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ON SOME CLASSES OF HARMONIC FUNCTIONS
WITH CONDITIONS IMPOSED ON COEFFICIENTS
AND THEIR ARGUMENTS

Z. J. JAKUBOWSKI, A. LAZINSKA

In this paper we consider a few classes of functions f harmonic
in the unit disc A of the form f = h + g, where h, g are suitably
normalized functions holomorphic in A. Our special attention is
drawn to some classes generated by respective coefficient conditions
and to classes of functions with conditions imposed on coefficient
arguments. We examine relationships between these conditions and
some analytic conditions of stalikeness or convexity of considered
functions.

1.Let A = {z € C: |z] < 1}. We consider complex functions harmonic
in the disc A of the form

f=h+7, h(z)zz—i—Zanz", g(z):anz”, ze€A, || <1.
n=2 n=1
(1)

It is known ([1]) that functions f of the form (1) are locally univalent
and sense-preserving if and only if

' <M (),  zeA (2)

In 1984 J. Clunie and T. Sheil-Small ([2]) published their studies of
some geometric properties of univalent functions f of the form (1) that are
sense-preserving in A. In paper [2] the authors examined, among others,
convexity and close-to-convexity of such functions. They pointed to the
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fact that if a complex harmonic univalent and sense-preserving function of
the form (1) maps the disc A onto a convex domain, then not all images
f(A;), where A, = {z € C: |z| <r}, r € (0,1), need to be convex. As an
example there was given the function fy = hg + go of the form

z z
= .I
fo(z) Rcl_z+z m(1_2)2,
where Lo Lo
z— 1z 1z
ho(Z)zﬁ ; 90(3)2—(12_7Z)Q , ZEA.

We have fo(A) = {w € C:Re w > —1} and for every r € (v2—1,1) the
set fo(A,) is not convex ([2], Remark 5.6, see also [3], pp. 40-41, 46-48).

It is known that this situation is different from the case of holomorphic
univalent functions h, where h(A) is convex if and only if for each r € (0,1)
the set A(A,) is convex.

For holomorphic functions we know (see [4]) coefficient conditions,
which imply the univalence of functions and the starlikeness or convexity
of the image of A. In consequence, in this case the image of every disc A,
r € (0,1), is starlike or convex, respectively.

In many papers we can find studies concerning influence of appropriate
coeflicient conditions on geometric properties of complex harmonic functions
(e.g. [5], [6], [7], [8], [9], [10]). Various authors considered some classes of
functions of the form (1) where the signs of coefficients of h and g are fixed
(e.g. [11], [12]). We recall some results connected with these problems.

In 1990 Y. Avci and E. Ztotkiewicz proved the following theorems.

THEOREM A ([5]). If a function f of the form (1) satisfies the condition

—+o0

Y n(lan] +bal) <1 —bul, 3)

n=2

then f is univalent and sense-preserving in the disc A.

THEOREM B ([5]). Let f be a function of the form (1) such that by = 0.

If
+oo

Zn (Jan| + [bn]) <1,

n=2
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then f(A) is a domain starlike with respect to the point 0.

The result contained in Theorem B we can find also in paper [12]
published by H. Silverman in 1998. Moreover, H. Silverman considered
the case when for a function f of the form (1) we have

a, <0, n=23,..., b, <0, n=1,2,.... (4)

Among others, he proved

THEOREM C ([12]). Let f be a function of the form (1) such that the
inequalities (4) hold and by = 0. The function f is sense-preserving,
univalent and maps the disc A onto a domain starlike with respect to
the point 0 if and only if it satisfies the condition (3).

In papers [7], [10] and [11] one can find a generalization of Theorems
B and C where the restriction b; = 0 is omitted.

In the mentioned papers the conclusion that the set f(A) is starlike
follows from the starlikeness of f(A,) for every r € (0,1), i.e. from the
fact that if a function f of the form (1) satisfies the condition (3) then

9 oy _ e (") — 7o (rei?)
00 (07”9 f(re )) - h(rew) + 9(7“619) >0 (5)

for any 6 € (0,2m), r € (0,1).

Inspirations for these results were the appropriate theorems concerning
functions holomorphic in the disc A. Among the oldest papers there should
be mentioned e.g. [4], [13], [14], [15], [16], [17], [18], [19].

