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ON WEIGHTED GENERALIZED FUNCTIONS
ASSOCIATED WITH QUADRATIC FORMS

Abstract. In this article we consider certain types of weighted
generalized functions associated with nondegenerate quadratic
forms. Such functions and their derivatives are used for con-
structing fundamental solutions of iterated ultra-hyperbolic equa-
tions with the Bessel operator and for constructing negative real
powers of ultra-hyperbolic operators with the Bessel operator.
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1. Introduction and main definitions. The weighted generalized
functions associated with nondegenerate indefinite quadratic forms con-
sidered in this article are necessary for construction of the ultra-hyperbolic
Riezs potential with the Bessel operator. Riezs potential with the Bessel
operator and other operators with the Bessel differential operator are very
interesting subjects with many applications (see, for example, [1]-[9]).

We deal with the part of the Euclidean space

R::{x:(xh RN ,l‘n) eR,, z1>0,... ,$n>0}.

Let {2 be finite or infinite open set in R;,, symmetric with respect to each
hyperplane z;=0, i = 1,....,n, Qy = QNR T and O, = QNR ;" where

Rif={z=(21,...,2,) €R,, 2,>0,...,2,>0}.

We have Q, CR} and O, CR .

We consider the class C°°(£24) consisting of infinitely differentiable on
24 functions. We denote the subset of functions from C'*°(€2) such that
all derivatives of these functions with respect to x; for any i = 1,...,n are
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continuous up to z;=0 by C>°(Q,). A function f € C*°(Q) will be called
. . .o 92kt .
even with respect to x;, 1 = 1,...,n if ST = 0 for all nonnegative
¢ lz=0
integer k (see [10], p. 21). Class C2(24) consists of functions from
C>=(Q ), even with respect to each variable z;, 1 = 1,...,n. Let (o;’gq‘j(ﬁjL)
be the space of all functions f € C*°(); ) with a compact support. We will

call elements of (7 % (Q, ) test functions and use the notation C Q) =
= D1 (24).

We define K as an arbitrary compact in R,, symmetric with respect
to each hyperplane z;=0, i = 1,....n, K, = K NR}. A distribution u
on Q is a linear form on D (€2 ) such that for all compacts K, C Q,
constants C' and k exist and

u(f)l<C S sup DS, feCTKL),

la| <k

where D¢ = Dgl..Dg™, o = (ai, ..., ), a1, ...,y are integer nonnega-
tive numbers, D, = ia%j, 1 is imaginary unit, j = 1,...,n. The set of all
distributions on the set Q4 is denoted by D', () (see [10], p. 11 and
[L1], p. 34).

Multiindex y=(71,...,7,) consists of positive fixed reals v; > 0,
i=1,..,n and |[y|[=y1+... 47, Let L7(Q21), 1 < p < oo be the space
of all measurable in 2, functions even with respect to each variable z;,
1 =1,...,n such that

n
/]f(a:)\p:c7da:<oo, aﬂ:Hxi%.
3, i=1

For a real number p > 1, the L) (€24 )-norm of f is defined by

1/p

3@ = / F@)Pads
Q4

Weighted measure of 2y is denoted by mes,(2) and is defined by
formula

mes, (24) = /x”dx.
Q4
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For every measurable function f(z) defined on R we consider

iy (fot) = mes, {z € R} : |f(x)| >t} = / xdx
{@: [f(@)[>t}F

where {z : |f(z)| > t}T={z e R} : |f(z)| > t}. We will call the function
Ly = piy(f, ) & weighted distribution function |f(z)].

A space LY (£24) is defined as a set of measurable on 2, and even
with respect to each variable functions f(z) such as

I fllz ) = esssup, [f(z)| = inf {p,(f,a) =0} < oo.
Z’EQ+ a€Q+

For 1 <p < oo the L) ,,.(Q2) is the set of functions u(z) defined almost

everywhere in €2y such that uf € LJ(Q24) for any f € (Oj’gq‘j(ﬁjL) Each
function w(z) € L], .(24) will be identified with the functional u €

1,loc

€ D/, (Q4) acting according to the formula

(w ), = [uo) f@)a7 de, o =[]l feOR@®D. )

Ry

Functionals v € D', (Q4) acting by the formula will be called reqular
weighted functionals. All other functionals u € D’ (Q4) will be called
singular weighted functionals.

