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ANALOG OF AN INEQUALITY OF BOHR FOR
INTEGRALS OF FUNCTIONS FROM LP(R™. 1

Abstract. Let p € (2,4o0], n > 1 and A = (Aq,...,A,),
Ay > 0,1 <k <n.Itis proved that for functions ~(t) € LP(R")
spectrum of which is separated from each of n the coordinate
hyperplanes on the distance not less than Ay, 1 < k < n respec-
tively, the inequality is valid:

n

" 1
[mar < @) |TT <72 | IO Loy -
k=1 Ak
t Lo (R™)

where t = (t1,...,tn) € R", By = {7|7 = (11,...,™n) € R",
7; € [0,t5], if t; > 0, and 7; € [t;,0],if t; <0, 1 < j < n}, and

the constant C'(q) > 0, 1 + 1 1 does not depend on (1) and
p q

vector A.
Key words: Inequality of Bohr.
2010 Mathematical Subject Classification: 26D99.

Let us consider an arbitrary A > 0 and denote by P(A) the set of all
finite trigonometric sums

N
p(t) = Z pmeiAMtv
m=1

the Fourier exponents of which satisfy the following condition

min |\, > A.
1<m<N

H. Bohr announced [1] and proved [2] that for such sums the next
inequality, which later ([3-5] and etc.) was named after Bohr, is valid

p(O)] < 5 Idp(0)/dt] ooy p(2) € PIA),
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There exist several generalizations of this inequality — the details see in
the author’s paper [6]. The author’s generalization was proposed in the
article [6] mentioned above. Unlike other authors results in [6] the Bohr
inequality was considered as the inequality which gives the estimation
of the integral of the function via the norm of this function for some
subclasses of the LP(R™) space for p € (1, 2]. The proof of the main results
in [6] were significantly based on Hausdorff-~Young inequality which did
not permit to extend the obtained results to the case p > 2. In present
paper the case p € (2, +00| is considered.

Let p € (2,400], n > 1, A = (A1,Aq,...,A,) is any vector with

positive coordinates and ¢t = (t1,to,...,t,) € R".
Let us introduce the following designations:
1) Q U{y\y = (Y1, Y2, 9n) € R[] < Ag},ice. Q(A) -

“cross” orlgln nelghborhood in R";
2) T(R™\ Q(A),p) — the set of all functions ~(t) € LP(R"™), the Fourier
transformations supporters of which are in R™ \ Q(A);
3) E; = {T‘T = (Tl,Tg,.. . ,Tn> € Rn, T € [O,tj], lft] > 0, and Tj € [tj,()],
if t; <0, 1 <j <n} —is the parallelepiped in R"™.
The main assertion of this paper is the theorem 3.2, section 3, which
is the following.

Theorem 3.2. Let n > 1, p € (2,+00] and A = (Aq,...,A,), Ag > 0,
1 < k < n. Then for any function (1) € T'(R" \ Q(A),p) the next
inequality is fulfilled:

[ —

(7 HLp(Rn) ) (0.1)

0|l 5

1 1

where — + — = 1, and the constant C'(q) > 0 does not depend on (1)
p g

and vector A.

Let us note that if n = 1 and p = +o00o then the inequality (0.1) may
be obtained from [4] and [5].

The assertion of the theorem 3.2 for n = 1 was essentially employed
by the author for the construction of the frequency criteria of the boun-
dedness and smoothness in Frechet sense with respect to the parameters
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of the ordinary differential equation systems solutions [7], and also for the
boundedness of the nonlinear differential equations solutions [8].

The paper consists of the introduction and the three sections the first
two of which are preliminary and the third contains theorem 3.2.

The proposed article contains §1, §2 and presents the first part of the
paper; the main second part contains §3 and is prepared for publication.

The author expresses his deep gratitude to professor N. A. Shirokov
for his attention to this research and valuable advices on it.

81. Designations and Lemma on the Fourier
Transformation Support of Several Functions
Product

The section begins with the notation form choice of the Fourier trans-
formation and the summary of several notations of the standard formulas
following from such form. Thereafter the lemma 1.1 on the Fourier trans-
formation support of several functions product in the case which is not
suited for the direct employment of general theorems (for instance, |9,
ch. 1, §5], [10, ch. 2, §7 ]) on the existence of resultant and on the support
is proved. The assertion of lemma 1.1 will be used in §3.

