its integer part. For a € R,
we set ay := max(0,a). The symbol <> means a continuous embedding.
We denote by Py, (k € Z,u € Z") the dyadic cube 27%([0, 1["+u). By
||l we denote the L, quasi-norm. L°® denotes the space of functions in
L,(9Q) for any compact set €2 in R". D denotes the set of compactly sup-
ported functions in C*. The operators of translation 7, (a € R") and of
dilation hy (A > 0) are defined by 7,f := f(- —a) and hyf := f(A7!+),
respectively. For a measurable function f, mqof := |Q|™ | f(z)dz is its
Q

mean value over the set ). For f € L;, the Fourier transform is defined by

FHE = J(6) = f e f(x) da,

R

the inverse by F~!f(z) := (27)™ A(—:c). The operator F can be extended
to the space S’ of tempered distributions in the usual way. For m € N,
we denote by P, the set of all polynomials in R™ of degree < m, e.g.,
Py :={c: ce C}. We put Py := {0} and P,, the set of all polynomials
in R*. For m € Ny u {0}, the symbol S,, will be used for the set of
functions ¢ € S (the Schwartz space), such that (u,p) = 0 for all u € P,
its topological dual is denoted by S’,. If f € &, then [f],, denotes its
equivalence class modulo P,,. The constants c, ¢y, ... are strictly positive,
depend only on the fixed parameters as n, s, p, ¢,... and some fixed
functions, their values may change from one line to another.

Throughout the paper, the real numbers s, p, ¢ satisfy s € R and
P, q €]0,00], unless otherwise stated.

2. Various function spaces.

2.1. Definition of Besov and Triebel-Lizorkin spaces. Through-
out this work, we fix in C'” a radial function p, such that 0 < p < 1,
pl&) = Lif g < 1and p(€) = 0if ¢ > 3/2. We set A(&) :=
p(&) — p(2¢), which has support in the annulus 1/2 < || < 3/2 and
7(€) = 11in 3/4 < |£] < 1. We define the operators S; and Q; (Vj € Z) by
Sif(§) = p(277€) f(§) and Q;f(§) := ¥(277€) f(§), which are defined on
S’, take values in the space of analytical functions of exponential type
(see the Paley-Wiener theorem), and are uniformly bounded in £(L,)
(1 < p < ) by virtue of the convolution Young inequality. We obtain
the inhomogeneous LPd as follows:

For all f € S (resp. §’) and all k € Z, we have f = Sif+ >, Q,;finS

7>k
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(resp. &'). Recall that p(275¢) + > (279¢) = 1 for £ e R™.
i>k
We have the following definition:
Definition 1.
(i) The inhomogeneous Besov space B, , is the set of all f € &', such
, 1
that | £y, = 1Sof Iy + ( 3(21@Qs/ 1)) " < o0.
Jj=
(ii) Let 0 < p < o0. The inhomogeneous Triebel-Lizorkin space F} , is
the set of all f € 8, such that

If

= 15081+ | (S eeiue) | <

>
To extend the definition to S, we use the following convention:
If feS,, wedefine Q;f := Q;f1 for any f; € §’, such that [fi]s = f.

Thus, ); are well-defined on S, since Q;f = 0 (Vj € Z) if and only if
f € Py and:
For all f € Sy, (resp. S.), we have f = > Q;f in Sy (resp. S,).
JEZ
Recall that Y] ~(27¢) =1 for £ # 0.
JEZ
We get the following definition:

Definition 2.

(i) The homogeneous Besov space B; is the set of all f € 8!, such

q
5, = (@ QA7) " <.
’ JEZ
(ii) Let 0 < p < oo. The homogeneous Triebel-Lizorkin space Flf 4 1s the
. 1/
set of all f € S.,, such that | f|z := ‘ (Z(235|ij|)q> qH < 0.
p,q p

JEZ

(iii) Let 0 < ¢ < oo. The homogeneous space Fo;q isthe set of all f € S!
such that

L/q
s = sup (2’“” J 2 27%1Q; f (z qd:c) < o0.

keZ, peZm ]>k
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(iv) For q = oo, we set Foﬁ),oo = B;”OOO

The spaces B, F' (resp. B, F) are quasi-Banach for the above defined
quasi-norms (resp. quasi-seminorms). Their definitions are independent
of the choice of p, see, e.g., [16], [21, Sect. 2.3] and [10, Coro. 5.3|. In the
above definitions, we can, also, change @,f by v; = f, where
v; = 2"F1y(29(-)) with v € D(R™\{0}) be such that v > 0 and for
b>2a>0,v¢) =>c>0if a < [{ < b; see [6, Lem. 2.1.2] and again
page 46 and Corollary 5.3 of [10]. On the other hand, it holds that:

(P1) S— B,F — &'

p, min(p, q) p, max(p,q)’ with 0 < p < 0.

