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UNIVALENCE OF HARMONIC FUNCTIONS,
THE PROBLEM OF PONNUSAMY AND SAIRAM, AND
CONSTRUCTIONS OF UNIVALENT POLYNOMIALS

Abstract. The criterion of the univalence of a harmonic map-
ping is obtained in this paper. Particularly, it permits to for-
mulate the conjecture of coincidence of the harmonic function
classes SY = S%(S) (the problem of Ponnusamy and Sairam), in
analytic form. The method of construction of the univalent har-
monic polynomials with desired properties, according to a given
harmonic function, is obtained by means of the univalence crite-
ria.
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1. Introduction. Let S be the class of all analytic and univalent

functions of the form f(z) = z + Zanz" in the disk A = {z € C :
n=2

|z| < 1}. The problem of determining a necessary coefficient condition
in this class was set up by Bieberbach [1]. It consisted of validity of
the inequality |a,| < n for each n € N (equality for the Koebe function
k(z) = z/(1 — 2)? and its rotations ky(z) = e"*k(ze")). The Bieberbach
hypothesis contributed largely to the origin and development of a great
number of ideas and methods in complex analysis. The full solution of
this problem was finally given by de Branges [2].

The theory of univalent harmonic functions began its active develop-
ment since the eighties of the previous century. Here the main object
of research is the class Sy of harmonic univalent and sense-preserving
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h(z) = i anz" and g(z) = i a_nz"
n=1 n=1

S with a; = 1 (see, for example, [3]). The class Sy is an analog of the
class S. For obtaining information about the functions Sy it is often con-
venient to have such information about the functions of the subclass S% C
C Sy, where S% = {f € Sy : a_; = 0}. This circumstance explains the
interest in studying S%. In [4] Clunie and Sheil-Small formulated the fol-
lowing conjecture (the problem about coefficients in S%): for all f € S%
and n € N, the inequalities

] < (2n+1é(n—|—1)7 o< (2n—1€)i(n—1)’ an—a<n (O

are true. A great deal of papers are dedicated to this conjecture. Particu-
larly, in the paper of Ponnusamy and Sairam Kaliraj [5] this conjecture,
together with some other results was proved for the subclass

S%(S)Y={f=h+geSY :h+e?%gecS for some ¢ € R}

of SY. Besides, in this paper the authors conjectured that S%(S) = S%,
whose prove would permit us to obtain the full solution of the coefficients
problems (1) of Clunie and Sheil-Small. In this paper the criterion of
univalency of harmonic functions (Theorem 1) is obtained. With the
aid of this, the criterion for functions belonging to S%(S) (Theorem 2)
is obtained and several examples are exhibited. Theorem 3 permits to
construct harmonic univalent polynomials for a given f € Sp.

2. The univalence criterion and the conjecture of hypothesis
of Ponnusamy and Sairam Kaliraj. The univalence criterion of an
arbitrary harmonic function in A of the form

f(2) =) (anz" +a_nz") (2)

will be obtained by analogy to Bazilevich’s [6] univalence criterion for
analytic functions:
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oo

Theorem A. [6] An analytic function f(z) = Z anz™ in A is univalent
n=1
in A if and only if for each z € A and each t € [0,7/2],

= sinnt sin nt
Z Up———2""1 £ 0, - ‘ =n.
— sint sint ) lt=0

Theorem 1. Harmonic sense-preserving function in A, determined by
the formula (2), is univalent in A if and only if for each z € A\ {0} and
each t € (0,7/2],

sint

g [(anz” —a_yzm)in ”t} £0. (3)

Proof. Let f € Sy. Then, for 21, 22(21 # 22) from A, we have

f(z2) — f(21)

2y — 21

£0.

