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ABOUT PLANAR (a, §)~ACCESSIBLE DOMAINS

Abstract. The article is devoted to the class A2 of all (a, B)-

accessible with respect to the origin domains D, a, 3 € [0,1),

possessing the property p = m(ia% |p|, wherep € (0,400) is a fi-
pE

xed number. We find the maximal set of points a such that

all domains D € A% are (v,8)-accessible with respect to a,
~v € [0;a], § € [0;5]. This set is proved to be the closed disc of

center 0 and radius psin o where ¢ = min{a — v, 5 — d}.
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In [1] the notion of a—accessible domain was introduced. Let o € [0, 1)
be a fixed number. A domain D C R", 0 € D, is called a—accessible if for
every point p € 9D there exists a number r = r(p) > 0 such that the
cone

P am
Ketpanr) = {o e R el < (0= ) 2 o= pllcos T}

is included in R™\D.

In the case n = 2 these domains have been studied earlier by J. Stankie-
wicz [2—4], D. A. Brannan and W. E. Kirwan [5], W. Ma and D. Minda
[6], T. Sugawa [7] and others as a generalization of starlike domains. It
was noted (see, for example, [7-10]) that in the planar case it is possible
to consider domains that possess a more general property. In [9, 10] such
domains were called (a, #)—accessible.

Definition 1. [9], [10] Let o, 5 € [0,1), D C C, a € D. A domain D is
called (a, 8)—accessible with respect to a if for every point p € 0D there
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exists a number r = r(p) > 0 such that the cone

K+(p,a,oz,ﬂ,r) =

:{zGC:—ﬁz—W§Arg(z—p)—Arg(p—a)§O;—W,|z—p|§r}

is contained in C\D.

The notion of (a, B)—accessible domain is a generalization of the notion
of a—accessible domain. They are equal if a = £.

In the article we choose values of arguments so that their difference
belongs to (—; 7).

It was shown in [1] and [9, 10] that a— and («, §)—accessible domains
satisfy the so-called “cone condition”, i.e. such domains are also conically
accessible from the interior.

The problem of characterization all domains with the “cone condi-
tion” is very hard. a— and («, §)—accessible domains are only special but
important cases of such domains. For a—accessible domains the axis of
symmetry of the cone is radial, for (o, 5)—accessible domains D the angle
between this axis and the vector p — a, p € 0D, is fixed.

The following criterion of («, )—accessibility is needed for the sequel.

Theorem A. [9, 10] Let D C C, 9D be smooth, n(p) be an outward
normal to the domain D at a point p € 9D, o, € (0;1). Then the
domain D is («, 3)—accessible with respect to the origin if and only if

1— ) 1—a)r
ST < () - Avg(n(p) < L2 (1)
for every p € 0D.
Let us note that Theorem A can be applied locally. In particular, if I’
is an open smooth curve, I' C 9D, a point p € T', then from the proof of

Theorem A it follows that the unbounded cone

K4(p,0,0,5) = {Z €C: —5—; < Arg(z —p) — Argp < %}

is included in C\D.

Consider the class Ag"B, containing all («a, #)—accessible with respect
to the origin domains D, possessing the property m}arzl) Ip| = p, where
pe
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p € (0,00) is a fixed number. Let v € [0;a], 6 € [0;8], D € Afj’ﬁ. By
QYD"S denote the set of all points a € D such that the domain D is (v, 0)—
accessible with respect to a.

In the present paper we find the maximal set that is contained in Q;YD"S
for all domains D from Afj’ﬁ.

By B [0, R] denote the disc {z € C: |z| < R}.

Theorem 1. If o, 8 € [0;1), v € [0;a], § € [0; 5] then
ﬂ QZ)"S =B [O,psin%} ,
DeAyP
where ¢ = min{a —y,8 —6}.

Proof. Let us show that the set () Q])’g isadisc. If D € A/‘j"ﬁ, then
DeAg”
a domain U(D), obtained by rotation of D with respect to the origin,

also belongs to Aﬁ’ﬁ. Therefore the set Dﬁgf D)’ where the intersection

extends over all rotation transformations of D, is a disc with center at the

origin. Hence,
¥, v,0
o' = () %o
DeAS”? DeAs# U

is a disc too.

Let a, B € [0;1), D € Ag‘ﬂ. Fix p € 9D. Since the domain D is («, 5)—
accessible with respect to the origin, then K, (p,0,a,8,7) C C\D for
some r > 0. Let us show that for all points a from the intersection of the
domain D and the cone

K—(pv()?a_/y”@_(s) =

:{Z eC: —@ < Arg(z — p) — Arg(—p) < @}

the following inclusion holds
K+(p7 a, "y, 57 T‘) - K+(p7 07 «, /87 ’T’).
Take a € K_(p,0,ac — 7,8 — ) N D, then

(B

T < Argla—p) -~ A < O )

2
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Let z € Ky (p,a,~,d,7),2 # p, this means that |z — p| < r and

o T
-5 <Arg(z—p) ~ Arg(p—a) < - (3)