P4) if 0 < ¢,r < 00, 51 > S, and 0 < p; < ps < o are such that
s1—n/p1 = s2—n/p then B;i,q - B;S,q - ng;ln/m’ szf,q - B;;pl
and 5! — F% see [11].

p1,9 p2,77
(P5) X2y flp ~ | fp forall fe Fs andall A >0, if p < oo
see, e.g., [21, Rem. 5.1.3/4], in case p = o see [1]. The same holds

when F' is replaced with B.

( ) . . .
(P3) B? — I — B
(P4)

(P6) FOSO . B: ., see |1, Lem. 3]. Also, using the homogeneous Triebel-

00, 007

Lizorkin-type space F*7 the set of all f eS8, such that

(SeQn)”

>k

< O
LP(Pk,,u)

Y

If

ps.r 1= sup sup 2877
p.a kEZ pelZr

: o1
where 0 < p < o0 and 0 < 7 < o, see [22], we have F} = EpgP

and F;g — B;T;@T‘"/p, see again [22, Prop. 4.1], then taking 7 = 1/p
in the last embedding, we obtain the desired assertion.

Proposition 2. A member f of S/, belongs to F;q if and only if its first-

. n
order derivatives 0,f, ¢ = 1,...,n, belong to F;;l. Moreover, . |0pf
i=1

B
is an equivalent quasi-seminorm in Flf’q. The same holds when F is re-
placed with B.

Proof. See, e. g., [8, Prop. 5]. The same proof, given in |6, Prop. 2.1.1] for
the case of B , can be used to obtain the case of F, and also with p = oo,
since Q); can be written as Y, 2771,(277D) o d,, where v, € D(R™\{0})
depends on . []
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For further properties of the spaces B , F , B, and F', we refer the readers
to, e.g., [10], [16], [21]. We also refer to the survey [22] in which the

homogeneous Besov and Triebel-Lizorkin type spaces, B, and FJ>/, are

studied (see (P6)); these spaces coincide with B; , and I3 respectively,
if 7 =0.

2.2. The realized spaces.
2.2.1. Generalities on realizations. We introduce the following
definition and some remarks with respect to [6], [7], [13], [14].

Definition 3. Let m € Ngu {0} and k € {0,...,m}. Let E be a vector
subspace of S, endowed with a quasi-seminorm, such that F — S holds.
A realization of E in S}, is a continuous linear mapping

o:E— S, suchthat [o(f)],=[f forall fekFE.

The image set o(F) is called the realized space of E with respect to o.

For every f in E, the element o(f) is the unique representative of f
in o(FE); consequently, o is completely characterized by its range. We say
that a realization o of E commutes with translations (resp. dilations) if
T,00 = 00T,, a €R" (resp. hyoo = oohy, A > 0); this goes if and only
if the range of o is translation (resp. dilation) invariant.

Remark 1. A subspace E of 8] has generally infinitely many realiza-
tions in S;, if k < m, in the case of k = m the identity is the unique
realization. Of course, with additional conditions such as translations or
dilations invariance, a realization of E in S, for k < m has some chances
to be unique.

We have the phenomenon that if a realization is known, we obtain
other (see e.g. [7]):

Proposition 3. Let og: E — S}, be a realization. For any finite family
(La)k<|aj<m of continuous linear functionals on E, the following formula
defines a realization of E in Sy :

o(f)(@) = oo(f)@)+ Y Lalf)z™.
k<]al<m
Conversely, any realization of E in S}, is given in such a way.

Further information on difficulties arising in the study of translation
or dilation commuting realizations is in, e.g., [7], [13]; see also Remark 4
and Subsection 2.2.3 below, for the ' and B spaces, respectively.
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2.2.2. Realizations of Triebel-Lizorkin spaces. To define the
realized space of Flf o we first fix the following natural number: to any
3-tuple (n, s,p) we associate:

S [fs=wpl 0 i s—wpeBy o 1<ps
o s —n/p, if s—n/peNy and 0<p<1.

The number v characterizes the degree of the polynomials that define
the realizations. In other words, if f € F? . then the series >, Q;f (the

JEZ
homogeneous LPd of f) converges in S;,, and there exist polynomials r;
in P,, such that

p(I’

F=2Qf=r;) in &,
JEL
see Propositions 4—6 below. For example, if v = 0 in the case of either
(s <mn/p)or (s =n/pand 0 < p < 1), we have r; = 0 (recall Py = {0})
and S’ coincides with S(; this case has been studied in several places,
e.g., |16, pp. 55-56], 7, Prop. 4.6], [13, Thm. 4.1 and Rem. 4.3]. If v > 1
(P, # {0}), there exists a function f € F}] ,, such that the series >}, Q; f

diverges in S,,_,, see |6, Prop. 2.2.1] in which the proof given in B5 = can

be adapted to F;’q.

