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Abstract. The objective of this paper is to obtain the sharp
upper bound to the Hz(p + 1), second Hankel determinant for
p-valent (multivalent) analytic bounded turning functions (also
called functions whose derivatives have positive real parts) of
order a (0 < a < 1), using Toeplitz determinants. The result
presented here includes three known results as their special cases.
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1. Introduction. Let A, denote the class of functions f of the form
F(2) = 2 4 a4 (1)

in the open unit disc F = {z : |z| < 1} with p € N = {1,2,3,...}. Let S
be the subclass of A1 = A, consisting of univalent functions.

In 1985, Louis de Branges de Bourcia proved the Bieberbach con-
jecture, i.e., for a univalent function its n'* coefficient is bounded by n
(see [1]). The bounds for the coefficients of these functions give infor-
mation about their geometric properties. In particular, the growth and
distortion properties of a normalized univalent function are determined
by the bound of its second coefficient. The Hankel determinant of f for
g > 1 and n > 1 was defined by Pommerenke [2]| as

Gnp ap41 - An4q—1
An4+1 An+42 e an—i—q
H,(n) = (2)
An+q—1 OGntq """ Gn42¢-2
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This determinant has been considered by several authors in the literature.
For example, Noonan and Thomas [3]| studied the second Hankel deter-
minant of areally mean p-valent functions. Noor [4] determined the rate
of growth of H,(n) as n — oo for functions in S with bounded boundary
rotation. The Hankel transform of an integer sequence and some of its
properties were discussed by Layman [5]. One can easily observe that the
Fekete-Szego functional is Hy(1). Fekete-Szegd then further generalized
the estimate |az — pa3| with real g and f € S. Ali [6] found sharp bounds
on the first four coefficients and sharp estimate for the Fekete-Szego func-
tional |y3 — t73], where t is real, for the inverse function of f for p = 1,
given in (1.1), defined as f~'(w) = w+ > .7, v,w™, when f € §T(a),
the class of strongly starlike functions of order o (0 < v < 1). Further
sharp bounds for the functional |azas — a3|, the Hankel determinant in
the case of ¢ = 2 and n = 2, known as the second Hankel determinant
(functional), given by

az as

HZ(Q): as aq

= G204 — a§7 (3)

were obtained for various subclasses of univalent and multivalent analytic
functions by several authors in the literature. Janteng et al. [7] have
considered the functional |azas — @3] and found a sharp upper bound
for the function f in the subclass R of S, consisting of functions whose
derivative has a positive real part (also called bounded turning functions)
studied by MacGregor [8]. In their work, they have shown that if f € R
then |asay — a3| < %. Motivated by this result, in this paper we consider
the Hankel determinant in the case of ¢ = 2 and n = p + 1, denoted by
Hs(p+ 1), given by

(pt1  Ap+2

Hy(p+1) = Gprz  Gpis

= Gp4+10p43 — a129+2- (4)

Further, we seek a sharp upper bound to the functional |ap+1ap4+3 — ag 4o
for the functions belonging to the certain subclass of p-valent analytic
functions, defined as follows.

Definition 1. A function f(z) € A, is said to be in the class R,(«)
(0 < a < 1) if it satisfies the condition

f'(2)

pzP~1

Re

>a, V z€FE. (5)
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1) If p = 1, we obtain Rq(a) = R(«), the class of bounded turning
functions of order a.

2) Choosing o = 0, we get R,(0) = R,, the class of p-valent bounded
turning functions.

3) Selecting p =1 and o = 0, we have R1(0) = R.

In the next section we give some preliminary Lemmas required for
proving our result.

2. Preliminary Results. Let P denote the class of functions con-
sisting of ¢ such that

oo
g2 =1+ezta e+ =1+ cz”, (6)
n=1

which are regular in the open unit disc £ and satisfy Reg(z) > 0 for any
z € E. Here g(z) is called a Caratheodory function [9].

Lemma 1. [10, 11] If ¢ € P, then |cx| < 2, for each k > 1 and the

. . . . 1+
inequality is sharp for the function $7=.

Lemma 2. [12] The power series for g(z) =1+ > ", ¢,2™ given in (6)
converges in the open unit disc E to a function in P if and only if the
Toeplitz determinants

2 C1 Co st Cn
c_1 2 C1 e Cn—l
Dn: C_o c_q 2 e Cn—2 , n:172’3,.,
Cn Coppl Copga o0 2

and c_j = Cg, are all non-negative. They are strictly positive except for
p(z) = 1 pepo(€*2), with >_}" | pr, = 1, ty real and ty, # t;, for k # j,
where po(z) = 1X2; in this case D, > 0 for n < (m — 1) and D,, =0 for
n>m.