2. Let Vi denote the class of functions f of the form (1) such that
by € (0,1) and

ap = —|an|eﬂ‘(”71)¢ , b, = |bn|67i(’“‘71)“”7 n=23,..., (6)

where ¢ € (0,27), o = o(f).

In 2002 J. M. Jahangiri and H. Silverman ([20]) published some
consideration on starlike functions of the class Vg. One of the main
theorems of this paper is given below.



98 Z. J. Jakubowski, A. Laziriska

THEOREM D ([20]). Let f € Vy. The function f is sense-preserving,
univalent in A and maps each disc A,., v € (0,1), onto a starlike domain
if and only if the condition (3) holds.

We will prove a slightly more general theorem.

THEOREM 1. Ifa function f of the form (1) belongs to the class Vg and
satisfies the condition (2), i.e. is locally univalent and sense-preserving in
A, then it satisfies the condition (3).

PROOF. Let a function f of the form (1) belong to the class V. Then
by € (0,1) and there exists ¢ € (0, 27) such that

—Z—Z|a le” i(n— l)wz”—z—e“PZ\a| ZSDz , z€A,

+o00 +o0o
9(z) =biz + Z b TP = b2 + €™ Z ba| (e72)", 2 € A.
n=2 n=2

Hence we obtain

+00 too

n(z)=1- Zn|an|67i("71)“’z"71 =1- Z n|an| (efi“"z)nil , ZE€A,
n=2 n=2
+o00 1
g'(2) —b1+zn|b |emin=1)e = 1—61+Zn|b | (e )n_ , z€A.
n=2 n=2

Assume that the condition (2) holds, i.e. for each z € A we have
W (2)] > 1g'(2)], so

—+o0

1-— Z nlay| (efwz)nil

n=2

z € A.

+oo
> by + Z n|b,| (e~ z)
n=2

In particular, setting z = re’?, where r € (0, 1), we obtain

+oo

1-— Z nlay|r" !

n=2

+oo
> by + Zn|bn|r"_1 .
n=2
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The expressions in the modulus signs are real and the sum on the right-
hand side of the above inequality is nonnegative. Therefore

+o0 foo
1—Zn|(zn|7"’“1 >b1+Zn\bn\r"*1 >0, re(0,1).
n=2 n=2

From this fact and according to the continuity of power series we get either

+o0 +oo
(a) 1— z:n|an|7“”_1 < —by — Z nlbnr™t, € (0,1),
n=2 n=2

or

+oo +oo
(b) 1-— Zn\an\r"_l > by + Z n|ba|r""t, 7€ (0,1).
n=2 n=2

In the case (a) letting r — 0T we obtain b; < —1, which contradicts
the assumption that b; € (0,1).
In the case (b) we have

—+oo
Zn(|an|—|—|bn|)r"_1 <1-—by, r € (0,1).

n=2

Consequently, if r — 17, then we get the condition (3), which completes
the proof. O

If f € Vy satisfies the condition (3) then, according to Theorem A
and the Lewy’s result ([1]), it satisfies the condition (2). By Theorem 1
we have

COROLARY 1. For functions f € Vg the conditions (2) and (3) are
equivalent.

Let H* denote the class of functions f of the form (1) satisfying the
condition (2), which are univalent in the disc A and map A onto domains
starlike with respect to the point 0.

From the presented facts we have the next corollary (see [20]).

COROLARY 2. Let f € Vg. Then the following conditions are equivalent:
i) f satisfies the condition (2);
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ii) f satisfies the condition (3);
iii) f € H*.
The implication iii) = i) is a direct consequence of the definition of

the class H*. The implication ii) = iii) follows from the mentioned results
contained in papers [5] and [10].

It is worth mentioning that if a function f of the form (1) belongs to
the class Vg and its coefficients are real, then either a,, < 0 and b,, > 0
forn=2,3,... (¢ =0) or a, = (—1)"|a,| and b, = (—=1)"TYb,| for n =
2,3,... (¢ =m) (see [10]). The class Vg does not contain functions with
coefficient satisfying the inequalities (4).