Finally, as mentioned in the Introduction, the number v plays an im-
portant role in this work, and we refer to [1], [6], [7] for more information
on this.

Second, we recall the following notion:

Definition 4. A distribution f € S8’ vanishes at infinity if

limhy,f=0 in §.
AL0

The set of all such distributions is denoted by Cj.

Here are two examples of such distributions:
(i) feCoif feL, (1<p<w);
(ii)) 0ifeCo (0 =1,...,n)if fe Ly or feC.
Before turning to some properties related to the number v, due to
technical reasons, we introduce the definition of the realized spaces of

F , which can be found in [7, p. 483/Step 2| and [14, Sect. 2.3] if p < oo,
and in [1, Def. 5] if p = 0.



Some embeddings related to Triebel-Lizorkin spaces and the BMO 9

Definition 5. The realized space F 5.4 1s the set of all f € §], such that

[f]o € F;q and 0°f € C, for all |a| = v, where v is defined in ( ). This
space is endowed with the quasi-seminorm = |[f]oo

Remark 2.  The connections with the Lebesgue and homogeneous
Sobolev spaces help us to understand the realized spaces. In this con-
text, we recall that:

o ng =L, for 1 < p < o, see [13, Prop. 5.2],

o ﬁ;’?zermW;” forl <p<ow,m=1,2,...and1/r :=1/p —m/n > 0,
and where W;” is the homogeneous Sobolev space endowed with the
seminorm || f[yirm = X502 | £, see [7, Thm. 5.3].

P

Remark 3. For convenience, in studying some analysis problems, the
realizations can overcome some difficulties. For example, the pointwise

multipliers in homogeneous Besov and Triebel-Lizorkin spaces, B, , and

FIf o are not defined; for this reason, it is better to work with realized

spaces, see, e. g., |3, Thms. 1 and 2|.
We have the following property (see e.g., |7, Prop. 4.6], [13] if p < o
and [1] if p = o0):

Proposition 4. If f € F? | the series ZjeZ Q;f converges in S], to an

p q’
element denoted by o(f). The mapping o : F; — S, deﬁned in such
a way Is a translation and dilation commuting reahzatlon of I, in S,

q
satisfying [o(f)]w = f and 0°o(f) € Cy for all |a| = v.

On the other hand, 7, Sect. 4.3] provides a construction of realizations
of FS in &’ in case p, ¢ > 1, which can be easily extended to p,q > 0, see
[13, Thms 4.1 and 4.5|, see also the proof of Lemma 9 and Remark 5 in
[1] for the case p = 0. Namely:

Proposition 5. For all f €
following formulas:

define o; ,(f) (i = 1,2,3) by the

p‘I’

o10(f) ::Zij, if either (s <n/p)or (s=n/pand 0<p<1), herer=0; (3)

JEZL
o2, (f) :—Z(ij Z (Q;f) C“/oz') if either (s — n/p € R"\Ny)
JEZ |a|<v

or (s—n/peNand 0 <p<1), herev=12...; (4)
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o3u(f) = 2 Qif + 2 (Qif = Y (@)@ (0)2/at),

j=1 j<0 la|<v

if s—n/peNgand 1 <p< o, herev=1,2,.... (5)

Then o, , is a realization of sz g 10 S’, such that all above series
converge in ', 0“0, ,(f) € Co (Vo] = v), [0i,(f)]le = f in S, and
I[oi,0 ()]l 2 ps . In (5) we can replace ), and ) with ), and

j=1 Jj<0 jzm
> for any m € Z, respectively.
j<m—1

Proposition 6. The set ai,y(F;7q) (0i., is defined in (3)—(5)) is the
collection of all f € §', such that ], € F;q, 0“f € Cy (V|a| = v), and
one of the following three conditions holds:

(a) There is no supplementary condition if either (s < n/p) or (s =n/p
and 0 <p < 1).
(b) f is of class C*~' and f®(0) = 0 for |3| < v — 1, if either
(s—n/pe RT\Ny) or (s—n/peNand0<p<1).
(¢) f is of class C*~* and f®(0) = X (Q;f)P(0) for |8] < v —1, if
j>1

s—n/peNgand1l <p<

The set o;, V(F s ), also called the realized Space of sz ¢ 1s endowed with
the same quas1 seminorm, i.e., ”me B = |[f]e i, We also have