(P b

Figure 1: The domain D, case | Arg(z — p) — Argp| > | Arg(p — a) — Argp|

If | Arg(z —p) — Argp| > | Arg(p—a) — Argp| (see fig. 1), then, by (?7)
and (77),

B om (B—=90)m
_— = - X < — — =
5 5 5 < Arg(z —p) — Argp

= (Arg(z —p) — Arg(p — a)) + (Arg(p — a) — Argp) <
yr (a—y)m _am

_7‘1'—2 :23

and therefore z € K (p,0,a, 8,r). In the case
| Arg(z — p) — Argp| < | Arg(p — a) — Argp| (see fig. 2),

we have z € K4 (p,0,a —, 5 — §,r) and therefore z € K (p,0,, 5,r).
Consequently for both cases

K-F(pvav’yv 57 7’) C K.A,-([),0,0é,ﬁ,’f’) C C\D
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_(p00™ 0

Figure 2: The domain D, case | Arg(z — p) — Argp| < | Arg(p — a) — Argp|

Inscribe a disc with center at the origin into the set

K_(p,O,Cl{ _775 _5) nD
and find its radius R(p). Denote by y a point from 0K _(p,0,a —~, 3 —9)
such that
‘y| = dlSt<07 aK—(p7 07 Q& — 77B - 6))

Then, from the right triangle 0,y,p, we obtain R(p) = |y| = |p|sin %,

where ¢ = min{a — v, — d0}. Put
7'('

. P
R = R(p) = -
soblp i) = poiny

Then the disc B [0, R] is contained in K_(p,0,a —v,8 — ¢) N D for all
p € 0D. Thus B[0, R] C QF° for all D € A%,

Let us prove that it is impossible to enlarge the constant R in the last
inclusion. For this aim we find a domain Dy € A%# such that B [0, R] C
C Qz)’g, but for every € > 0

B[0,R+¢] ¢ Q5.

a) Let us begin with the case a,8 € (0;1), v € [0;a], § € [0;5].
Consider the simply connected domain Dy, 0 € Dy, bounded by the loga-
rithmic spirals
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. 1—a)m
la(p) = pei? ewte 55
A-B)m

ls(p) = peiee e S5 2 < p <0,

and the circle e
I(p)=pezt8 =2 e —g<p<m, ifa>p

or I(¢)=pe3ts P e, —m < p <, if a < B (see fig. 3).

Figure 3: The domain Dy, case «, 3 € (0;1)

We will consider the case @ > 8 only. The proof for a < 3 is analogous.
Let us check that Dy € AP, Note that m}j% Ip| = |la(0)] = |Ig(0)]| = p.
pe

Show that domain Dy is («, §)—accessible with respect to the origin. Take
p € 0Dg. Prove that the unbounded cone K (p,0,«, ) is contained in
C\ Dy. Denote by n(p) the outward normal to the domain Dy at the point
p if such a normal exists. Divide the proof into six cases.

al)Let p=1I,(p), ¢ € <0; g) . Then

T
Argp — Argn(p) = Argp — (Arg In () — 5) =



About planar («, 3)—accessible domains 9

= — arg (pei‘»oe@ tg (1_;)77 (Z + tg ))

1 s
=p—p—arctg ———— + = ——arctg<tg—>—|— =
tg% 2 2 2

By Theorem A, for such p we have K, (p,0,a, ) C C\Dy.
a?2)If p=13(p), ¢ € (po;0), where ¢ is the solution of the equation

(o) = lg(p0). Then

[k
2

™

Argp — Argn(p) = Argp — <Arg 123(30) _ 5) _

= p —arg <pewe_5”tg S (z —tg d=f —25)7r)> + g =

T
=@ — p — T+ arctg +§:——. (4)

g U=A)T (A=p)m 5)7T

Consequently, by Theorem A, K (p,0,«, ) C C\Dy.
a3)Let p=1(p), p € (—m;p0) U (g;ﬂ':| . In this case
K+(p, 07 «, 6) C K+(p, 0, 1, ].) C (C\D()

a 4) Consider

p=1 (9 = la (%) = pie’ 85T
Since argl/, (g) = g + %, argl’ (g) = 7 (here and below in a 5), a6),

b3), b5) we consider one-sided derivatives), and arg, [ (¢), argl(¢) are
monotone we get

K.;.(p,0,0é,ﬂ) - K+(p707 1, 1) - (C\DO
. am
a5) Let p =1,(0) = 13(0) = p. Since argl/ (0) = > and arglj(0) =

=7T— %T, then K (p,0,a,8) C C\Dg and for all e1,e5 > 0, £12+£22 # 0,

Ky (p,0,a04€1,84¢€2) N Dy # 0.

Moreover, both rays of 0K (p,0,a +e1, 8 + &) intersect the domain Dj.
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a 6) The last case is p = I(po) = l3(p0). Here argl’(po) = ¢o + g and

arg l,/6’(900> =@o+T— % Thus7 K—F(p?Oa Cl/,ﬁ) - K+(p7 0, ]-7 1) - (C\DO
Consequently K. (p,0,«a, ) C C\Dy for all p € 9Dy. Therefore Dy €
€ AP,
Now we will show that B [0, psin %} is the maximal disc, contained
) 5
in Q.
Let t € (0,1 — ¢). Fix

t
a* € OB [O,psinw] NK_(p,0,0+t,0+1),

such that Ima* > 0if o = f—§ and Ima* < 0 if p = a — v (see fig. 4).