3. We know the following properties of holomorphic functions.

THEOREM E ([4]). If a holomorphic function h of the form

+oo
hz) =2+ Z anz" z €A, (7)
n=2
satisfies the condition N
> nlan| <1, (8)
n=2
then hz) W)
z zh' (2
— -1 1 A.
. #0, 8 ‘ <1 for ze (9)

COROLLARY A ([4]). If a function h of the form (7) satisfies the condition
(8), then h is univalent and starlike in A. Moreover, we have

0< % (a’f’g h(’l"eie)) <2, 0 € <0727T)7 re (0’ ]') (10)

We also have
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THEOREM F ([19]). If a function h is of the form
z):z—Zanz”, ze€A, a,>0,n=23,..., (11)

and the conditions (9) hold, then we have (8).

COROLLARY B ([19]). A function h of the form (11) satisfies the condition
(8) if and only if it satisfies (9).

In [12] H. Silverman observed that these properties, especially (9),
cannot be directly extended to harmonic functions f = h + g of the form
(1) or respectively such that

+oo —+o0
z):z—Zanzn, g(z):—anz", Un,bp >0, m=2,3,....
n=2 n=2

An extention of (9) can be obtained on an additional assumption.
For a function f of the form (1) we put

+o0
fo(2) == 2K (2) — z¢'(2) (1 + Znan > —z <b1 + annz"—1>

e (12)

for z € A.
It is clear that if J; denotes the Jacobian of f, i.e. J; = |W/|*> — |¢'|?
for f = h + 7, then the condition (2) is equivalent to the condition

Ji(z) >0, z €A, (13)

By (12) we have |f*(2)| > |z| (|W/(2)] — |¢'(2)]), z € A. We can observe
that if the condition (13) holds, then

|f*(z)| >0, z € A\ {0}.

If f*(z0) =0 for a zg € A\ {0}, then by (12) we have zoh'(z9) = 209’ (20),
S0
f.(Zo):O —— Jf(Zo):O, ZOEA\{O}

Let us note that the converse property does not hold.
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Set

fl =h + g1, ]’Ll(Z) = P g1(2’) = blz, z € A, |b1| < 1.

Then for z € A we have

e = (et l) (e -1l 6= i -

If b1 (i, ) then there exists exactly one point z,, € A such that
= by, 2p, € (—1,0). Hence

Jp(2,) =0 and  fP(z,) =0.

If 1 < [b1] <1, by # b1, by € D, where D = w(A), w(z) = = 2)2, z €A,
then there exists also exactly one point zj,, # %, such that m = by.

Therefore
Jp(2,) =0 and  f7(z,) #0,

which follows from the fact that f;(2p,) = 2¢Im(b12,) = 2iIm ((1;%)

Let f be a function of the form (1). As it has been known (e.g. [20],
[10]), if f(2) # 0 for z € A\ {0}, then from (5) and (12) we have

g (3 ) =Rl -

where

f'(reie) B 1— Ee’%e + Z:z (nanei(nfl)O _ naeﬂ'(nﬂ)e) pn—1
f(rei?) — 1+Eefzw+z:z (anei(nq)e +Eeﬂ'(n+1)a) yn—1

b

(15)
0 € (0,2m), r € (0,1).
THEOREM 2. If a function f of the form (1) satisfies the condition
+oo
Y (nlan| + (n+2)bal) <2, ar=1, (16)

n=1
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then it satisfies the condition (3) and
f.

’<1 z € A\ {0}. (17)
PRrROOF. Let f be a function of the form (1) satisfying the condition (16).
Obviously, then the condition (3) holds and therefore

“+o0

S (anl+a <2, a=1,

n=1
Consequently, for z € A\ {0} we have

+oo +oo
@) = [l (1 = 2 lanllz" = o] - Zmbnnzw) >0,

n=2 n=2

400 +oo
=) 2 Il (1 =D lanllz" = [ba] = 37 bn||z"1> >0
n=2 n=2

Hence
(=) f(2) ;é 0 for ze A\{0}. (18)
According to (16), for z = re?’, r € (0,1), 6 € (0, 27), we obtain

[f(2) = 1f*(2) = f(2)| =
=r ‘1 + Ee—%e T Z:z (anei(n—ne + Ee_i("-’_l)e) Fn—1

—9bye—2i0 4 ZZE‘; ((n— Dane™=10 _ (n + I)Eefi(nJrl)O) Tnﬂ‘ >
>r(1- |b1| = 32025 (] + bal) 1) +

=1 (2] + 2525 (0 = Dlaa] + (0 + 1)fbal) 777 ) =
:r(1—3|b1|— 125 (nlan] + (n+ 2)bal) 1) > 0.

