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CERTAIN INEQUALITIES INVOLVING THE
Q-DEFORMED GAMMA FUNCTION

Abstract. This paper is inspired by the work of J. Sandor in

2006. In the paper, the authors establish some double inequalities
Ty(z+1)

Tg(z+3
the classical Gamma f(uncti)on denoted by I'(z). The method em-
ployed in presenting the results makes use of Jackson’s g-integral
representation of the g-deformed Gamma function. In addition,
Holder’s inequality for the g-integral, as well as some basic analy-
tical techniques involving the g-analogue of the psi function are
used. As a consequence, g-analogues of the classical Wendel’s
asymptotic relation are obtained. At the end, sharpness of the
inequalities established in this paper is investigated.

involving the ratio , where I'y(x) is the g-deformation of
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1. Introduction and Preliminaries. Let I'(x) be the well-known
classical Gamma function defined for x > 0 by

F(x):/ t" et dt.
0

The psi function 1 (z), otherwise known as the digamma function, is de-
fined as the logarithmic derivative of the Gamma function. That is,

¥(o) = - (M) = -

0.
. €T >
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The Jackson’s g¢-integrals from 0 to a and from 0 to oo are defined as
follows [1]:

| s = - aa Y steia
n=0

/ Tt =(1-0)Y )

provided that the sums converge absolutely.

In a generic interval [a,b], the Jackson’s g¢-integral takes the following

form:
/abf(t)dqt: /Obf(t)dqt—/oaf(t)dqt_

For more information on this special integral, see [1].

For a € C, the set of complex numbers, we have the following notations:

(@q)o = 1, (6:9)n = [/ (1 — ag’), (a;q)ee = [120(1 — ag’) and

! = (.

The g-deformed Gamma function (also known as the g-Gamma function
or the g-analogue of the Gamma function) is defined for ¢ € (0,1) and
x > 0 by

ﬁ [o<]q
T, (z) = /O T E T dgt = /0 I E T dgt = (1)
e 1— qn—|—1
= (1 - q>1—iU H + Y
n=0 1- e
where El =37 g mt—i, = (—(1 = ¢)t;q) is a g-analogue of the

classical exponential function. See also [2], [3], [4], [5] and the references
therein.
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The function I'; exhibits the following properties (see [3])

where [z], = 11_qu, and m, = ¢

o

2
[_%} 2 !) is the g-analogue of w. Note

that 7, is obtained by setting n = 0 in the g-factorial [n],!.
Let 14(x) be the g-analogue of the psi function similarly defined for z > 0
as follows

T

) = "
n=0

It is well-known in literature that this function is increasing for = > 0.
For instance, see Lemma 2.2 of [6].

In 1987, Lew, Frauenthal and Keyfitz [7] by studying certain problems of
traffic flow established the double inequality:

1 1 1
2F(n+§)§F(§>F(n+1)§2nf(n+§>7 n € N. (3)
The inequalities can be rearranged as follows:

n
2 _ Tty 2

VT T T (n+3) = VT
In 2006, Sandor [8] by using the following inequalities, proved by Wendel
9]
1-s
x [(z+s)
< —2<1 4
(+55) =S @
for z > 0 and s € (0,1), extended and refined inequality as follows

ﬁs%s . (5)
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for z > 0.

The objective of this paper is to establish certain inequalities involving
the g-deformed Gamma function. First, employing similar techniques as
in [8], [9], and [10], we prove an g-analogue of the double inequality .
Next, using basic analytical procedures, we prove some related double
inequality. At the end, we investigate the sharpness of the inequalities
established.

2. Main Results. Let us begin with the following Lemma.

Lemma 1. Assume that s € (0,1) and q € (0,1). Then for any = > 0
the following inequality is valid.

( 2y )1_8 <Llets) (6)

[z + s]q N [!B]qu(ﬂc) N

Proof. We employ the Holder’s inequality for the Jackson’s g-integral:

/ F)gt) dgt < Uooo(f(t))“dqtr Uooo(g(t))bdqtr,

Where%+%:1anda>1.

Leta= 1l b=1, f(t) = =D Er079% and g(1) = 1B,

Then the Holder’s inequality implies

1
1-q
Lylx+s) = /0 t‘”+8_1Eq_qt dgt <

1 1 1—s
< [/1q (t(l—s)(m—l)Eq—(l—S)qt)m dqt] %
0

_1
" [/ q (tsacEq—sqt)E dqt] —
0
1 s
1—gq 1,
_ / oy BT dgt| =
0
+1))°

Thus,
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Substituting into we obtain
Ly(a+s) < [Dg(@)]" " [a] [T (2)]",

which implies
Lg(z +s) < [2]Tq (). (8)