010(F S FS andaw,(F )& F (z=2,3)1f1//

p,q

Proof. Denote by M the set of all f € &' satisfying [f], € F;q, oo feCy
(V|a] = v) and one of the conditions (a) or (b) or (c). By definition,

we have the embedding o; ,(F; ) = M. Taking now f € M, we have

f = 0i([flo) € Py, and 0%(f — 04,([flx)) € Cy if o] = v. But as

Con Py ={0}, f—0i([flo) = D) apz? (with ag = 0 if v = 0), which
18]<v

implies 0°(f — 0;.,([f]x))(0) = Blag. Conditions (a)~(c) and (3)—(5)

yield ag = 0 for all |5] < v, and, consequently, f € o; V(Fp q)

We now prove JW(F S FS . (i =2,3)if v > 1. The embedding
follows from the Definition 5. To see that it is proper, let f € O'i’l,(F; a)
Set fi(z) := f(x) + > xP/B!, then f € F;q\aivy(F;’q). Indeed, assume

|Bl<v
first that the condition (b) is satisfied; we have fl(a)(()) =1 (V]o| < v).
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Assume now that the condition (c) is satisfied; we have Q;fi = Q,f
(Vj € Z), then f{(0) = 1+ 3(Q;/1)@(0) (V|a] < v). The proof is
i>1

complete. []
We add the following remark:

Remark 4. In connection with Remark 1, we have the following asser-
tions, where we principally refer to |7, Sect. 4] and [13, Sect. 3|:

e The mapping oy ¢ defined in (3) commutes with translations, how-
ever, 0;, (i = 2,3) defined in (4)—(5) are not.

o If s —n/p ¢ Ny, the mappings o1 ¢ and 02 ,, defined in (3)—(4),
commute with dilations; oy o(f) and o9,,(f) are the unique repre-
sentatives of functions from F;’q. Ifs—n/peNyand 1 <p < ©
the mapping o3, defined in (5) does not commute with dilations.

o Ifs—n/peNyand 0 < p < 1, qu has infinitely many dilation
commuting realizations o := Z o(-)x®, where ¢ = 0y

or o9, (see (3)~(4)), and (L, )|a|:,, is a farm]y of continuous linear
functionals on F;  satisfying Lo 0 hy = ALy (VA > 0).

2.2.3. Realizations of Besov spaces. In the same way as in Defi-
nition 5, we define Bf,’q. Then we can take in Subsection 2.2.2 B and B
instead of ' and F , respectively, by replacing in (2), Propositions 4 -6,
and Remark 4, the conditions 0 < p<land 1 <p< oo with0<¢g<1
and 1 < g < o, respectively.

2.2.4. Realized spaces and the integrability. We formulate some

F 2/ ’s properties related to the integrability, which will be useful in what
follows. Here v = 0if 0 < p < 1land v =1if 1 < p < 0. For brevity,
we set

oo(f) 1= o1,0(f),

and

ol(f)i=os1(f) = D, Qif+ >, (Qif —Qif(0) (me)

j=zm j<m—1

see (3) and (5), respectively.
We need to apply the following technical lemma (the Bernstein in-
equality) proved, e.g., in [21, Rem. 1.3.2/1].
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Lemma 1. Let 0 < p < ¢ < o0 and o € Nj. There exists a constant
¢ > 0, such that

| £y < eRleTn=r| £,
holds, for all R > 0 and all f, such that suppf < {€:1&] < R}.

Note that all following properties are also valid by changing F to B
with the necessary modifications.

Proposition 7. Let either (0 < p < ) or (p = w0 and ¢ = 2). Then
it holds F;?/f; — Lcn BQW. In the case 0 < p < o, the embedding is

proper.

Proof. ]

Step 1: proof of the inclusion. Let f € FZ,/(I;. We have f—o,([f]x) € Py,
(v =0,1). As Ly, — LY n BSQOO and P, — L, it suffices to show
ou[fl) € L A BY .

