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ON A CLASS OF MAPPINGS HARMONIC
IN THE HALF-PLANE

Z. J. JAKUBOWSKI, A. LAZINSKA

Well known is the class of typically-real functions holomorphic
in the unit disc |z| < 1, introduced by W. Rogosinski in 1932 ([6]).
There were also investigated classes of typically-real functions har-
monic in the unit disc ([1,4]). Whereas in the present paper we
consider some class of typically-real functions harmonic in the right
half-plane. The results are based on the considerations concerning
typically-real functions holomorphic in this half-plane ([3,5]).

§ 1. Definition and basic properties of the class 7.}t
Let IT* = {z € C: Rez > 0} and let first H = H(II") be the class of
all functions f holomorphic in IIT and such that

lim (f(2) —2) =ay (1.1)

II+t3z—00

where ay is some complex number.
Let 7r be a subclass of functions of H which take real values on the
positive real half-axis only, that is

fe)=fk)ez=2 zcl. (1.2)

Evidently, for f € 7, in (1.1) we have ay € R.
For the class Tr, we have

Proposition 1. ([3]) A function f € H belongs to the class T if and
only if
>0 when Imz >0,
Imf(z){ =0 when Imz=0, z€ll", (1.3)
<0 when Imz <0.
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Let now H = H(II") denote the class of complex functions F' harmonic
in IT" and satisfying normalization condition (1.1). As we know, each
function F harmonic in I is of the form F' = h + g, where h, g are some
functions holomorphic in IIT, because IIT is a simply connected domain.

Let next 7}t denote the class of functions F € H, F = h + g, such
that Im F satisfies condition (1.3) and

lim Reg(z) =cq4 o5l (1.4)

II+32—00

The class 7}t will be called a class of harmonic functions typically-real
in ITT.

It follows from normalization condition (1.1) and from (1.3) that
aFERforFET%.

ExAMPLE 1.1. Let F; be a function of the form

1 1

Function (1.5) satisfies conditions (1.1), (1.3) and (1.4), thus F; € T2t
Directly from the definition of the class 72* we have

Proposition 2. If F = h+ g belongs to the class T}, then the functions
Fy(2) = F(2) +n,n €R, F5(2) = F(z+0), 0 > 0, F,(2) = 22 p > q,
z € I, belong to T}t.

Let us notice that
Tr C TA. (1.6)

Indeed, if f € T, then f = h+ g, where h = f, g = 0 is a function
harmonic in 1T, with that we also have (1.3), (1.4). In virtue of the
definition of 7%, this proves inclusion (1.6).

We next have

Proposition 3. Let f € Tr be a function such that Re f(z) > 0, z € I,
and F € T}'. Then the function k = F o f belongs to the class T}t

PROOF. Let f € Tr, Re f(z) >0, z € IT and F € Tlt. Since F=h+§
is harmonic in IT*, the function k = Fo f = ho f + go f is harmonic
in IT*. Moreover, the function k satisfies condition (1.3) because we have
(1.3) for f and F.
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Let
ag=_lm (f(z)=2). ap=_lim (F(z)- =),
Qg = H+lai?l»oo Reg(z). Hence H+lai§i>oo f(z) = oo, therefore

H+lsi££oo Reg(f(2)) = a4 and H+lsi£rlm(k(z) —z)=ar +ay.
Consequently, the function & = F o f satisfies all the conditions of the
definition of the class 72¢.

Before the next example let us denote by R a subclass of functions
f € H mapping II conformally onto a domain convex in the direction
of the positive real half-axis. The class R is called a class of functions
convex in the direction of the real axis in II* (see [7]). We have

THEOREM A ([7]). A function f € H belongs to the class R if and only if

Ref'(2) >0, zellt. (1.7)

Of course, by (1.7), all functions of the class R are univalent ([2], p.