Let n > 1. Following [11, p. 77], let us denote the Fourier transforma-
tion of the function by u(t) € L*(R") as i(y), where y € R™, but following
[12, p.425], let us choose u(y) as

a(y) = / e Wt (t)dt.
Rn
The reciprocal Fourier transformation of the function v(y) € L*(R™),

also following [11, p.77|, let us designate as o(t), t € R", where 9(t)
according [12, p.427] has the form:

3(t) = (%)n / WD)y (y)dy.

Rn

Following [11, p.73], [9, p.31], let us denote the space of infinitely
differentiable rapidly decreasing at infinity functions by S(R™), and [11,
p.77] S'(R™) — the space of slowly increasing distributions, i.e. [10,
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p. 149], the space of slow growth distributions, i. e. the space of linear con-
tinuous functionals on S(R™). According to [11, p. 73], [10, p. 15] let us de-
note the space of finite infinitely differentiable functions on R™ by D(R"),
and the space of linear continuous functionals on D(R™) by D'(R"™).

Let us associate with each complex valued locally integrable function
v(t), t € R™, the functional [9, p. 30, p. 32]

(1.¢) = / TDe(t)dt, (t) € DR,
P

The distributions from D’(R™), generated by locally integrable func-
tions, are called [11, p.75] the regular functions. Since D(R"™) is densely
embedded in S(R™) then S’(R") C D'(R"™). As is known [11, p.77], for
example, the functionals generated by functions (t) € LP(R™), p > 1, are
the slowly increasing distributions.

The linear continuous functional on S(R™), designated as 4(y) and
defined (with regard to the choice of the definition for (v, ¢) and the form
of Fourier transformation) as

(7, ¢) = 2m)" (7, ¢)

is called the slowly increasing function Fourier transformation.
According to the introduced designations we obtain the known formu-
las (see, for instance, [10, ch. II, §9] ) in the following form:

(126) » () = Cr ) () (1.1
(1(0) - 32(0)} (0 = 1(0) +22() |

Let n > 2,1 < k < nand Agyq,...,A, > 0. Let us designate

G(Ak—i—h- ";An) = U {y’y = (yh- . 73-/71) S Rn; ’y,B| < A,B}
B=k+1
If n — k =1 then G(A,) is the direct product of R"~! by the interval
(—An, Ap). If n — k > 1 then G(Ag41,...,4A,) is the direct product
of RF by “cross” neighborhood of zero in R* % = {y |y = (Yxs1,--->Yn),
Yj € R, k+1<j<n}.

Lemma 1.1. Let n > 2,1 < k < n, p € [1,400|, the functions g)(0) €
1 1

€LYRY, —+-=1,1< A<k, (1) € LP(R"), A = (A4,...,A,) — the
P q
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vector with positive coordinates and supp7(y) N Q(A) = @. Then

k
(supp {’y(ﬁ, s Thy Thgly -+ 5 Tn) H QA(TA)} A@)) m
A=1

G(Akir,..., An) = 2.
Proof. Let us show that for any test function ¢(y) € S(R™), such that

supp @(y) C G(Agt1;- -+, An) (1.2)

the following equality is fulfilled

k
({7(7-17"'77—k77—k+17"~a7—n) HgA(TA)}A(y%@(y)) =Y
A=1

which implies the lemma assertion.
Let us take the arbitrary test function ¢(y) € S(R™) such that

supp @(y) C G<Ak+17 cee 7An)7

and construct the sequence {p,,(y)}>°_; of the test finite functions con-
verging to ¢(y) in the sense of convergence in the space S(R™) and satis-

fying for each m = 1,2... the following conditions:
1) supp ¢m(y) C supp 4(y), (1.3)
2) supp pm(y) C G(Apy1,-- -, An) N {yly = (y1,---,yn), (1.4)

ly;| <3m, 1 <j<n}

Following [9, p. 32], let us denote the infinitely differentiable function
which is unit valued in the cube {y |y = (y1,...,¥n), |yj| <1, 1 <j <n},
and zero valued outside the cube {y|y = (y1,...,yn), |y;] <2, 1 <5<
<n} by e1(y), y € R™ and set,

() = 2W) - em(y), em(y) =1 (Ey) m—23..