Particularly, for z; = re®t # re¥2 = 2, r € (0,1), 0, € R, this is
equivalent to
fre'=) — f(re’)
reifz — peith B (4)

0o . . . .
o eznGQ - ezn01 e infe e indq
= E r An————F— + a_p, % 0.
n=1

cif2 _ ¢if cibz _ ¢ifs

Without loss of generality, we may assume that 6; < 6 < 61 + 7. Let

02 - 191 ‘92 + 91
t= € (0,7/2] and 0 = e R.
2 2

Then

. . ) . 95—0 )

infs _ ,ind in25-L _—in-2-°L int int
¢ ¢ _ piln—nf e 2 ¢ 2 pi(n—1)6 € €

eif2 _ i o 92;91 i 92;91 eit _ g—it ’
and

e—in92 _ e—z‘nel

cibz _ ¢ifs
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inby _ ,inb —i0y _ —i61 int _ ,—int

_[emnz—emti e e _ _—i(n-1)0€ € (_ —2i0)

= = 5 = S =e ———— (e .
etz — etth ez — etth et —et

Hence (4) may be represented as

o .
Z (apr™lein=10 _ a_nrnflefi(nfl)BefQiG)Slnnt 20
n=1 sint
which is equivalent to
= sin nt
a Zn—l —a_ 2n—16—2i9 0 5
,; {( " " ) sint 70, (5)

where z = re?® € A, 0 = argz, t € (0,7/2]. But (5) <= (3). Let us
note, that (5) is fulfilled for z = 0 as well, because |a1| > |a_1|, since f is
sense-preserving.

Let us next prove the inverse proposition. Suppose a harmonic function
(2) is sense-preserving in A and condition (3) is fulfilled. According to

the accepted designations this is equivalent to fulfilling of the condition
(4), i.e.

w £0 V2 =re' £ret® =2, re(0,1), 6, €R.

Thus f is univalent on any circle {z € C: |z| = r}.

The local univalence of the function f implies that df(A,) C f(OA,),
where A, = {z € C: |z| < r}. Then the assumption that f is not univalent
(but locally univalent) in A implies the existence of a disk Ag (a disk of f
univalence), in which f is univalent, but on 0A g there exist points 21 # 29
such that f(z1) = f(z2). This contradicts the univalence of f on the circle
{z € C : |z| = R}. This contradiction proves Theorem 1. [J

The following theorem represents the criterion of belonging of a func-
tion to the class S%(.9).

Theorem 2. Let f € SY. Define

sint sint

> sinnt > smnt
A:A(z,t):Zan —2", B = B(z,t) Z 2",

and

E = {(2,1) € (A\{0}) x (0,7/2] : |A(=,0)] = | B(=,1)]}-
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Then f € S%(S) if and only if there exists a ¢ € [0, 2n) such that
A(z,t) # —e’B(z,t) V (2,t) € E.

Proof. Let f = h+g € S%(S) and let it be determined by (2). According
to the definition, S%(S) > f if and only if there exists a ¢ € [0, 27) such
that h + e’?g € S. Theorem A implies that

- ¢

E (an + €' Sl?nz 2" # 0, for ze A\ {0}, t € (0,7/2],
S1

n=1

— A(z,t) # —€’B(z,t) V(z,t)€E.

This completes the proof. [

Corollary 1. Let f € S% and E be the set defined in Theorem 2. If
E =0, then f € 5%(9).

o0 . t
Remark 1. Denote q(z) = Z 51'nn z". Then

A1) = o o (g) 0OF Blart) = 5 /< X (g) 0O

Hence the statement of Theorem 2 may be represented by means of these
integrals.

Example. For a fixed R € (0, 1), consider the harmonic function f = h+g
in A, where

h(z) = and g(z) = k2%, k€R.

z
(1 — Rz)?
By means of Theorem 1 we determine for which values of k and R, f € S%.
Applying Theorem 2, let us show that for these values of parameters, the
function f € S%(S).

Firstly we need to determine, for which values of the parameters, the
function f is sense-preserving in A. The condition of sense-preservation
means the validity for any z € A of the inequality

1+ Rz

W] = |g'| = '
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which holds if

1+ Rz 1—Rr
= > 2|k|lr, Vrel0,1).
W G| T G e o AN Vel
: : 1 — Rr . :
Since the function —————— decreases with respect to r, the latter in-
r(1+4 Rr)3

equality gives
1-R

(1+R)3 ©)
The values of parameters for which the function f is sense-preserving in A
is determined from (6). Further, let the condition (6) be valid. According
to Theorem 1, f is univalent if and only if A(z,t) # B(z,t) (designations
from Theorem 2) in (A \ {0}) x (0,7/2]. Let us show that the equality
A(z,t) = B(z,t) is not possible. We see that

2[k| <

_ n nt _ e—znt
A1) = Z nh " 2isint
_ 1 ze' ze i _
~ 2isint | (1 — Rzeit)2 (1 — Rze—it)2|
Z(l _ 3222)

(1 — 2Rz cost + R?22)?

and B
B(z,t) = 2kz* cost.