%) Let next Ry denote a subclass of R of functions which take real values
for z = z € II". Obviously,

Rr C Tx. (1.7

ExAMPLE 1.2. Let f; be a function defined by the formula

1
ja,¢) =z+a— ) ell™, c>1, > 1 1.8
fi(z;a,¢) =z4a ponps z c> ac > (1.8)

It can easily be proved that: a) f; € Tg, b) f1(IIT) C I, ¢) f1 € Rg.
From Proposition 1.3 and the above example it follows that if F' € T%,
then fo f; € T2t

The following proposition holds.

Proposition 4. Let FF = h+ g € 7'7%1. Then the function f = h — g
belongs to the class Tx.

PROOF. If F = h+ g € T, then, of course, the function f = h — g is
holomorphic in IIT. Moreover, Im f = Im F', so, by (1.3), the function f
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satisfies condition (1.2). Furthermore,

f(z) =z =h(z) —g(2) — 2= h(z) + g(2) — 2 — 2Re g(2)
= F(z) —z—2Reg(z), zellt.

Since F satisfies condition (1.1) and g satisfies condition (1.4), from the

above equalities we get  lim  (f(2) — 2) = ar — 20y =: a5 € R. Hence
II*+3z—o00

the function f belongs to 75.
We also have

Proposition 5. Given a pair of functions h,g holomorphic in IIT and
such that f = h — g € T, where g satisfies condition (1.4), the function
F = h+ g belongs to T}t.

PROOF. Let the functions h, g satisfy the assumptions. Then the function
F = h + g is harmonic in II*; besides, we have (1.4). Moreover, Im F' =
Im f, so, in virtue of Proposition 1.1, the function F' satisfies condition
(1.3), and

F(z) —z= f(2) — 2+ 2Reg(z), zelt.

According to the fact that we have (1.1) for f and (1.4) for g, the function
F satisfies normalization condition (1.1). Consequently, F € T2¢.
In particular, we obtain

Proposition 6. If f € T, then the function F(z) = 2Rez — f(z2), z €
T+, belongs to the class Tt

PROOF. Let f € Tr. Let us set f = h—g where h(z) = z, g(z) = z— f(2),
z € II't. Of course, the functions h,g are holomorphic in IIT and g
satisfies condition (1.4), which follows from the fact that f satisfies (1.1).
Therefore, by Proposition 1.5, the function F' = h + g belongs to the class
T, with that F(z) = h(z) + g(z) = 2Rez — f(z), z € II'*, which ends
the proof.

The proposition below is also true.

Proposition 7. If F = h+ g € T}}', whereas w is an arbitrary function
holomorphic in 1T and satisfying condition (1.4), then

F=h4+w+g+w (1.9)

is a function of the class Tg,
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PROOF. Let F = h+ g € T}t and let w be a function holomorphic in
II" and satisfying (1.4). Of course, the function F* of form (1.9) is
harmonic in II" and Im F* = Im F, thus we have (1.3) for the function
F*%. Furthermore,

FY(2) — 2= F(2) — z+2Rew(z), zclIIt.
Since F satisfies condition (1.1) and w - (1.4), it follows that F* also
satisfies (1.1). Hence F* € T2t
. Let F = h+ g€ T}t. We shall prove that the function
F'(2) = F(2) +2Re (h(z) — 2), =z,
also belongs to the class 7¢.

Let us first notice that, for a function F = h+ g € T{‘, the func-
tion hi(z) = h(z) — 2z, z € II', is holomorphic in IIT and satisfies
condition (1.4). Indeed, lim Rehi(z) = lim Re(h(z) —2) =

M+3z—o00 I+3z—o00
H+lai£rioo[Re (F(2) — 2) —Reg(z)] = ar — ag € R. From this, by Proposi-
tion 1.7, the function

F'(2) = h(2) + h1(2) + g(2) + hi(2) = F(2) + 2Re (h(z) — 2), ze€lT,

as well as F', belongs to the class 77%{.
Similarly, each function

FP(2) = F(2) +28Re(h(z) —2), zcIlt, BeR,
belongs to T}t.