Then:
R 1
supp ©m(y) C supp ¢(y) Nsupp e; v (1.5)
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From (1.5) we obtain:

1) the assertion (1.3),

1

2) supp @ (y) Ssupp er | —y | ={yly = (y1,.-. . yn)s lyjl < 2m,
1<j<n}c{yly=(,..,yn) |yl <3m, 1 <j<n} (1.6)

Since according assumption supp ¢(y) C G(Ag+1,...,4,), then (1.4)
follows from (1.3) and (1.6). Besides, the definition of the function e,,(y)
implies that ¢, (y) = ¢(y) in the cube {y |y = (y1,...,yn), y;| <m, 1 <
<j<n}.

Let r = (rq1,72,...,7,) be any vector with nonnegative integer coordi-
nates. Then as m — oo :

oritratotra , 1
e =D" < — =
6y11”18y72"2 o 6y;rln Som(ylu Y2, 7yn) {@(y) €1 (m y) }

— et (5v)+ A

Thus we obtain:

1) the ¢, (y) derivatives of any order in any bounded domain uniformly
converge to corresponding derivative of the function ¢(y) as m — oc;

2) since we may point out U(0,b) — the ball of radius b > 0 such that
supp ¢(y) C U(0,b), then (1.3) implies that supp ¢n,(y) C U(0,b)
for any m = 1,2,... and consequently for any k = (ki,ka,..., kp),
r = (r,re,...,m), where ky,ka,... ky, 71,72,...,7, are the nonnega-
tive integer numbers:

oritrettra Spm(y)
Oyt 0yy? ... Oyn™

< bk1+k2+"'+k”’Drg0m(y)| S Ck:’m

moreover the constants Cj, may be chosen independent of m.

Thus the sequence ¢1(y), p2(y), - - -, ©m(y), ... converges to $(y) in the
sense of convergence in S(R™).

Further since the inclusion (1.4) is strict and the set supp ¢, (y) is
closed and bounded, then at each m = 1,2, ... there exists the set of n—k
positive numbers py41(m), pr+2(m), ..., pn(m) such that A; > 3p;(m) >
>0,k+1<j<nand

Y D o (y)| = |y Y5> . ..yl

supp ©m(y) C G(Ags1 — 3ppr1(m), ..., Ay — 3pp(m))N
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Myly = Wi,.--,yn), y;l <3m, 1 <5 <n}. (1.7)
Thus for any test function ¢(y) € S(R™), satisfying (1.2) we have:

k
({7(7’1, s Thy Thtly - -5 Tn) H g (T )} -

A=1

(¥), @(y)> =
(

) [T ox(

A=1

= n}gnoo ({7(71, ey Thy Thtly e« T, )\)} " y),gom(y)> , (1.8)

where ¢,,(y), m =1,2,... satisfies (1.7).

In the equality (1.8) the set supp ¢,,(y) is contained, according (1.7),
in the set of some complex form which is the intersection of the cube in
R™ with the edge 6m and the set G(Ag+1 —3pp+1(m), ..., An —3pn(m)).
For each m = 1,2,... let us transform the expression, which is under the
integral in the right-hand side of (1.8), changing the function ¢,,(y) by the
sum of functions the support of which is contained in the set more simple
in some sense, namely in the parallelepiped which is the direct product of
the cube in R"~! with the edge 6m by some small interval specified for
each parallelepiped.

Let a,b > 0, m > 1 and k be from the lemma assumption. Let us
introduce some designations:

1) n(0,a,b), 0 € R! is the auxiliary infinitely differentiable function, satis-
fying the following conditions: (0, a,b) = 1, if |#| < a, and (0, a,b) =0,
if |0] > a + b;

2) om(k+1,y) = 0m(y)  n(Yk+1, Ak+1 — 3pr+1(m), pry1(m));

3) em(k+1,y) = [om(y)—em(k+1,y)—. . .—@m (k+H =1, )] D (Y1 Aryi —
= 3pkt1(m), pri(m)), 2<1<n-—1;
4) om(n,y) = om(y) —em(k+1,y) — ... —om(n —1,y).