Substitution s by 1 — s in gives
Dy(a+1—s) < [a]}"Ty(a). (9)
Substitution z by = + s results to
Fy(z+1) < [achs]tll_qu(x—l—s). (10)
Now, combining inequalities and , we obtain

Pyl +1)

[+ S]}]_ < Fq(aC +5) < [x]ZFq(J;),

which can be written as

E%%:T<>su@+@swmw@- (11)

Finally, (11) can be rearranged as:
1—s
( [%]q ) < Ly(z +s) <1,
[z + slq [#]5Tq(x)
which concludes the proof of Lemma 1| [J
Theorem 1. Assume that q € (0,1). Then the inequality

\/>< 5”'+1 [m—f—;]q (12)

is valid for any x > 0.
Proof. By setting s = 5 in the g-analogue of the Wendel’s inequalities
@ we get

1 T, (z) [z + %]q. "
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Using , we can arrange as follows:
- T 1 1
Ly (z+3) 214
Remark 1. Inequalities @ imply

lim —Fq(x +3)

v [alsTy ()

=1. (14)

xr B xr
Remark 2. Since [m]qﬁ_o‘ quigi = [I;j’igffé)y[p]q(ii(ﬂ)); then using 1
we obtain ( )
T'i(z+ «
lim [z)f -2~ "%

Remark 3. The equalities , are the g-analogues of the classical
Wendel’s asymptotic relation [9]:

a,B € (0,1). (15)

lim —F(x + )

Jim —oy = L (16)

Theorem 2. Assume that q € (0,1) is fixed. Then the inequalities

1 T 1 1
<Tlet D oy . (17)
Vra T+ ) Ve

are valid for x € (0,1).
Proof. Define a function U(q,z) for ¢ € (0,1) and = > 0 by

I'j(x+1

U(g.x) = L1t

Ly (x+3)

Notice that Fq(l) = Pq(2) =1, 1—‘q(% +1) = [%]qrq(%) = [%]qx/ﬂ_q,
1

L, =Y U(q,0)= - and U(g,1) = (1+ 7). —.

1—q ?
Now let f(q,z) =InU(q,z). Then

£

r 1
flg,x) = lnFq(x—_F =InT,(z+1)—Inl, (a:—l— —) .

q("E"'



Certain inequalities involving the q-deformed Gamma function 63

For a fixed ¢ € (0,1), we obtain
1
Fla) = wylo +1) =y (24 5) >0

since 1,(x) is increasing for x > 0. Hence, U(q,z) = ef(@%) is increa-
sing on x > 0, and for =z € (0,1) we have U(q,0) < U(q,x) < U(g,1)

establishing . 0

Remark 4. Define F by F(q,x) = [x]q_% lfq((;ii)) forq € (0,1) and x > 0.
q 2

Let g(z) = InF(q,z) = InTy(z + 1) — InTy(z + 3) — 2 Infz],. Then,

g () = g(z 4+ 1) — gz + 3) + %%. The following Stieltjes integral

representations are valid

oo —xt o0 xl
vl ==t —0) = [ S, [ et = 12

1—e 1—¢*

where p,(t) = —Ing> ;- 8(t + klngq) and & represents the Dirac delta
function. See [11] and the references therein. Then

/ —(erl) o0 o~ (wt3)t I
@ == [ 0+ [ dn 5 [ e )
0 0 0

= [ a0 du
0

where ¢(t) = e~ 2t — te~' — 1 < 0. By the Hausdorff-Bernstein-Widder
theorem (see [12] and the references therein), we obtain ¢'(x) < 0, so
g(z) is strictly deacreasing. Consequently, F(q,x) is strictly decreasing.
Hence, F(q,z) > lim,_,o F(q,z) = 1 yielding the lower bound of (12).
Remark 5. Define G by G(q,z) = [z + 1], ® ll:q((;i?) for ¢ € (0,1) and
x> 0. Let w(z) =InG(q,z) =InTy(z+1) —InTy(z+ 1) — S Infz + 3],
Then, w'(z) = Yg(z+1) —Yg(z+35)+ 3 % By settinga = 3,b=1,
—q

c¢=1 and k =1 in Theorem 7.2 of [13], we obtain,

+
Gala+ 1) =tz 3) 2 -3 A
Consequently, w'(z) > 0, so w(a:) is increasing. As a result, G(q,x) is
also increasing. Hence, G(q,x) < lim,_, ., G(q,x) = 1 yielding the upper

bound of .
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Remark 6. Let H(q,xz) = —‘/?qufj)l) Then, H(q,x) is increasing, and
q 2

for x € (0,1) we have,

1= hrnm—)O+ H(qa x) < H(Cbx) and H(Qa CU) < hmm—ﬂ* H(Qa SIZ’) =1+ \/a

respectively yielding the lower and upper bounds of .

Based on the above remarks, the estimates in and are sharp.
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