Substep 1.1: proof of 0,([flw) € BY, -

The case: p < 1. We split 0¢([f]e) as g1 + g2, where g1 := >} Q, f and

i>1

g2 1= >, Q;f. Since [f]e € F;f/f, F;f/qp — BQO,OO and Spg1 = So(Q1f), we
<0
have

[Sog1llee < [F 7 o1 Q1 flo < elllflec g -

n/p 30 30
Also, as Fp'q — By, , — By, 1, we get

[Sogallz0 < 1F ol Y5 1Q5 e < ell[f Lol -

J<0

On the other hand, as Q> Q; = Qk(Qr—1 + Qr + Qr11) since
J

QrQ; =0 if |k—j]>2,

we have
|Qr(oo(LfJo))lo < clllflollpg ,  (VEEN).
Thus, all these facts yield [oo([f]e)|py, , < 20, see Definition 1(i).
The case: 1<p<oo. We have [0pf]s € Bt o, BO_OlOO (C=1,...,n);
here the integer associated with Fj’? " is v = 0. Then we split oo ([0¢f]w)
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as in the preceding decomposition g; + go by taking 0, f instead of f. Thus,
using Lemma 1, we obtain

[S0g1lee < IF Pl 1Q1(0ef) oo < ellfTeol s, -

[Sogalloo < 1F " plh 35 1Q5(0eh) e < eall[fleol g, D52 < ol [fliolg,

j<0 J<0

and

275Qu(o0([0efle)) o < €l flolle, , (VR eN).
Hence, 0¢([0¢f]w) € Byl We use the formula:

000y, = 0@_1), ©0 (l=1,...,n),

proved in [7, Prop. 4.6]. We get ds 0 01([f]ec) = 00([0ef]w) € By, which
implies o1 ([f]c) € BY, o

The case: p = o and ¢ = 2. We have [0pf] € F;}Z — BO;}OO
(¢ =1,...,n), where the integer associated with FOQ}Q is v = 0. Then we
continue exactly as in the preceding case.

Substep 1.2: proof of 0, ([f]w) € L¢. The case 0 < p < oo can be done
as, e.g., in [2, pp. 29-30]. Then, we assume that p = 0 and ¢ = 2. We

write  o1([f]w) = g3 + g1, where g3 = 2. Q;f and
]>m
g1 = Y, (Q;f —Q;f(0)), where m € Z is at our disposal, cf. Proposi-
jsm—1

tion 5. By Lemma 1, we first have

IVQ;fle < q}NngHm\@M@MM<
<@MHA@W (V) € Z). (6)

We choose m < 0, then clearly

@) <elel Y [VQifle <

j<m—1,m<0
< olall[flolgs, , 2,2 < eslall[flols,

7<0

hence g4 € LY. We turn to g3. Let € be a compact set in R™ and let z
a fixed point in 2; there exists an integer k := k() < 0, such that  is
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contained in the ball B(zg,27%) = R" centered at z( of radius 27%. Then
we choose m := k < 0, and obtain

J]gg(x)| dr < c( J ‘Z ij(x)‘zdx) 1/2' (7)

>
B(z0,2—%) =k

Now, since in the definition of Fo% , We can replace the dyadic cubes P ,
with the balls By, in R™ of radius 27%, we continue as in [5, p. 153] (see
also VII.13, p. 147 in this reference) to obtain that the right-hand side of
(7) is bounded by ¢|[f ]OOHFO where ¢ := ¢(Q) > 0.

Step 2. To prove that the embedding is proper, it suffices to test
the locally integrable function u(z) := e®', z := (x1,...,2,) € R™
Since Ly, < BY ., it holds u € BY . An easy computation gives
Qru = v(27%,0,...,0)u for all k € Z, then Qou = u; recall that v(§) = 1

in the annulus 3/4 €| < 1. Now it is clear that [u], ¢ Fi/¥ for any
0<p<oo. Indeed, if [u ]ooeFﬁ/qp then |Qou|, < o0, which is impossible. []

Remark 5. We have F 307 < L¥¢; the proof is similar to that given
for Proposition 7. Also, concerning Proposition 7 in the case p = o and
q = 2, see Corollary 1 below.

Proposition 8. There exists a constant ¢ > 0, such that the following
estimate

ﬁ é[ 1S4f @) < ][ Lol gy

holds for all f € ™2, all k € Z, and all cubes Q in R™.

Proof. By Proposition 7, there exists a constant ¢ > 0, such that it holds:

j 9(2)] do < cllghal gy . Vg€ U

|z|<1

Let 7o € R" and r > 0. Let f € F/?. Apply the last inequality to the
function g := f(r(-) + zo). By homogeneity (see (P5)) and translation
invariance of |- HFn/p, it holds |[f ]OOHFn/p = |[[f(r(:) + xo)]ooHFn/p Thus, we

have the existence of a constant ¢ > 0 independent of xg, 7, and f, such
that

F(@)] de < e[ Fel - ®)

ﬁ
3
|
—
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We also have

o f 1S f (2)] d < 2 f F (2| (r J F(w)ldu)dy. (9)

|x—xo|<r |lu+y—zo|<r

Using (8), we see that the right-hand side of (9) is bounded by ¢ ||[.f]o | /v
where ¢; := ¢|F1p|;. Let now Q be a cube in R, and let B be the small-
est ball in R" containing @Q; then |B| = ¢|@|, where ¢ := ¢(n) > 0. By the
arbitrariness of zo and r, applying (9) with B, and using |Q|™* SQ ... <
< ¢|B|7'{; ..., the result follows. []

Proposition 9. Let either (0 < p < ) or (p = o and q¢ = 2). If
feFYP then it holds J (1 + 2] 7 | f(2)| da < 0.