Now we show that for ¢ € (0,7/2) and z € A\ {0}, the equation

2(1 — R?2?)

— 2kz2 cost .
(1 —2Rzcost + R?222)2 Z~ cos (7)

has no solution. It is sufficient to show that in (7) the absolute values of
the left hand and right hand sides are not equal. If

1— R222

2k| =
12k zcost(l —2Rcostz + R?22)?

= L(z,t),

then for some t,

2%| > L(z.t) = L(z.t) = L(—1.t) =
|2k | Ogll;pq (2,t) |g|nnl (2,t) = L(—1,t)
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- 1 - R? __1-R
~ cost(l+2Rcost+ R2)2 " (1+ R)3

for values of ¢ under consideration. Thus a contradiction with (6) is ob-
tained. Therefore, if the condition (6) is fulfilled, then all functions f
from this example are univalent. As shown above, |A(z,t)| # |B(z,t)|, in
(A\{0}) x (0, /2] and therefore the set E defined in Theorem 2 is empty.
Hence, for parameters’ values satisfying the inequality (6), f € S%(95).

3. Univalent harmonic polynomials are functions of the form
P = h+7, where h and g are classic polynomials in z. Generally speaking,
there is not much information about univalent harmonic polynomials than
about other functions from Sg (here we speak about univalence in A) (see
7).

For example, in a survey paper [8] the authors note: “Finding a method
of constructing sense-preserving univalent harmonic polynomials is ano-
ther important problem”. In the analytic case, Bazilevich [6] proposed
a method of construction of univalent polynomials, associated with a given
function from S. Further, his idea has been transferred to harmonic case
in Theorem 3. Moreover, unlike with analytic case, the proof will be con-
structive. Thus, Theorem 3 gives an opportunity to construct harmonic
univalent polynomials of sufficiently high power for any function f € S%.

Lemma 1. If f € S%,7r€(0,1), t 6 €R, then
f(rett) — f(ret®) S 1—7r [(1—-7\" 1 1—r\*
reit — rei® ~ dar \1+r 1+7r ’

where a(= ordSg) = SUD e gy, |az].

Proof. If f = h+ g € SY, then the linear invariance of the class Sy (see
[9]) implies that

F(z) = <?a)( ) ESH Va € A.

Let .
z+a it re't —a

1 —areit’
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From the affine invariance (see. [9]) of the class Sy, it follows that the
function

€ Sy, wherea_; = —(0) =
7, where a_; 82()

[F()I(1+ Jaza]) > [F(2) — a1 F(2)] > [(2)|(1 = Ja-a]?),

so that [F(2)] > [¢(2)|(1 — |a_i]). Since f € 8%, then 9L(0) = 0, i.c.
¢'(0) = 0. Since f is sense-preserving in A, we have |¢'(z)/h'(z)] < 1in A.
Therefore, according to Schwarz’s lemma, |a_1| = |¢'(a)/h'(a)| < r and

[F(2)] = [$()I(1 = 7). (8)

For any function ¢ = H + G € S and any 2z € A, one has [9]:

Ll (Y T <ot e G0 ey

2a 14|z (1+|2])

from which with regard to (8) we obtain

) ) 1 1— « )
ey = fre®)| 2 e 1= (1575 ) | == 2w 2
1—7r [(1—-7\" 1—1]2z[\“

> 1— 9
- 2« <1+T) [ (1—|—|z|> ]’ (9)
where : .
_ (el — ')
T 1o
. S 1—w
Denote by w = e = ¢!¢=¢) and ¢ = . Then
1—r2w
1-¢ 2r €11 —r?)
= < = < 1l —w|=—"—"——75-—".
w 1—7‘24', 0— ‘Z| T|C| = 1+T’27 ‘ ‘ |1_7,2d

Represent (9) as follows

f(reif)—f(rew)‘ . 1—vr (1—7~)“ [1_ <1—r\g|>°‘} 11— r%(|

- - >
reit — reid 200 \1+r 1+ 7|C| r|¢)(1—r2) —
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2 (i) [-050) ey
z=r[¢| € [0,2r/(1+r%)].