Thus, by (15) and (18), we get (17). O

By (14) and from Theorem 2 we have

COROLARY 3. Ifa function f of the form (1) satisfies the condition (16),
then

0< % (arg f(reie)) <2, r € (0,1), 8 € (0,27). (19)
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In paper [12] H. Silverman gave an example of a function f of the form
(1) such that the condition (3) holds for it, but the condition (19) is not
satisfied (fo(z) =z — 122, 2 € A).

Let us consider the functlon fa(z;b) = z+0z", 2z € A,be R, n €
{2,3,...}. If [b] < 1, then the condition (3) holds, so f3 is univalent and
sense-preserving and for each r € (0,1) the set f5(A,;b) is starlike with

respect to the origin. From (12) we obtain ]}E((j;’)) — 1’ = ‘% ’
z € A\ {0}, and after some computations we conclude that the condition

(17) holds only if |b| < —=. Thus we get

COROLARY 4. The functjon f3(+;b) satisfies the conditions (16) and (17)

if and only if |b| < n+2

It is evident that the mentioned function fo does not satisfy this
assumption.

Next we consider the function f4(-;¢) of the form

qz
= = , €A, <1.
(z;9) =z + Zq =zt~ z lq|
For |q| < % we get
“+o00 400 400
n _ 3lal—2[q
> nlan| +> (n+2)[ba| =Y (n+2)|g” = = <1
n=2 n=1 n=1

so then the condition (16) is fulfilled. In consequence, by Theorem 2 and
Corollary 3 the conditions (3), (17) and (19) hold.

Now we turn our attention to the function f5; of the form (1) with
an=0,n=2,3,..,b,=—0n, n>0,n=1,2..., 01 <1, ie.

f5(z):’zizﬂnzin7 ZGAaﬂnZOan:132a"'aﬂl<l. (20)

n=1

Assume that the function f5 of the form (20) satisfies the condition
(17). Note that such functions exist (e.g. f5(2) = z — /1Z, 2z € A, 0 <
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b1 < %) Consequently, the function f5 satisfies the condition (18). Then
we have
fs(r)

r

+oo
=1-61-> Bu"',  re(0).
n=2

Observe that lim,._, g+ f“T(T) = 1— /(1 > 0. By the continuity of f5 and from
(18) we conclude that

fs(r) >0, r e (0,1). (21)
According to (17) we have
[fs(M) = 1f50r) = fs(r)| >0, re(0,1).

Hence, by (12), (20) and (21), we obtain

+o00 o0
L=Bi=) Bur" ' >2604 ) (n+ 1B, re(0,1),
n=2

n=2
and thus
—+oo
3B+ (n+2)B" <1, re(0,1),
n=2

Letting » — 1~ we get
+oo

> (n+2)8, <L

n=1

Therefore, by Theorem 2, we have

COROLARY 5. The function fs of the form (20) satisfies the condition
(17) if and only if (16) holds for it.

Let Vo denote the subclass of Vi such that in (6) we have ¢ = 0, i.e.
the class of functions of the form

+oo +oo
fR)=2=> anz"+ > bp2", z€A, b€ (0,1), (22)
n=2 n=1

where au,, b, >0, n=2,3,....
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THEOREM 3. Ifa function f € Vi satisfies the condition (17), then the
condition (3) is fulfilled.

PROOF. Let f € Vg be of the form (22) and satisfy (17). Then we have
(18) for it. Proceeding similar to that for the function f5 gives

“+ o0 “+o0

146 + Z(bn — )"t > =2 — Z ((n— Dy + (n41)by)r" 7,
n=2 n=2
SO
“+o0 +oo
1401 + Z(b” —ay)r" Tt > 26 + Z (n = Ve, + (n+1)by) ™1
n=2 n=2

for r € (0, 1). Therefore

—+o0
> n(an +by)r" Tt <1=by, 7 E(0,1)

n=2

From this, letting » — 17, we obtain (3), which completes the proof. O

REMARK 1. It is easily seen that for holomorphic functions h of the
form (7) the conditions (3) and (16) reduce to (8) and the condition

(17) coincides with (9). Of course, the function z +— @, z € A, has
removeable singularity at the point 0, and so (9) may be considered in the
whole disc A.