R"

Proof. Let f € 15“;},/5. As observed before, f — 0,([f]s) is equal to 0
if 0 < p <1 andtoa constant ¢ if 1 < p < o (recall v = 0,1), and

since { (1+ |z["*1)~!dz < oo, then it suffices to give a proof for functions
Rn
fea,(F;,)
Step 1: the case p > 1. Asin the proof of Proposition 7 (Substep 1.2), f
can be written as g3 +ga, where g3:= >} Q;f and g1:= >} (Q;f—Q;f(0)),

jzm j<m—1

with m € Z that will be chosen later. We set
U, = f (14 2" " lga(@) de (i = 3,4).

R’ﬂ
Estimate of Us. Assume that p < oo and choose m := 1. We introduce
p1, such that max(1,p) < p; < o0, and set p| := p;/(p1 — 1). By Hélder’s
inequality, it holds

1\ 1/py
U < 33 1Qs I ([ (1t 1y 7)™ <

=1 B

< allflal gy 227 < el g
j=1
we finish by using the embedding F;,f/qp — Bgl/poé Assume now p = 0. We

have

Us < Z ( J (1+ |x|n+1)—2 dx>1/2( J ‘;n@jf(x)rdxy/% (10)

UEZL™
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We also have

sup ([ | Y @uf@)] o) <ellslalg (1)
jzm

UEL™
Pr iy

which is proved in [5, p. 153]. Indeed, in this reference the author used the
balls instead of dyadic cubes, but if z € Py ,,, then |z —271u| <27 1/n< 2,
hence P, is embedded in B(27 'y, 2"): the ball in R™ centered at 271y
with radius 2". Then we choose m := —n and obtain

[1Zemfas [ |3 es@]

~ ‘ =
= B(2—lp,2-(-m) T7T"

cf. the formula (7) and the sentence just after. By inserting (11) into (10),
and taking into account, first, that for z € P ,, 1 + |p|["** < (1 + |z["*1)

with a constant ¢ := ¢(n) > 0 and, second, > (1+ |u/"™) ™" < o0, we
WEZL™
then get U < cl[Lol o

Estimate of Uy. Let 0 < b < 1. Using the estimate (6), then we have
lga@)| <270 1 1Qif 157" 1Qsf(x) = Qif(O)f < (mi=1or m:=—n)

j<m—1
el YR IVQ; £ <
7<0

< calrP [ lolge , D327 < calal|[floollps, -
Jj<0

0, 00

Using the embedding F3F < BY _ and J]x|b(1 + |z|" e < oo, we
R
finish.
Step 2: the case 0 < p < 1. Let ps be a number such that 1 < py < 0.

By the embedding F? < Fa/® and the fact that f € Cp implies d,f € Co

(0 =1,...,n), we have f € F"2: recall that the integers associated with
the spaces Fo? and Fi/"? are v = 0 and v = 1, respectively. Thus, an

application of Step 1 with p, instead of p gives the result. []

2.3. Definition of the space BMO. The space BMO is the set of
all f e L such that

|fmm:mmWWjum—mmwu<w
@ Q
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where the supremum is taken over all finite cubes @) in R"; example of such
a function: z — log|z|. We note that in connection with the definition
of the Triebel-Lizorkin space, we cannot identify BM O with the set of
functions f such that (3] ]Q,;f|*)%/? is bounded, see again [10, p. 70] or

JEZ
[5, p. 154]. We also note that BMO has several properties, in particular:

Proposition 10. Let 1 < p < 0. Every element f of BMO belongs to
Ly and satisfies (i) of Proposition 1.

Proof. See |18, IV. 1.3, p. 144]. O

3. Proof of Theorem 1. Step 1: proof of (i). Let f e FY
Remark 5 and Proposition 9 allow application of Proposition 1; then
J € BMO. Hence, the embedding in one direction is obtained. Con-
versely, let f € BMO. By Propositions 1 and 10 we have [f], € FY ,
We also have f — o1([f]e) € Px, where oy := 03,1 (see (5)). By condi-
tion J(l + 2" f(z)| dz < oo and Proposition 9 applied to o ([f]w)

Rn

(since o1([f]x) € FL’SO,Q), we obtain f — 01([f]w) = ¢ € C; indeed, any

non-constant polynomial G satisfies J(l + |z[") G (x)|dx = oo (an

R”
easy exercise). The desired result follows.