Then:

om(Y) = em(k+1,y) +om(k+2,9)+. ..+ om(n—1,y) +om(n,y). (1.9)

Let us note some properties of the functions ¢, (k +1,y), 1 <1 < n.
The definition implies that the function n(yg+1, Ak+1—3pk+1(m), prr1(m))
is infinitely differentiable with respect to yx11 € R!, equals 1 for |ygpi1] <
< Agy1—3pk+1(m) and equals zero for |ygi1| > Akt1 — 2pk+1(m). Hence
the function ¢,,(k + 1,y) is infinitely differentiable and ¢,,(k + 1,y) =
= ¢m(y), when

yesupp ©m(y) N{y|ly = W1, Un)s [Yt+1| < Aky1 — 3pr1(m)}.
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Besides supp ¢, (k+1,y) Csupp @m(y) N{y |y = (Y1, Yn)s [Yet1] <
< Apy1 = 2pp41(m)}

Thus (1.6) implies that supp @m(k + 1,y) C {y|ly = (y1,---,Yn),
lyil <3m, 1 <i<n,i#k+1, [yps1] < Agg1 — 2pky1(m)}

Further for [ =2,...,n:
the functions ¢,,(k + [, y) are, evidently, infinitely differentiable and

supp om(k+1Ly) C{yly = Wi,--- ¥n), |yl <3m, 1 <i<n,

1 7£ k + l, |yk+l| < Ak—l—l — 2pk+l(m)}, 2<l<n-— 1; (1.10)

©m(n,y) is infinitely differentiable and
supp om (n,y) C{yly = (Y1, yn), [gsl <3m, 1 <i<n, i#n,

|yn| < An - 3pn<m)}
Hence (1.8) and (1.9) implies that

({v(ﬁ, v T Thts - 7a) [ gx(n)} A(y),sb(y)> =

= > lim ({v(ﬁ,.-.,Tk,TkH,-.-,Tn) HQA(TA)}A(y)ﬂOm(j;y)) :

j=k+1 A=1
(1.11)
if each of limits exists.

Let us show that for each £ + 1 < j < n the expression under the
sign of limit in the right-hand side of (1.11) equals zero. We can take
any natural numbers m > 1, j € {k+ 1,...,n}, the function ¢,,(j,n)
and, following the reasoning from [9, p. 134], let us at first construct the
sequence {y,, (1, j,y)};2, of the test functions from D(R™), converging to
©m(j,n) and such that each function ¢,,(l,7,y) is the sum of the func-
tions from D(R™), which are the functions with the separated variables
Y1,Y2s - Yn-

The Weierstrass theorem (see, for [13, p.348-349]) implies that for
any natural number [ we may point out such polynomial Py ;)(y) of some
degree N (1), that for each vector r = (71, ..., r,) with nonnegative integer
coordinates satisfying the following condition 0 < |r| < [, where |r| =
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=711+ ...+ 7, in the cube Iy = {y |y = (Y1,---,Yn), |ys| < 4m, 1 <
<s< } the following inequality will be fulfilled

. . 1
D" o (j,y) — D" Pyay(y)| < T (1.12)

Let us designate:
N(1)
1) Pnoy(y Z Aoy v, Y1 Ys? .. ye™, where v = (v1,va,...,1y,) — the
|v|=0
vector with nonnegative integer coordinates, |v| =v; +v2 + ...+ v, and
Ay, v,..v, — the constants;

2) m(l,4,y) = Pny(y Hnys,Sm m) ¢ xn(y;, Aj —2p;(m), pj(m)).

sséa
(1.13)
Then ¢, (1, j,y) is the sum of products of the functions depending only
on one of the variables y1, 92, ... ...  Yn

N(l)

w5 0) =D Gurvaewn § [[ 95 0(ys, 3m,m) 3 x

|v[=0 s=1
SF#]

Xy n(y, Aj — 2p;(m), pj(m)) =

N()

Z Auivs... HAl(V87ys> AZ(Vjayj)v (114)

=0 2
where
Al(Vsays) = ygs (ysagm m) S 3& ] ' } (115)
Az (v, y5) =y 0y, A5 — 2p5(m), pj(m)), s=j

Let us take any m > 1, j € {k + 1,...,n}, the function ¢,,(j,y) and
show that the sequence

U (l,7,y) = em(L, J,y) —om(Jyy), 1=1,2,...

converges to zero in the sense of convergence in D(R™).
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According to the definition (see, for instance, [10, p. 85]), the sequence

Vi (1,7,9)s Y (2,5,9)5 -y YL, J,y), - . . converges to zero if:
1) there exists the ball U(0, R) of radius R > 0 with the center at origin
such that: supp ¥.,(l,5,y) CU(0,R), 1 =1,2,...
2) for each r = (r1,...,7,), where r;, 1 < i < n are the integer nonnegative
numbers, the sequence D", (I, j,y) converges uniformly to zero as [ —
— +00.