ExXAMPLE 1.3. Let F5 be a function of the form

b
Fy(z;a,b,v)=z+a+ =, z€ll™, a€R, b>0, ve(0,2], 1¥=1.
ZV

(1.10)
We can prove that function (1.10) belongs to the class Z;}t. Moreover,
by Proposition 1.7, the function

b
FY(za,b,v) = z+a+w(z)+— +w(z), a € R, b>0, v € (0,2], 1V =1,
ZV

belongs to Tff if the function w satisfies appropriate assumptions.
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In the case b > 0, v > 2 the function F; of form (1.10) does not satisfy
condition (1.3) and it is not a function of 72¢.

We shall prove
Proposition 8. The class 77%" is convex.

PROOF. If Fy, = hy + gx € 77%—‘7 k = 0,1, then the function F\ = AF] +

(1 —XNFy = A+ (1 — Nho + Agi + (1 — AN)go, A € (0,1),is harmonic

in IIT. We also have H+lim (Fa(2) — 2) = a1 + (1 — N)ao, where
Dz—00

ar = lim (Fy(z) — 2z), k = 0,1. Furthermore, lim Re[Ag1(z) +
IIt3>z—c0 IIt3>z—00

(1 =Xgo(2)] = Aar + (1 — N)ag where ay, = n+hm Regr(z), k= 0,1,
Sz—00

and Im F\, = AF; + (1 — A\)Im Fy. Hence, in virtue of the definition of
the class T2t, we infer that F\ € T2t for any A € (0,1), which gives the
assertion.

§ 2. Properties of the class 7}t following from its
relationship with the class 7

In this part of the paper we use the known properties of the class 7
to obtain the respective consequences for functions of the class 7t

Proposition 9. If F = h+ g € T}, then

R (2) + g™ (2) = KW (2) + g™ (2) for z=2 >0, n=10,1,2,... (2.1)

PROOF. Let F = h + g € Tt. By Proposition 1.4, the function f =
h — g belongs to 7z and, in virtue of Theorem 1 from [3], we have
M (2) — g™ (2) = k(W (2) — g™ (2) for z = 2 > 0, n = 0,1,2,..., which
is equivalent to (2.1).

Moreover, we have

Proposition 10. Let F = h+ g € T}'. Then

F(z)=F(2), zelt, (2.2)

if and only if

R (2) — g (2) = KW (2) — g™ (2) for z=2>0, n=10,1,2,... (2.3)

PROOF. Let F=h+g € T%. For any z € IIT, there exists 29 = Zg > 0
such that z € Uy = {# € C : |z — 2| < 20}. In virtue of the holomorphy



On a class of mappings harmonic 145

of the functions h, g in IIT, we get

SO

—~ nl
+3 01 W(z —20)", =z €Uy, (2.4)
F(2) = hiz) + g(z0) + Y00, W00 (z o)
+300 (n;!zo)(z —20)", z€Up. (2.5)

If 2 = 20+ re¥, ¢ € (—m,7|, 7 € [0,20), then, by (2.4), (2.5), we
obtain

oo

F(2) = h(z0) + 9(z0) + > — ~ [ (h<”>(z0) + m) cos g +
(gw 7 A" (z0) ) sinng], (2:6)

F(2) = h(z i . [(h(") 20) + g >(z0)) cosny +
i (g(”)(zo_) - h(")(zo)) sin mp] (2.7)

By Proposition 2.1, conditions (2.1) hold.

If (2.2) takes place, then, in virtue of (2.6), (2.7) and of the arbitrari-
ness of z and zg, we obtain (2.3). Whereas if conditions (2.3) take place,
then, in view of (2.1) and (2.6), (2.7), we have (2.2), which completes the
proof.

. If relations (2.1) and (2.3) are satisfied simultaneously, then

™ (2) = b (z), g™ (2) =g (z) for z=2>0, n=0,1,2,...,
(2.8)
so the functions h, g and also their succesive derivatives take real values
on the half-axis z = z > 0. Of course, if we have (2.8), then equalities
(2.1), (2.3) hold. What is more, conditions (2.8) are analogues of the fact
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that if a function is holomorphic and typically-real in the unit disc, then
it expands in a power series with real coefficients.