Define N
1 1—2z 2r
=—|1-— — .
uw w{ <1+xH’ xe{o’lﬂﬂ}

We show that u is decreasing on (0,2r/(1 +r?)). Then,

1—2z\*"' 2az 1—x\“
x2u'(:c)§0<:>( ) (——1+( ) <0

1+ 1+ x)? 1+

9 o [(1+x “
—2ar+1—2°<(1—2x°) . =
— T

< up(z) < ug(x), (11)
where
up(z) = In(1+20z—2%) and uz(z) = a(ln(1+z)—In(1—=2))+In(1—2?).
Note that u;(0) = 0 = u2(0) and

2(a — ) 2(a — )
/

= <

w (@) 14+2a0 — 22 = 1— 22

since (see [9]) 3 < a < 48,9. This proves the validity of (11) and hence
u(x) is decreasing on (0, 2r/(1 + r?)) and hence
1- (1 — T) 21 .
I+r

) () 2r 1+ 72

min u(z) =u =
z€[0,2r/(141r2)] 1472 2r

Then from (10) we obtain the desired inequality in Lemma 1. The proof

of the lemma is complete. [

= us(x),

In Lemma 2 below the estimates of coefficients of functions from S%
will be obtained. The estimates are not exact, but they are sufficient to
achieve the goal which we set up in this section (see Theorem 3).

Lemma 2. Ifa = ordSy, S% > f with series expansion (2), then the

following inequality is true:

(2¢%)°
2a

latn| < n®, neN.
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Proof. Sheil-Small [9] proved for f € SY the inequality

rol< e (1) -1 s

Hence for n € N and r € (0, 1),

L f)dz|
211 |z|=r §n+1

1 (1+7~)“ W)

] = 1—r 200

- 2ar™

The same estimate is also true for |a,|, n € N. In order to find a minimum
of the right hand side of inequality we find the point of minimum of the
function In(r):

2 2
N, PN e r o )
1—72 r n

(Ine(r))" =

Therefore, 7o = \/a2/n? + 1 — a/n is the point of minimum and

¢(T0)

lan| < o for all integer n,

where

w(ro) =

n (e}
a? o n a? o a? o
:<\/—2+1+—> [—<1+\/—2+1+—) <1+\/—2+1——>] :
n n 2a0 n n n n

Using inequality v/1 +x < 1+ /z, x > 0, we obtain

Introduce
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Then sup, o ¥(y) = 1, since limy, 10 ¥(y) < 1, limy, 1 ¥(y) = 1, and,
if ¥(y) has a maximum on the interval (0, oco) at the point yp, then

U’ (yp) = 0. This gives
1 1
In (1 + —) =
Yo L +yo

which implies that

Hence from (12) we have

(2¢%)*
2

[0}

P(rg) < (2n)°‘e2o‘ and |ay,| <

and the proof of Lemma 2 is complete. [

Theorem 3. Let f € SY and have the series expansion (1), o =
= ordSy, s = [« + 2], where [.] denotes the integer part of a number.
Let m € N, € € (0, (2¢%)%/(2c)) and

re <[1—(2€22L72)a}1/m,1) (13)

let N € N be so large that

1—
Tnr] {a(? +1In2)+1In(s!) — (s+1)In|Inr| —In(1 —7) —aln - :+
1—r)* In N [In7|
In4—1In|1- 2<N N < )
e 1= ()| rzem mew BE< gy
Then the harmonic polynomial
N N
P(z) = Z(Ckzk + cfkék) = Z(akrkzk + a,krkzk)
k=1 k=1
is univalent in A and moreover |ayy — cyi| < € forallk =1,... m.

Proof. Let us note that 2ae/(2¢2)® < 1 for the indicated values e. Hence
2ce

——— <1lfork=1,...,m.
(262]{3)0‘< or , ,m
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The function ¢(z) = (1 — x%(2ae)/(2¢*)*)* decreases on (0, 1], since

dl
%(m) < 0 for z € (0,1]. Therefore, ¢(1/k) < ¢(1/m) for each k =
=1,...,m, and (13) implies the inequality ¢(1/k) < ¢(1/m) < r. Hence
21\«
(1—7"’“)(2625) <e for k=1,...,m.