Let us denote

Iy ={yly= (1, un), lys| <4m, 1 <s<m, s#,
vl < Aj = pi(m)},

o ={yly = (1, yn), lys| <3m, 1<s<n, s+
lyil < Aj = 2p;(m)}-

The first condition from the convergence definition is evidently true
because according to (1.13):

supp ¢m(l,7,y) C IIy; C Ilp; C U(0,4m+/n)

and according to (1.10):

supp ¢m(j,y) C Ila; C U(0,4m+/n).

Now we verify the second condition. Let y € Il;, then according to
the definition of the function ¢,,(l, j,y), from (1.13) we obtain:

om(l,3:9) = Pnay () § [ n(ys, 3m,m) 3 x
s=1
-

xn(yj, Aj —2p;(m), pj(m)) = Pxay (),

because 7(ys,3m,m) =1 for |ys| < 3m, 1 <s<mn, s #jand n(y;,A; —
—2p;(m), pj(m)) =1 for [y;| < A; —2p;(m).
Thus according to (1.12) for y € Ily; the following inequality is true

1
7.

= [D"[Prnay(y) — om(5,9)]] <
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Let y € IIy; \ Ily;, then ¢,,(j,y) = 0 and hence for any | = 1,2,...
according to (1.13)

D" (1, j,y) = D"om(l, j,y) =

=

= D" { Py (y) n(ys, 3m,m) | n(yj, Aj —2p;(m), pj(m)) p =

[y

S
S

= D" {Pyy(y) - Y (m.5.v)}.

Yl
<

n

where Y'(m, j,y) = | [[ n(ys,3m.m) | n(y;, A; — 2p;(m), p;(m)).

According to the formula of product differentiation
the function

8r1+r2+...+rn '
QY YL - Oy {PN(l)(y) Y (m, j, y)}

is the sum 2/"! of the following addends
Hartaz+...+an abl+b2+...+bn

a a a P y)-
Oyy0ys® - - - Oyn™ v (v) ayllnaylz)z e Qybr

Y<m7j7y)7
where a1 + by =r1, a9 + by =719, ..., ap + b, =1,.
Thus for y € Iy \ II3; we have

8a1+a2+~u+an ( )
al a2 a PN l y
By ays? - - ayar VO

D" (1, 5,y)| < 271 max
0<a|<]r]

X
Lo (I \I2y)

ab1+b2+~~~+bn

Y (m,j,y)

bl

Lee (I \25)

where |a] = a1 +as+ ...+ an, |b| =b1 + b2+ ...+ by, |r| = |a| + |b].
For | > |r| according to (1.12) the inequality will be true

X max
0<[b]<|r|

1 ol
- max 3
8y11)1 P ayg"

D’I“ ml ) <2|T|
| 7711 (a]7y)| = l 0<|b|< 7]

Y (m,j,y)

)

Lo (IT15\I2;)




Analog of an inequality of Bohr for integrals of functions from LP(R™) 27

9!l

on II;; \ IIy; and independent of [, then as [ — oo :

and because the partial derivatives Y (m,j,y) are bounded

1D i (L 55 Y) | oo i1 7112,) = O

and  therefore  the  sequence ¥, (1,7,v),  ¥Ym(2,4,9),
.oy Um(l,4,y), ... converges to zero in the sense of convergence in D(R").
Thus according to the definition of the convergence in D(R"™), the
sequence ., (1,7,y), ©m(2,75,n), ..., ©m(l,4,n), ... converges to the
function ¢,,(j,n) and according to (1.11):

k
({7(7-17 ceoy Thy Th41y - - - 77—71) H g>\<7-)\)} A(y)a @(y)> =
A=1

n

= Z ml_iffrlooliiinoo(h(ﬁ,'--,Tk,TkH,-u,Tn) X
j=k+1

k
< [1 gx(n)} (y)s em(l, J, y)) ~ (1.16)
A=1

For each [ = 1,2,... according to (1.14) we obtain:

({7(7'1, ce o Thy Tht 1y - -+, Tn) H QA(T>\>} A(y),gpm(l,j,y)> =

A=1

N()
=) ({y(ﬁ,...,Tk,ml,...,m) HgA(TA)}A(yl,...,yn),

|r|=0

Ary..rp, HAI(Tsays) AQ(Tjayj) . (117)
s=1
sF£j

Assertion 1.1.1. Letn > 2, k+1 < j <n andl > 1. Then according to
the designations and assumptions introduced above:

k
({7(7—17 ceoy Thy Tht1y - - 7Tn) H g/\(TA)} A(:y)?
A=1
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HAl(Tmys) A2(rjvyj) = 0. (1'18)
s=1

s#j
The proof of assertion 1.1.1. Changing, if it is necessary, the numera-

tion of the variables y1,yo, ..., y,, we may without the loss of generality
suppose that in the equality (1.18): j = n. According to the assumption

@ = (supp Y(y)) N Q(A),
then
@ = (supp Y()) N{yly= (W1, yn);s lynl <An} =
= supp Y(y) N G(A,).

Let zzl(yl, ...,Yn_1) be the arbitrary test function from S(R"~!) and
QZ(y) = @1 (Y1, - Yn—1)A2(rn, yn), where, as it is evidently follows from
(1.15), Ao(rn,yn) is the test function. Then @(y) € S(R™), supp @(y) -
C G(A,) and

Y(7) = <i) /ei(y’T)QZ(y)d?J = 1(71, ... 77_71—1);12(707177'71)7

2T
Rn

where 7= (71,...,70), ¥y = (Y1, - -+, Yn)-

0= (1090 = (3) [Tt e

R

" 1 n—1
X Ao (T, Tp)dry ... dTp_1dT = <2—) / V1(T1y oy To1) X
T
Rn—l

X —/’Y(Tl,...,Tn_l,Tn>Avg(T’n,Tn)dTn dry...dr,_1. (1.19)
T
Rl
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Since ¥y (71,...,Th_1) € S(R™1) is the arbitrary test function then
from the equality to zero of the integral in the right-hand side of (1.19),
according to Du Bois-Reymond lemma [10, p. 95] we obtain that for almost
all the points (71,...,7,_1) € R~ ! the following equality is true

1 ~
0= /7(71, T ) Ao, T ). (1.20)
T
R1
Therefore according to (1.20):

k n—1
({’Y(Tp s Thy Thtds e -5 ) H Q)\(TA)} (), { H Al(rwyu)} X
A=1 v=1

XAQ(TM yn)) =

— (%)n/’}/(Tl,...,Tk,Tk+1,...,Tn) Lf[_lgx(n)] {ﬁgl(m%)} x

R

X}IQ(T,“, Tn)dTl [ didi+1 v dTn =

_ (%)n_l/ [ﬁgA(TA)] .{Eﬁl(n,n)} X

R

1

X (2 >/ )( 1, '7‘]€7‘k+ ’..'7;77/)14‘2(’71 ]7 )(!T dT] dTn ()
1

The assertion 1.1.1 is proved. [
The proved assertion and (1.17) implies that

k
<{7(7'1, e Th Thet Lo -+ Tn) H gA(TA)} "(y), em(l 3/)) =0
A=1

and (1.16) implies the assertion of lemma 1.1. [
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§2. The Kernel K(t,a,b)

This section begins with the construction of the auxiliary function
Q(r, [—a,a], B), 7 € R, with the help of which the kernel K(t,a,b), t €
€ R™ used in §3 is defined Then the estimation of the kernel norm is
obtained in lemma 2.2.