Step 2: proof of (ii). Let us begin with some preparations. By
the embedding Fo/F — Fn/p1 with max(p,1) < p; < o0, the estimate
I fllBao < el fll pres (see (1 ) and the comment that follows just after) and

P1,2

the fact that |f[, + |[f]wll zn» is an equivalent quasi-norm in Fj, P see,
p,q
e.g., [15, Prop. 2.5], for all 0 < p < oo it holds

130 < el flp + WLl ) VF € 2.

In this inequality, replace f by hyf for any A > 0. Using the property
(P5), the fact that ||hyf|smo = | fl|Bmo, and by letting A — 0, we get

Ifls30 < llf Lol gy . VF € B, (12)

Now we turn to the embedding, and limit ourselves to 1 < p < co. The
case of 0 < p < 1 can be obtained as in Step 2 of the proof of Proposition 9.
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Take f € F WP (recall that Py, & F'p ”/ 7 if m > 2) and set

foi= Do Qif for k=0,1,....

j=—k

The sequence (fi) has the following properties:
e fr € L,; indeed

il < I ol oy (5 27977 < 2| [ Ll

j=—k
By applying (12) to fx, we get
|fuloo < ellfLaligsr ¥k e N, (13)
As f =3 Q;f in S, it holds that f — fr = >, Q;f isin S,. Then, by

JEL j<—k
[8, Prop. 4] again, we obtain

. 1/q
s < (2 @) |
P: g j<—k

with the change sup 2/"?|Q; f| in the inner norm |||, when ¢ = oo
j<—k

vy 1= ( ST (@71, f)? )”/q k=0,1,...

j<—k

, VI{ZEN(),

I~ Fleol gy = | D @it
j<—k

Set

(resp. taking sup ... if ¢ = o). The positive sequence (vy) satisfies
j<—k

lim v, = 0 a.e. on R", since
k—00

(3 @@’ <, (3 2m)" <
Jek j<—k
<@Ll

(resp. we have the bound 02_’“"H[f]oo||p.n/p if ¢ = o0). Also, as the as-

sumption on f yields vy < ( 2] (2"7|Q; f|) )p/q € Ly (resp. also if ¢ = o0).
JEZ
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Thus, by dominated convergence theorem applied to the inequality

H[f - fk]oc”i-ﬁﬁ/g <c f Uk(l’) dzx,

R
we deduce that klim ILf = felwo| gne = 0, which yields
o0 P, q
fe—f in FpE

(see Definition 5). On the other hand, by Proposition 7, we get fi — f in
L'°¢. Then, classically, there exists a subsequence ( fx;) of (fi), such that

Jo, > [ a.e.onR"asj— oo
Thus, for all finite cubes @ in R", we have fi,, —mqf — f—mqgf a.e,

which implies

| 1£@) = moflde = [ tm i, @) ~ mofldo <
Q Q
< [ tm 13, 2) = ma iy | do -+ Q) lis [maf ~ mofy|. (1)
Q

By the Fatou lemma and using (13) with (f3,), we get

Jliminf | [, () = mq fr,| de < |Q|liminf | fi,||Bro <
J— J—®
Q
< @l Lelgzp (15)

For the last term in (14), it is clear that

maf ~mofu,| < 1Q [ IS-1,-1 () e
Q

which gives, in view of Proposition 8, |mq f —mq fi,| < C”[f]ooHp;/g for all
j € Ny and all finite cubes @) in R™. Inserting both the last estimate and
(15) into (14), dividing by |@| and taking the supremum over all @, we
get || f|smo < c|\[f]oo||F£/5; which is the desired result.
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We prove that the embedding is proper. Let f(z) := log|z|, x € R™,
and let p; > p. The function f coincides with ¢[{|™™ on R™"\{0}. Set

D(€) = €] -"1(6), which satisfies ¥ € S, and QI = 2977 ],
This implies |[f]o| zn/rp =00 since p < o0. But as EP s By 0<q< o,
p1,P

we have [l ¢ F1/7. O

4. Some remarks.

4.1. BMO functions and the Besov spaces. An application of the
main result yields the following assertions for the inhomogeneous Besov
spaces and their homogeneous and realized counterparts.

Corollary 1. The embedding BMO — BY, , is proper.