From these inequalities and Lemma 2 we obtain inequalities for the first
coefficients cyj, = r¥ay, of the polynomial P(z):

lasy — can| = lasr —Fayr] <e, k=1,...,m.
Let us verify, by the method of mathematical induction, that
|sinnt| <nsint V¢t e (0,7/2] and V n € N.

The inequality is true for n = 1. Assume that the inequality is true for
(n —1). Then

|sinnt| < |sin(n — 1)t|cost + | cos(n — 1)t|sint <

<sint[(n — 1) cost + | cos(n — 1)t|] < nsint.

Let us show under the hypothesis of the theorem that the polynomial
P(z) is univalent in A. For z € A, let us estimate the remainder Ry of
the series. We have

Nad sin nt (2e2)" &
|Rn| = Z [(anz” —a_pz™")r" S ] < - Z notipn
n=N+1 n=N+1

according to Lemma 2. By hypothesis, N|Inr| > 2sIn N > a + 1, and
1 1

therefore, N > &. But for z € &,oo , the function T'(z) =
| Inr| |Inr|

= 7%t 1r® decreases. Hence with the increasing values of n, the terms of

the series E n®tr™ decrease and therefore,
n=N

o0 o0

T(:l:)dmg/ x*r¥dx.

N

> e <

n=N-+1 N
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Integrating by parts successfully s times, we obtain

N

> NspN  gNs—LpN s(s — 1)NS_2TN slr
/ 2°r¥dr = + o
N | Inr| | Inr|? |Inr[3 [ Inr|s+!

Let us represent the condition N|In7| > 2sIn N of the theorem as r%> N* <
< 1. Hence VN7 < rN/2 for any j = 1,...,s. Taking into account these

inequalities, we have the estimate

(e @]
/ 2°ridr <
N

slpV/2 |Inr[*  |lnrls~! | In 7| N2 rN/2=1g)
~ |lnrjstl | sl (s—1)! 7 1! |Inr|stl’
Hence ) N2
2e°) pN/e— gl
Ry < 22 (14)

a |Inr[stt

From (14), Theorem 1 and Lemma 1 we obtain

sint

N sinnt
Z [(anz” —a_,Z2")r" }
n=1

> — |Rn| >

= sin nt
n_ Zny,.n

; [(anz a_nzZ")r o }

>1—7" 1—7r\" {_ 11—\ _(262)"‘7“N/2*13!_Q

~ da \1+47 1+ a |lnrstt

If now Q > 0, then the univalency of the polynomial P follows from
Theorem 1. The latter inequality is equivalent to

1—7r
1+4+7r

[a(2+ln2)+1n(s!)—(3+1)1n|lnr|—ln(l—r)—aln +

1— 2a
+1n4—ln{1—( r) H+2<N,
1+7r

| In7|

which proves Theorem 3. [

The proof of Theorem 3 implies the following result.
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Corollary 2. Let f € S% and f have the expansion (1), « = ordSy,
r € (0,1) and 0 # m € Z. Then the m-th coefficient ¢, = a,,r™ of the

univalent function
o0

frz) =Y (cnz" +c_nz")

n=1

may be replaced by c,, + A\, where A\ € C, and

1 — 1 — o 1 — 2c
N<—" (220 1- !
dajm| \1+r 1+

without loss of univalence.

Proof. According to Lemma 1,

o . 1— 1 « 1 _ 2c
Z [(anz” B anE”)T”SI,nm} > r ( r) i ( T) ‘
ot sint 4o 1+r 1+r

By Theorem 1, the condition of the univalence of the new function, ob-
tained by the variation of the m-th coefficient ¢,, gives

0 . .

S t S t
E [(anz” —a_pz2")r" l?n } + op™ 11'1m >0, z€ A\O, p=|z,
— sint sint

t € (0,7/2], where |o| = 1. It is fulfilled provided that

sin mt 1—7r (1—7\" 1—7r\%
A— < 1-— .
sint 4o 147 147
Hence it is certainly fulfilled if the inequality concerning |A|, from the
statement of Lemma, is true. [J
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