Let us take any 8 > 0 and denote by w(, ) such function, the Fourier
transformation of which is

N 1
w(y, B) = 7 §-5/2,8/2)(Y) * §—p/2, /21 (V) (2.1)

where £y/(y) is the characteristic function of the set M C R!. Then ac-
cording to (2.1):

0, lyl > 5

1
w(y, B) = { B2

and
/@(y,ﬁ) dy = 1.
Rl
Let a > (. Denote by Q(7, [—«, a], 8) such function, the Fourier trans-
formation of which is

Q(ya [_av Oé], 6) = 5[—04,&] (y) * &)\(y7 ﬁ) (23)
From (2.1), (2.2) and (2.3) we obtain that
(/)\S ﬁ(?ﬁ [_aaa]aﬁ) <1
Q(Q, [—Of O!],ﬂ):(), yg(_a_ﬁaa—i_ﬁ) (2 4)
Q(ya[_a Oé],ﬁ)zl, yE[—oz—Fﬁ,oz—ﬁ] '
Q7 (. [—a,a), B) € L(RY)
For arbitrary vectors b = (b1,...,b,) and a = (ay,...,a,) such that

0 < by <ag, 1 <k <nletus denote by K(t,a,b), t € R™ the function,
the Fourier transformation of which is

n

I/(\'(y,a,b) = H Zyik [1 — ﬁ(yk, [_ak;ak]abk)] ) (2.5)
k=1
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where y = (y1,...,yn). From (2.4) it follows that IA((y,a, b) =0 for y €
€ Q(a—0).

Lemma 2.1. Let n > 1, t = (t1,...,tn) € R" a = (ay,...,a,),
b = (by,...,b,) are any vectors which coordinates satisfy the following
condition: 0 < by < ar, 1 < k <n. Then

N n  Sign tg-0o gipn (2%0) sin29
k

K(t,a,b) = (;> 11 / 7 do.  (2.6)

k=1

Lbrty

Proof. From (2.5) we obtain:

R I Y | ~

K(t,a,b) = 1:[ > /e Y kzy_k [1 — Qyx, [—ak,ak]abk)] dyr
- m

Let us choose k € {1,...,n}. Since

1 etyrte 1
— dy, = - sign t

Rl

and for any p > 0:

sin ptg
ﬂ'tk ’

1 )
-p)) (1) = 5 [ ey ) s =

Rl

then from (1.1), (2.1) and (2.3) we have:

1 ; 1 S
WYty _— 1 _ Q _ b :| d =
_27'( e zyk [ (yk7[ akaak]7 k) Yk
R1
1

. 1. -
= sian t — 5 sin by 2 { (€, ) (00)] (1) %

X (Z—:) “([&1-bx /2, 5121 (yr)] ~(tk))2} =

sin ay T - sin? (b7 /2)

1
= — sign t; — sign(ty — 1) dr =

2 bim T3

Rl
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1 2 i -sin?(by7/2
= — sign t;, — —— sign tk/sma’” sin”(by7/ )dT—l-

2 bim T3
Rl
sign tg-co 5
4 i - sin“(by7/2
L / sin a7 51;1 (bT/ )dT.
bym T
23

After changing the variable in the right-hand side integrals bi7/2 = 6,
we obtain:

n

K(t,a,b) H — 81gn t, — sign ty -

do+

_/sm 2ak0/bk -sin% 6

sign ty-0co0

. )
+l / sin(2ax0/by) - sin 0d9. 2.7)

T 03
btk

Since according to [14, p. 193, the formula 858.731]:

Oosin(ZakG/bk) sin®0 o«
/ 03 df = 5 (2.8)
0

then substituting (2.8) in (2.7) we obtain the assertion of this lemma. [J

Lemma 2.2. Let n=1,a >0, M € (1,4+00) and q € [1,+00), then:

1
HK (’*“’W)
q 1/q

|1 [ sin2M0 - sin®
C1 (M, q) = 4M/ —/Sm 993 S0 ol
0 T

1
o al/q

Cl(M7 Q)7
La(RY)

where

xT
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1
Proof. Let usput n =1 and b = ks € R' in (2.6). Then

sign t-oco

1 1 sin 2M6 - sin® 0
K (t,a, M a) = ; / 03 d@,
ﬁ at
whence it follows that
. q 1/q
sign t-0o . . 9 0
1 1 2M6 -
HK (t,a, — a) - / - / s W Va0 @ty =
M Lq(Rl) T 93
ST at
[e%e] [e’e) 5 q 1/‘1
1 1 sin 2M 6 - sin“ 0 1
0 x
O
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