4. In this section we make some remarks on convex harmonic functions.
The following lemma is known.

LEMMA A ([3], P. 108). If f = h + g of the form (1) is univalent, sense-
preserving starlike in A, and if H and G are holomorphic functions defined

by
zH'(2) = h(z), 2G'(2) =—g(2), H(0)=G(0)=0, (23)

then ' = H + G is an univalent, sense-preserving function convex in A.

However, the converse to Lemma A is false ([3], p. 110). We know that
the convexity of a harmonic function F' follows from the condition (see
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[5], [10], [12])
“+o0
Zn2 (|Cn|+|dn|) S 1- ‘d1|a (24)
n=2
where
F=H+G, H(2) = z+chz", G(z) = Zdnz", z €A, |di| <1
n=2 n=1

(25)

If f = h+79 is of the form (1) and H, G are such that we have (23),
then

NCp = Gy, nd, = —by, n=12.... (26)

If F of the form (25) satisfies the condition (24), then by (26) we obtain
the condition (3) for the function f, and conversely.

From the mentioned facts we obtain

THEOREM 4. Ifa function F of the form (25) satisfies the condition (24),
then
1) > |6/ ()

, z € A. (27)

PrOOF. Let F = H + G be of the form (25) and let it satisfy (24).
Consider the function f = h + g such that the equalities (23) hold. Then
by (26) f satisfies (3). From Theorems A, C we conclude that J¢(z) > 0,
z € A, which gives

‘(ZH/(Z))/‘ > \—(ZG/(Z))’ . zeEA,

i.e. the condition (27). O

Moreover, we know the following theorem.

THEOREM G ([5], [10], [12]). If a function F of the form (25) satisfies
the condition (24), then F(A,) is convex for each r € (0,1).

Consequently, according to Theorems C and G and Lemma A, for
harmonic functions satisfying the condition (3) or (24), respectively, we
have the "full" Alexander theorem.

Let us return to the class V.
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THEOREM 5. If a function F' of the form (25) belongs to the class Vi
and satisfies the condition (27), then it satisfies (24).

PrOOF. From (6) and (25) for a function F € Vi we have

(zH —1—Zn\c| Wz z €A,

+oo
(2G'(2)) = |di| + 3 n?ldal (e72)" ", zeA,

n=2

so by (27) we get

+oo
1-— Z n?le,|rmt

n=2

> di|+ Y nPldar"Tt, v e (0,1).

n=2

Hence we obtain (24). O

Consequently, by Theorems 4 and 5, we have

COROLARY 6. For a function F' € Vi the conditions (24) and (27) are
equivalent.

Observe that functions f, F' of the forms (1), (25), respectively, such
that the equalities (26) hold, cannot belong to Vg simultaneously (see
(6)), except for the holomorphic case (i.e. b, =d, =0, n=1,2,...).

Let H® denotes the class of functions F' of the form (25) univalent,
sense-preserving in A and mapping A onto convex domains.
According to Theorem 5, Theorem G and Corollary 6, we obtain

COROLARY 7. If a function F of the form (25) belongs to the class Vi
and satisfies the condition (27), then F € H°.

For a function F of the form (25) we denote
F**(2) := z (zH'(2)) + 2 (2G'(2))", z € A. (28)

On account of (12) and (28), it is clear that F*® = (F*)°.
From Theorem 2 we obtain
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THEOREM 6. If a function F of the form (25) satisfies the condition

+
8

n(nlep| + (n+2)[dn]) <2, o =1, (29)

3
Il
i

then

’ )
Fo(2)

In consequance, we have

—1‘<1, z € A\ {0}. (30)

% (arg <8‘99 (rei9)>> €(0,2), re(0,1), #e(0,2m). (31

The last statement follows from the fact (see e.g. [11]) that
0 0 0 L, Fee(ret?)
% (arg (80 (T‘e ))) = RQW7 re (0, 1), 0 e <0, 27T)

Obviously, the condition (29) implies (16).

The function f3(z;b) = z+bz", z € A, n € {2,3,...}, for \b| < — n+2)
satisfies the condition (29), and so (30) and (31), as well. If b= 5, n =2,
then this function does not satisfy the condition (29).

Some other properties of the operators (12), (28) and their generalizations
were considered e.g. in [21], [22].
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