2.Weighted generalized functions concentrated on the part
of the cone. In this section we consider weighted generalized functions
0, (P) concentrated on the part of the cone and give formulas for their
derivatives.

Generalized function 4, is defined by equality (by analogy with [12] p.
247)

(64,0)y = (0), @(x) € K.

For convenience we will write
52090 = [ 8, (a)ola)ads = o(0).
R
Let p, geN, n=p+q and

P=2P—|a"P=al+..+a)— 2oy — . — Topy
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where 2=(x1, ..., x,)=(2/, ") ERY, 2'=(x1, ..., xp), ¥ =(Tps1, e, Tpiq)-

Definition 1. Let €D, (R;) vanishes at the origin. For such ¢ we
define generalized function §-(P) concentrated on the part of the cone
P=0 belonging to R} by the formula

(0(P), )y = /(%(Iﬂfi'l2 — 2"} ()27 da. (2)

If the function €D, (R ;}) does not vanish at the origin then (6, (P), )~
is defined by regularizing the integral.

Lemma 1. Let p€D, (R;) vanishes at the origin, p>1 and ¢>1. For
0, (P) the representation

oo
1 el
6(PLe), =5 [ [ [etswsitads,ds,ds @)
0 5Fsf
holds true. In (3) w=(w',w"), w'=(w1,...,wp)ERY, W'=(Wps1, ..., Wpsq)E
n
€ RS, n=ptq, |W'|=|w"|=1, w'= ][] w}", dS, and dS, are elements of
i=1
surface area on the part of the unit sphere

SH={uw' eR} :|w|=1}  Sf={w" eR]:|u"| =1},

respectively. For the k-th derivative (keN) of 6, (P) we have

(87 (P), )y = 7 [(2_15 %)k (r, 8)s0+1"1-2

0

rp+|7/|_1dr, (4)

S=Tr

where )
P(r,s) = 5//¢(rw’,sw")w7d5pd5q. (5)
St sF

Proof. Let us transform to bipolar coordinates defined by

L] = TW1, ey Tp = TWp, Tpt1 = SWpt1, .oy Tptq = SWptq, (6)

r=/r+ ... + 22, s:\/x§+1+...+x§+q,

where
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W =/wi+.. Fw2=1 = \/w12,+1+...+w12)+q:1.

We obtain

56

(05(P), p(x))y =

:////57(7“2—sz)gp(rw’,sw”)rp+w/|18‘”'"’”1w7dSlde(11d7“ds.

0 OS;rS;r

Now let us choose the coordinates to be r? = u, s> = v. In these

coordinates we have

(6,(P), 0) = }17 7 [ [ ortu= et it E

0 OS;SZF

o148, dS dudv = ~ /// (Vow)v ™ 2" 27 dS, dS,dv.

0 S+S+

Returning to variable s by the formula v=s2, we obtain .
Now we prove the formula . After the change of variables by @

and r2=u, s>=v in (6" (P), ¢), we get

(5P / / [ [ Zeuto - ot v«

0 05+S+

B 1y T _1w7dSpdSqdudv:////dy(v—u)x

0 OS;'S;'

k 1" ’
_1)k p+ |~ k a+ly"’
_ i> ///uz'—lm [%w(ﬁw',ﬁw”)vB—l} dS,dS,du.
v

v=Uu
0 8558

Returning to variables r, s and using notation we obtain (4. This
completes the proof of Lemma 1. [J
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Remark 1. Similarly, we can get the formula

o0 k
(5§k>(p),90)7:(—1)k/ [(%%) 1/}(7“,5)7“”“7/'2] st 1=1gs. (7)

0

r=Ss

Remark 2. Noticing that when k=0 formulas and are equivalent
to the formula (3)) we will examine intergals and at keN U {0}.