Proposition 11. Let F = h+ g € T}'. Then
Imh/(z) =Img'(z) for z=2z>0, (2.9)

Reh/(z) > Reg'(z) for z=2z>0. (2.10)

PROOF. Let F = h+ g € TA'. Then, in virtue of Proposition 1.4, the
function f = h—g belongs to the class 7g and, according to the respective
property of functions of the class Tz ([3, Prop. 4]), we have h/(z)—¢'(z) >
0 for z = zZ > 0. From the above inequality we directly obtain relations
(2.9) and (2.10).

We also have

Proposition 12. If F = h+ g € T}, then

A) — g @)
AW =g ) S 2

forz=z>0,n=1,2,..., (2.11)

and (m) (m)
- hM(z) — g™ (2)
1 =0 =2,3,... 2.12
L Ny 7y o , n=2,3, (2.12)
PROOF. If F = h+ g € T}, then the function f = h — g belongs to 7.
Hence, by the respective property of the class Tz ([3, Prop. 5]), we get
(2.11). Obviously, (2.12) follows directly from (2.11).

Proposition 13. If F = h+ g € T}' and

i (h(z) —g(2)) =0, (2.13)
then
Re hz) ;g(z) >0, zel'. (2.14)

PROOF. If F = h+g € T}t satisfies condition (2.13), then, for the function

f =h—g € Tg, in view of Theorem 6 from [3], we have Re@ > 0,
z € IT't, which is equivalent to (2.14).

8 3. Remarks on the compactness
of the classes T, T
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It is known ([3, Th. 5]), that the class Tg is not compact. Using the
proof of this fact and inclusion (1.6), we obtain

Proposition 14. The class ’77%1 is not compact.

The proof of the non-compactness of the class 7 was based on the
construction of a sequence { f,, }nen of functions of the class 7x, divergent
uniformly on compact subsets of II'* to infinity.

There arises a question: does there exist a sequence of functions of
the class T, convergent uniformly on compact subsets of IIT to a finite
function f ¢ 7r? An analogous question concerns the class 7t. The
partial answer is given by

1. Let {fn}nen be a sequence of functions of the class Tr, convergent
uniformly on compact subsets of IIT and on some set D = {z € T :
|z| > R}, R > 0, to a finite function f. Then f € Tg.

PROOF. Let us consider a sequence { f,, }nen satisfying the assumptions of
Theorem 3.1. In virtue of the theorem of Weierstrass, the limit function
f is holomorphic in ITT.

It appears that the function f satisfies normalization condition (1.1).
Indeed, let a,, = lim (f.(2) — 2), ap, € R, n = 1,2,... The point
I+352—00
oo is an accumulation point of both IIT and Dg, so, in view of the uni-
form convergence of the sequence {f,}neny on Dpg, by the known theo-
rem on sequences of functions, the sequence {ay}nen is convergent and

lim (f(z)—z) = lim a, =: a. In virtue of the definitions of the sets
Dr>z—00 n—00

It and Dp, we have

lim z)—z)= _lim z)—2z)=a,
pem  (f(e) —2) = | lim (f(2) - 2)
which gives condition (1.1) for the function f, so f € H.
Let us next notice that since the functions f,, n = 1,2,..., satisfy
condition (1.3), therefore

>0 if Imz >0,
Imf(z){ =0 if Imz=0, ze€l", (3.1)
<0 if Imz <0.

But if there existed a point 2o € I, Im 2y > 0, such that Im f(zo) = 0,
we would have Im f(z) = 0 for z € IT*, Im 2z > 0, by the minimum princi-
ple for harmonic functions. In view of this fact and of the holomorphy of
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the function f, there would be Im f(2) =0, 2 € IT*, so f(z) =¢, z € I'"
where ¢ € R by (3.1). Hence we would have a contradiction to the fact
that f satisfies (1.1). Therefore Im f(z) > 0 for z € IT*, Imz > 0. In
an analogous way one can prove that Im f(2) < 0 for z € IIT, Im 2z < 0.
Summing up, we infer that the function f satisfies condition (1.3), so, in
view of Proposition 1.1, it belongs to the class 7x.