This necessary and sufficient condition found in [12] is due to Cara-
theodory and Toeplitz. We may assume without restriction that ¢; > 0.
From Lemma 2, for n = 2 we have

2 C1 C2
D2 = El 2 C1
cy C¢1 2



48 D. Vamshee Krishna, T. RamReddy

On expanding the determinant, we get
Dy =8+ 2Re{cica} — 2|cal® — 4les]® > 0.

Applying the fundamental principles of complex numbers, the above ex-
pression is equivalent to

2c2 = cf +y(4 - cf). (7)
In the same way,
2 C1 Co C3
. [ 2 C1 Co
D3 N 52 51 2 C1
53 Co 51 2

Then D3 > 0 is equivalent to
|(4cs —4eqco —|—ci’)(4— cf) +c1(2¢9 —c%)2| <2(4- c%)2 —2|(2¢2 — c%)|2. (8)

Simplifying relations (7) and (8), we obtain

des = {c] +2c1(4 — )y — cl(d — D)y + 24 — ) (1 = [yI*)¢} (9)

for some complex valued y with |y| < 1 and for some complex valued
¢ with |¢| < 1. To obtain our result, we refer to the classical method de-
vised by Libera and Zlotkiewicz [13], used by several authors in literature.

3. Main Result
Theorem 1. If f(z) € Rp(a) (0 < a < 1) withp € N then

2p(1—04)]2

_ 42 <
apy1apy3 ap+2| > D+ 2

and the inequality is sharp.

For the function f(z) = 2P + ZZOZPH anz" € Ry(a), by virtue of
Definition 1, there exists an analytic function g € P in the open unit disc
E with ¢g(0) =1 and Reg(z) > 0 such that

f'(z) — pazP~!

o0 —ayert =9 & [1(5) —paztT = p(1 - )2 g(z). (10)
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Replacing f'(z) and g(z) with their equivalent series expressions in (10),
we have

fe'o) oo
pP~ L4 Z napz" "t — pazP~t = p(1 — oz)zp_l{l + Z ann}-
n=p-+1 n=1

Upon simplification, we obtain

p(1=a)zP" - (p+ Dap12” + (p+2)aps22? ™ + (p+3)ap32P 2 4. =
=p(l—a)P 1+ crz+ez? + 32’ +..]. (11)

Equating the coefficients of same powers of 2P, zP*! and 2P*2 in (11), we
have

p(l—a)a p(l = a)ey

" _ p(1 —a)es
p+1 pt2 P+ 2

S (12)

pt1 = and apy3 =
Substituting the values of a,11, ap+2, and a,43 from (12) in the functional

|aps1apr3 — a2 5|, after simplifying we get

|apr1apts — a?y+2| =

Tt 1§<z(ol+_2(;2)<p T3 [Pr 2 ac = PP+ 3]

The above expression is equivalent to

|apt1apta — a]2,+2| = t‘d16103 + dzcg’» (13)

where

_ p*(1—a)? B ) B
= i D rarpray T ) andde = =(p+1)(p+3). (14)

Substituting the values of ¢y and c3 from (7) and (9) respectively from

Lemma 2 in the expression |dicic3+ dgcg , which is on the right-hand side
of (13), we have

1
dicics + dzcg‘ = ‘dlcl X Z{C? +2c1(4— )y — (4 — )y*+

P20 = )1 )} + da x 3 +ld— )Y
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4‘d16163+d26§‘ = |(d; +dg)ct +2dici(4—c)C+2(dy +dg) 3 (4—c2)y—
— {d10%y2 + 2d161’y‘2C —da(4 — C?)yQ} (4 - C%)};

4‘d16103+d20§’ = |(d1 —|—d2)C%—|—2d101(4—C%)C+2(d1+d2)C%(4—C%)y—
— {(d1 + d2)cTy? + 2dye1 [y — Aday® } (4 — 7).

Applying the triangle inequality, we get

4\d1clc3+dzc%( < [(di+d2)ct+2dicr (4—cD)[C]+2(dy +d2)cf (4—cF) |y|+
+ {(d1 + d2)cTly* + 2dyca|yP[C] — Adalyl* } (4 — 7).

Using the fact that || < 1 in the above iequality, we obtain

4‘d10103 + dzcg‘ < [(dy +d2)et +2dycr (4 — ) +2(dy + da)cf (4 — )yl +
+ {(dl + dg)C% + 2d101 — 4d2} (4 — C%)|y|2{
Using the values of dy, ds given in (14), we can write

dl -+ d2 =1 and {(dl + dz)C% + 2d161 — 4d2} =
(16)
= +2pp+2)2a+4p+1)(p+3).