Proof. The inclusion follows by Proposition 7 and Theorem 1(i). To prove
the embedding is proper, it suffices to observe that BSQOO ¢ L°. Recall
that BY , © Ly if and only if 0 < ¢ < 2, ¢f. [17, Thm. 3.3.2]. O

In [19, Thm. 2(b)|, it was proved that if s > 0 then

|7 £

By, S| fllBuo forall fe BMOn (Ly + Ly),

Js is defined in the Introduction; this implies BMOn(Ly + Lo © BY,
since J, maps BSQ » isomorphically onto Bj , and the expression
|TsfllBs, ,, is an equivalent to |[f|ge , see e.g., [16, p. 67] or
[21, Thm. 2.3.8]. Hence, the improvement given now by Corollary 1 re-

mowves the assumption L; + Lo, in this embedding.

Corollary 2. It holds that BY, , < BMO < BY,

Proof. This is immediate by 38072 — FSQQ — quoo, which can be easily
obtained by BQO,Q > F%z, the property (P6) and the definition of v, see
(2). We note that the second embedding in this corollary is given in [12,

Thm. 10.1]. [J

In the same way, in [16, p. 169, Lines 2-3 p. 252] with a small modifi-
cation, and in [5, p. 154], it was proved: if f € BMO, then |f], € Bgojoc.
This can now be obtained easily by applying Theorem 1(i) and the prop-
erty (P6).

4.2. Applications related to the Riesz operator. In order to in-
vestigate actions of the Riesz operator Zs (defined as Zgf := F1(|¢| 7P f),
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B € R) on BMO, we recall that Zs takes Sy, to itself (an easy proof). It
is therefore consistent to define Zg : S,, — S as: if f € S/ then

<Iﬁf7 §0> = <f1716§0>

for all p € S, and all f; € &', such that [fi], = f.
4.2.1. The F-spaces. We have 75 maps FJ , isomorphically onto

F;Zﬁ and ||Zg f Fep ™ Hprqu, see, e.g., 21, Thm. 5.2.3/1]. Then we get:

Proposition 11. If f € F3  then Zg([f].) € F5tP, and there exists

P.q
a function g € F5*P such that Ts([f]w) = [g9]w in S.,. In particular, if

p,q’

f € BMO then T5([ f]) € FL, ,.

Proof. It suffices to take g := 0;,(Zs([f]x)), where o;, is defined in
Proposition 5. [

On the other hand, using the embedding Fpﬁ ,— F o, we obtain:

p,27

then there exists a function g € ]3’2’2, such that Zs([flew) = [9]ew In S,

and |g|z, < c|flz - The positive constant ¢ depends only on n, p, and
q. q,2 P,2

Proof. The existence of g is obtained as in Proposition 11. For the esti-
mate we apply the above embedding. []

Proposition 12. Let 0 < p < q < oo. Put §:=n/p —n/q. If f € F°

Remark 6. Clearly, the problem now arises: to see if 1z takes ]:j; 4 to

F;fqﬁ; it seems to be open.

4.2.2. The B-spaces. An analogue of Proposition 11 holds in the
case of Besov spaces. We have

B ,cI3(BMO)c BY . (BeR). (16)

These inclusions are proved in [20, Thm. 3.4], at least for 5 > 0, with
spaces By , endowed with the functional

q dh >1/q’

M= ([ (n1ag i) 7L

Rn

for m e N and 0 < s < m, where A}’ is the m-th difference operator
(ALf :=71_nf— fand AT := Al o A77! m =2,3,...). Here the spaces
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3507 , are defined modulo polynomials of degree < s, cf. the last line in [20,
p. 552]. Note that in Bj, , as defined by the LPd (cf. Definition 2), ||,
and ./\/lzm() are not equivalent, since for any polynomial f of degree > m,
H[f]oo|3&7q = 0 while M>™(f) = @ (e.g., f(z) := x1 then A} f(z) = hy).
However, with ¢ = 2 or o0 and s > 0 we have:
(i) v = [s] + 1 for B§O7q,
(i) |13, , and MG™(:), with m > v, are equivalent in B
[14, Thm. 1.1].
In this sense, we can view (16) as follows:

S
00, q?

see

e if fe BMO, there exists a function ge BY ., such that Z([f].) =
= [g]OO n Sc,;m
o if f e BY ,, then T 5([f]x) € BSQQ; as BQM — FO%’Z, by Proposi-

tion 11 we obtain the existence of a function h € BMQO, such that
Z 5([f]lw) = [h]eo in S, this implies [f]w = Zs([h]0)-

Remark 7. Asin Remark 6, we also have Zg : B;, ¢ B;fqﬂ as an open
question, cf. [15, Rem. 2.11].
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