We shall next prove

. Let F, = hp + gn € T2, n = 1,2,..., and let the sequences {Fy,}nen,
{Re gn }nen be uniformly convergent on compact subsets of II'T and on
some set D = {z € II'* : |z| > R}, R > 0, to the finite functions F, ¢,
respectively. Then F € T}t

PROOF. Let functions F,, = hy, + g, € 7'7%{7 n=1,2,..., satisfy the above
assumptions.

Let us first notice that, analogously as in the proof of Theorem 3.1, we
can state that the complex function F' satisfies normalization condition
(1.1).

Since F,, = hy + g € TA, n = 1,2,. .., therefore +lim Regn(z) =
IIt3z—o0

Qp, n = 1,2,... In virtue of the uniform convergence of the sequence
{Re gn}tnen in Dpg, proceeding as before, we obtain that the sequence
{an }nen is convergent and

li = 1l = 1i n =: R. 3.2
pim o(z) = lim p(z) = lim a, =o€ (3:2)
Of course,

o(z) ER, zellt. (3.3)

We shall prove that the function F satisfies condition (1.3). As it is
known from Proposition 1.4, f, = hy, — g, € T, n = 1,2,... Moreover,
fn=F,—2Regn,n=1,2,... From the assumptions about the sequences
{Fp}nen, {Regntnen it follows that the sequence {f,}nen satisfies the
assumptions of Theorem 3.1, so the limit function f = F — 2¢ of this
sequence belongs to the class 7x. Hence and from (3.3) we have

>0 if Imz >0,
ImF(z) =Im f(2){ =0 if Imz=0, z€l,
<0 if Imz<0.

Thus F really satisfies condition (1.3).
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It remains to prove that F is a function harmonic in II*, i.e. F' = h+g
where h, g are some functions holomorphic in ITT, and that the function
g satisfies condition (1.4).

Let us observe that the functions Reg,, n = 1,2,..., as real parts of
the functions holomorphic in IT*, are real functions harmonic in II*. From
this, in view of the uniform convergence of the sequence {Re g, }nen on
compact subsets of II™ to the function ¢ and of the respective properties
of harmonic functions, ¢ is a real function harmonic in IIT. IIT is a
simply connected domain, so there exists a real function v harmonic in
II*, conjugate to the function ¢. Thus we have ' = f +2¢p = Re f 4+ ¢ +
i(Imf+vY)+¢p—i,so F=h+gwhere h =Ref+ ¢+ i(lmf+ ),
g = ¢+ @p. The functions ¢, ¥ are harmonic 0 and mutually conjugate
in IT*, therefore g is holomorphic in IIT, with that ¢ = Reg and (3.2)
holds. Furthermore, since f is a function holomorphic in II™, Re f and
Im f are harmonic functions mutually conjugate in IIT. In consequence,
the functions Reh = Re f 4+ ¢, Imh = Im f + 9 are a pair similar to ¢, 9,
so the function A is also holomorphic in IIT. From these considerations
it follows that the function F is a complex function harmonic in II*T and
(1.4) holds.

In virtue of the facts presented above we infer that the function F
belongs to Tg.

§ 4. The class S¥

Let SE denote a class of functions F = h + g € H univalent in IIT
and satisfying condition (1.4) and equalities (2.1), (2.3), thus in view of
Remark 2.1, conditions (2.8).

. Let us notice that, by the known lemma ([3, Lemma 1]), in order that,
for a function F' = h + g € H, relations (2.8) hold, it is sufficient that
there exists a point zg = Zp > 0 such that A (zp) = h("M(2), g™ (2) =
9™ (20), n = 0,1,2,..., because the functions h, g are holomorphic in
IT*. This fact can be used in the definition of the class S¥.