Substituting the values from (16) and value of d; from (14) to the right-
hand side of (15), we have

Aldreres + docd| < et + 20+ 221 (4~ ) + 234 - B)lyl+
+{d+2(p+2)2c1+4p+1(p+3)} (4 —D)y?|.

Consider {cf +2(p+2)’c1 +4(p+1)(p+3)} =
= [{er+ (0 +2)?)" = (Vo' + 855 + 2007 + 16p + 4| =
_ [cl + {(p+ 2)2 + (v/p* + 8p3 + 20p% + 16p-|—4)}] x
X

[ +{(p+2 (v/p* + 8p3 + 20p2 +16p+4)H
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Noting that (¢; +a)(c1+b) > (¢1 —a)(c; —b), where a,b > 0, and ¢; € [0, 2]
in the above expression, we obtain

{ci+2(p+2)%ci +4(p+1)(p+3)} >
> { —2(p+2)%c +4(p+1)(p+3)}. (18)

From expressions (17) and (18), we get

4‘d10103 + dgcg) < |c‘11 +2(p+ 2)201(4 — c%) + 20?(4 — C%)]y|—|—
+{cf =200 +2)’c +4(p+ D +3)} (4 -yl (19)
Choosing ¢; = ¢ € [0, 2], replacing |y| by p on the right-hand side of (19),
we obtain
4‘d10103 + d2c§’ < [ +2(p+2)%cd — P) + 234 — )p+
+{*—2p+2)%c+4p+1)(p+3)} (4 —)p*] =
= Fle,p), 0<pu=ly<land 0<c<2. (20)

Next, we maximize function F(c, ) on the closed region [0,2] x [0, 1].
Differentiating F'(c, u) given in the right-hand side of (20) partially with
respect to u, we get

Z_]/j =2[+{*-20p+2)°%c+4(p+1)(p+3)}p](4=c*). (21

For 0 < pu < 1, for fixed ¢ with 0 < ¢ < 2 and p € N, from (21), we observe
that g—F > (0. Therefore, F(c, 1) becomes an increasing function of p and
hence it cannot have a maximum value at any point in the interior of the
closed region [0,2] x [0,1]. The maximum value of F'(c, ) occurs on the
boundary i.e., when p = 1. Therefore, for fixed ¢ € [0, 2], we have

onax, F(e,p) = F(c,1) = G(e). (22)

Replacing p by 1 in F(c, ), it simplifies to
G(c) = —2¢* —4p(p + 4)c? + 16(p + 1)(p + 3), (23)

G'(c) = —8¢* — 8p(p + 4)c. (24)
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From (24), we observe that G'(c) < 0 for every ¢ € [0,2] with p € N.
Consequently, G(c) becomes a decreasing function of ¢, whose maximum
value occurs at ¢ = 0 only. From (23), the maximum value of G(c) at
c = 0 is obtained to be

Gma:c = G(O) = 16(]) + 1)(]7 + 3) (25)

Simplifying expressions (20) and (25), we get
dycies + dgcg‘ <4(p+1)(p+3). (26)

From relations (13) and (26), along with the value of ¢ in (14), upon
simplification, we obtain

2p(1—04)]2_

p+2 (27)

apr1apts — a?)+2| < [
By setting ¢; = ¢ = 0 and selecting y = 1 in the expressions (7) and
(9), we find that co = 2 and c3 = 0, respectively. Substituting the values
c2=2,c3=0,and do = —(p+1)(p+3) in (26), we observe that equality
is attained, which shows that our result is sharp. For the values cy = 2
and ¢z = 0, from (6) we derive the extremal function given by

1+ 22
=1422424+ ... = .
g(z) +22° 4+ 22" + 0

So that from (10), we have

f'(2) — pazP~! 9 4 1+ 22
=142 2 = .
p(1 —a)zp—1 ter e 1— 22

This completes the proof of our Theorem.

Remark 1. Ifp=1and o = 0 in (27) then |asas—a3| < 3; this coincides
with the result of Janteng et al. [7].

Remark 2. If p = 1 in (27) then |agas — a3| < M, this result is

same as that of Vamshee Krishna and RamReddy [14].

Remark 3. Ifa = 01in (27) then |ap+1ap+3_a127+2| < [1%

coincides with the result obtained by Vamshee Krishna and RamReddy

[15].

2
, this result
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