Figure 4: Intersection Dy and K4 (p,a”,~,9), case a, 8 € (0;1)

Further we consider the case ¢ = 8 — d only, because the proof for the

case ¢ = a — 7y is analogous. Let us show that a* ¢ Qz)’g. By definition of

a*,
T

- (5)

Argp — Arg(p—a”) = (¢ +1)
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Denote by [ the ray, consisting of points w € 0K (p,a*,v,d), w # p, such

that
o

Arg(w — p) — Arg(p —a”) = ——-. (6)

By (??) and (?7?), for every w €[

Arg(w—p)—Arg(p) = (Arg(w—p)—Arg(p—a”))+(Arg(p—a*)—Argp) =
om (pt+t)m _ (ﬁ—i—t)W.

2 2 2

Consequently, [ is one of the rays of 0K, (p,0,a, 8 +t). As it was proved
above (see ad)) for every t > 0

I N Dy # 0.
Therefore a* ¢ Qz)’a. Since positive t is arbitrary, we obtain that
0
B [O, psin %]

is the maximal disc, contained in QF".

b) Let « = 0, 8 € (0;1), § € [0;5]. Consider the domain Dy C C,
0 € Dy, bounded by the logarithmic spiral

lo(p) = pe'® e P —5 <@ <0,
the circle
(o) = pef BT e, pe (—ﬂ, —g] u [0, 7],
%

] (see fig. 5). Show that Dy € A%F.

Let us prove that domain Dy is (0, 5)—accessible with respect to the
origin. Fix p € 0Dy. Show that K (p,0,0,3) C C\Dy.

b1)Ifp=1s(p), p € (—g;O) , then (?7) is true (see al)) and

and the segment [p; pe= e

K-l—(va?O?ﬂ) - K—ﬁ-(va?Oéaﬁ) C (C\DO

b2)Ifp=1I(p), ¢ € (—77; —g) U (0;7), then

K+(p,0,0,ﬁ) C K+(p,0, 1, ].) C C\DO



K. F. Amozova, E. G. Ganenkova

Figure 5: The domain Dy, case a =0, 8 € (0;1)

b3) Let p = 13(0) = p. In this case arglj;(0) = m — B—W In addition

arg lg(¢) is monotone. Hence, K4 (p,0,0,3) C C\Dy.
b4) Consider the case p € (p; pes '8 <1723)77) . By b3), we have

K-‘r(pa()?()aﬁ) - K-l—(p?()aovﬂ) - (C\DO

b5)Let p=1 (—g) =lg (—g) = —pie2 8 “="* Since
argl’ (—g) = 0 and arglj (—g) = (Q_Tﬂ)ﬂ - g,

and arglg(y) is monotone, we get
K-l—(pa 07 Ovﬁ) - K+<pa 07 17 ]-) - (C\DO
Summarizing everything proved above we obtain that K (p,0,0,8) C
C C\Dy for all p € 9Dy. Since, in addition, maig lp| = |15(0)| = p, we
pedlo

conclude that Dy € Ag’ﬁ.
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Let us check that B [0,0] = {0} is the maximal disc, contained in Q%g.
Suppose that for some r > 0

B [0,7] C QY.
Let zp € B [0,7] and Im 2y < 0. Then, by construction of Dy,
Ky (p,20,0,0) N Dy # 0,
see fig. 3. Since K, (p, 20,0,0) C K (p, 20,0,6), then
K (p,20,0,0) N Dy # 0.
Therefore, zo ¢ Q%g. This contradiction shows that
B [0,7] € Q%

for every r > 0.

¢) In the case f = 0, a € (0;1), v € [0;al, we consider the domain
Dy C C, 0 € Dy, bounded by the logarithmic spiral

(l—a)m

lo(p) =pe®e?™ = 0<p<

Y

N N

the circle

. (1—a)m

l(p)=per'® =" €% pe(-m0U [gW] :
and the segment [p; pez e S (see fig. 6).

Arguing as in case b), taking zp, Im zy > 0, we prove that Dy € A;"’O
and B [0, 0] is the maximal disc, contained in Q%’g.

d) Let « = 8 = 0. In this case, the class of (0,0)-accessible domains
coincides with the class of O-accessible domains and the class of starlike
with respect to the origin domains (see [11,12]).

Consider domain Dy = C\l, € A)", where I, = {pt,t > 1} . Then the
set Q%g consists of all points a € Dy such that K (p,a,0,0) C [, for every
p = p7, T > 1. Consequently, Q%g = {pk,k < 1} . Therefore, for all £ >0

B[0,e] € Q%) and [ Qf = {0}.
DeAY°
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e

1-a)r

‘__6_
™

Figure 6: The domain Dy, case o € (0;1), 3 =0

O
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