We shall prove

1. The inclusion
SEcTH (4.1)

takes place.
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PROOF. Let F = h+ g € S¥. In order to state that F' € T}t it suffices
to show that condition (1.3) holds. L
For the function F € S¥, we have (2.1) and (2.3), so F(z) = F(z) for
z=12>0and F(z) = F(Z) for an arbitrary z € II*, which follows from
the analogous considerations as in the proof of Proposition 2.2. From the
univalence of the function F' we deduce that F(z) = F(z) if and only if
z =z > 0. From the above and by normalization condition (1.1) for F' we

have n+hm (Im F'(2) —Im z) = 0. From this, in particular, for any fixed
Dz—00

9 > 0, lim  (Im F(zg + iy) —y) = 0, so there exists zo = o + Yo,
y—+o00,x0>0

xg > 0, such that Im F'(zg) > 0. Therefore, in virtue of the continuity of
the function F in ITT, if Imz > 0, 2 € IT*, then Im F(z) > 0, whereas
if Imz < 0, z € IT'*, then Im F'(2) < 0. This means that the function F'
satisfies condition (1.3) and, in consequence, F' belongs to the class 7,
which completes the proof.

EXAMPLE 4.1. Let us come back to the function F; of form (1.10). For
b = 0, we have Fy(z;a,0,v) = 2+ a, z € IIT, so it is a function of the
class S%. We can prove that, for b > 0, v = 1, the function F5 does not
belong to the class SK. Consequently, we obtain that

TH\ SE #0.

From the detailed considerations it follows that, for b > 0, v = 1 the
image of the half-plane IT* in the mapping I is the set Fy(ITT) = {w €
C:Rew > a, |w—al > 2vb}. In consequence, the function F, maps the
domain I onto the set Fy(IIT) which is not a domain.

We shall prove
Proposition 15. The class 877{ is not compact.

PROOF. Let us consider the sequence {F}, } nen of functions F,(z) = z+mn,
zellt, n=1,2,... Of course, F,, € 877%, n=1,2,... We shall prove that
the sequence {F),}nen is uniformly divergent on compact subsets of I
to F(z) = oo, with that F' ¢ SH obviously.

Let us take an arbitrary compact set A C IIT. Then there exists
R > 0 such that A C {z € II" : |2| < R}. Next, take any M > 0 and let
N = [M + R]. Then, for n > N, we have |F,,(z)| > |[n—|z|]| >n—R>M
for z € A. From this we obtain the announced assertion.
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From the definitions of the classes S§ and R and (1.6), (1.7), (4.1)
we get
Rr C 877%

Let next F' = h + g € T}t Denote
F*(2)=HW(2)—¢'(z), zel".
Then the following proposition is true.

Proposition 16. If F = h+ g € T} and
ReF*(z) >0, zelf, (4.2)

then f = h — g is a function of the class Rp.

PROOF. Let F' = h+ g € T} satisfy condition (4.2). Then the function
f = h — g belongs (by Proposition 1.4) to the class Tz and satisfies
condition (1.7). In view of Theorem A and the definition of the class Rg,
we infer that, indeed, f € Rz.

Let us assume again that F' = h + § € T2 satisfies condition (4.2).
Let s > 0. Consider the image of a line z = s + iy, y € R, in the mapping
F. This is 7a curve” of the equation

wy) =F(s+iy), yek (4.3)
Let next w(y) = Imw(y), y € R. Then we have

w(y) =Imh(s +iy) —g(s +iy)], yeR,

() = %Im (s +iy) —g(s + iy)] = Re [l (s +iy) — g’ (s + )], y R

Since F' satisfies (4.2), w'(y) > 0 for y € R. Moreover, by normalization
condition (1.1) for the function F', we get

S (w(y) —y) =0.

From the above facts it follows that the function w is a function in-
creasing continuously from —oo to +0o. Hence we obtain
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Proposition 17. Let F = h + § € T} satisfy condition (4.2). Then,
for any s > 0, the line of the equation (4.3) has the property that an
arbitrary straight line parallel to the real axis in the (w)-plane has exactly
one common point with it. Furthermore, the image of a half-plane D, =
{z € C:Rez > s} in the mapping F' is a connected set lying on the right
of line (4.3) in the (w)-plane.

The last statement follows from the continuity of the function F' and
from normalization condition (1.1).

Proposition 18. Let {c¢, }nen be an arbitrary fixed sequence of real num-
bers satisfying the condition

(o9}

Zn|cn| <1. (4.4)

n=1

Then the function: i) f of the form
> c
= 1 — o+ 4.5
F =143 i e, (45)

belongs to the class Tr and is univalent in II*; ii) F' of the form

oo

F(z):z+1—z(2i7nl)n, » eI, (4.6)

n=1

belongs to T}t. Moreover, F is locally univalent and orientation-preserving
in IIT.

PROOF. Let {¢,}nen be a sequence of real numbers satisfying condition
(4.4). Then the series

9(2):—2(2:46_7”1)71

is convergent in the set |z + 1| > 1, thus in II". Consequently, f is
a function holomorphic in IIT, whereas F-harmonic in IIT. From (4.4)

and (4.5) it follows that Re f/(z) > 1 — Y ke > 0 [z 4 1] > 1.
n=1

Hence ([2], p. 88) f is univalent in IIT. We also have f(z) = f(z) for
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z =z > 0. Therefore Im f(z) has a fixed sign if Imz > 0 or if Imz < 0.
Evidently, H+lim (f(z) — z) = 1, so normalization condition (1.1) holds,
S52z—00

and Im f(z) > 0if Imz > 0 and Im f(z) < 0 if Imz < 0. In this way, i)
has been proved.
ii) follows from Proposition 1.5, (4.6) and the fact that 1_Hlim Reg(2)

22—00
= 0. Furthermore, Jp(z) = |M/(2)]? — |¢'(2)|*> > 0 for 2z € I, where
h(z) = z+ 1, z € IT*. This ends the proof.

- 1). The form of function (4.5) comes from the function p(¢) = ¢+ > &
n=1

holomorphic and univalent in the set |{| > 1, thus from the function from
the area theorem ([2, p. 29-30]). 2) For functions from the class 7, thus
from 7}t, we have no possibility of expanding them in a Laurent series,
but we only dispose of normalization condition (1.1) or conditions (1.1),
(1.4). 3) Moreover, from (4.5) and a consequence of the area theorem we
obtain |f(z)| < 2|z+1], z € II". 4) A special case is the case when ¢,, > 0,
n = 1,2,... Several classes of functions with coefficients of a fixed sign
have been investigated in many papers.

Proposition 19. Leta € (0,5),n €N, ¢, € R, \py >0fork =1,2,...,n
and

> Aelex| <1 (4.7)
k=1

Then the function: i) f, of the form
fa(z) =2+ zn:cke_)""z, zelll ={z€C:—a<Argz <a}, (4.8)
k=1
is typically-real in I} ; ii) F,, of the form
Fo(z)=z— zn:cke*)"“i, z eI}, (4.9)
k=1

is typically-real harmonic in the domain I} (in the sense of definitions of
Tr, T, modified to I}, respectively); F, is also locally univalent and

(o 'R

orientation-preserving.

PROOF. Let the assumptions of Proposition 4.5 be satisfied. Then, of
course, f,, of form (4.8) takes real values for z = z > 0. Since |e™***| =
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e~ Rez therefore if [If > 2 — oo, then Rez — occand  lim  [e™**?| =
HZSZ*)OO

0. Consequently, by (4.8), +lirn (fn(2) —2z) = 0. From (4.7) and (4.8)
I

o DZ—00
we also have Re f/(2) > 1 — 3 Aplexle €= > 0if z € ITE, so (2], p.
k=1

88) fn is a function univalent in II} and therefore it is typically-real in
this domain. ii) follows from Proposition 1.5 applied to the case of the set
IIF. Of course, Jg, (z) > 0 for z € IIT.

. 1) The functions f,, —z, n € N, are the nth partial sums of the respective
Dirichlet series.

2) In view of the normalization condition, we cannot consider a full
Dirichlet series although IIT is a half-plane, i.e. a set of a type of sets of
convergence for such series. 3) Also by this condition, we cannot consider
fn in IIT but only in an arbitrary fixed ”angle-domain” contained in ITT.
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