Let ¢€D, (R}). Assuming that the function ¢ vanishes at the origin
we have that integrals (4]) and (7)) converge for all k € NU{0}. If the func-
tion ¢ does not vanish at the origin then integrals and converge

< p+q+|7|—2 > p+q+|7 —2

only for k . In this case for k we will consider

the regularization of and ( . denoting them (5( 1(P) and 5( )( P), re-
spectively. So using the expression . ) for p > 1, ¢ > 1 and k:EN U{0} we
have

+oo
rp+|7/|_1d7*, (8)

(851(P), ¢)y = / [(%%)kw(r,s)sqﬂv”lﬂ]
0 s=r

[(27‘ 8r> Y(r, s)rp+|¢|_2]
(9)

The integrals and @ converge and coincide for k < % and for
> pEatly|=2
= 2

(692(P), ) )k s1H =145,

o\+

=S

these integrals must be understood in the sense of their

regularizations.
2.Weighted generalized function P$‘7+. Let n=p+q, p>1, ¢>1 and
P(x)=ai+.. 42, —x2,  —..—x,,,. Hereand further let € D, (R}).

. . . )\
We define the weighted generalized function P37, by

Pioh= [ P (10
{P(x)>0}+
where {P(z) > 0} ={z e R} : P(z) >0}, A e C.
Weighted generalized function P,;\, 4 and its derivatives are used for

constructing fundamental solutions of iterated B-ultra-hyperbolic equa-
tions of the form L%u = f(z), keN, z€R,, z;>0, i=1,..,n
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where Lp is B-ultra-hyperbolic operator (see [9] and [13]-[15])

Lp = By +..+By,—B B

Tpt+1 Tno

B, 8x2 +;Z e is the Bessel operator, v;,>0, i=1, ..., n.

It should also be noted that negative real powers of an operator Lp
called generalized B-hyperbolic potentials (see [16]) are constructed using
function Pj‘ +- Let us find singularities of (P7 +,¢)y. For this purpose
we transform ( . to bipolar coordinates @ and using notation . for
integral . we obtain

P§\+a //7“ — )M (r, s)rP 1= ga = g, (11)

: 2 2 :
We now make change of variables u=r*, v=s* in (11)):

(7+, //u—v W (u, v)u ptly| 1, atly”| 1 gud,

where 91 (u,v)=1(r, s) when u=r?, v=s2.

If we write v=ut then we obtain

(P, )y = / A0 ), (12)
0
where
1 1
Z/ 1= M1 (u, tu)d, (13)
0

The formula shows that P,;\, + has two sets of poles. The first con-
sists of poles of ®(A,u). Namely for t=1 function ®(\, u) has singularity
when

A=—1,-2,....,—k,... (14)

in which ®(\,u) has simple poles with residues

_ 1 (_1)k—1 8k—1 atly =2
AiekaD(A,u) T4 (k—1)! ath—1 g Yulu, tu) t=1 (15)
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Moreover integral has poles at the points

nthyl nthl | nthi

A= —
2 2 T 2

—k, ..., (16)

where n =p+q, v = (7,7"). Wherein

1 ok n+ |y
A _ _ _
N By = gar® ( 2 ku

(17)

u=0

We have three cases. The first case is when a singular point A belongs
to the first set , but not to the second (16)). The second case is when
singular point A belongs to the second ut A#£—k, keN. And the
third case is when A\ belongs both to the first set and the second
set . Let us now study each case separately in the following three
theorems.

Theorem 1. If \=—k, k € N and n + |y|eR\N or n + |y|eN and

n + |y|=2k — 1, k€N and also if n+|vy| is even and k<%|7| the weighted
generalized function P7’\7 1 has simple pole with residue

1\k
s Py = ) 1s)

Proof. Let us write ®(\, u) in the neighborhood of A = —Fk in the form

Do (u)

N u) =7

+ P\ u), Do(u) = /\Eeskfb()\, u),

where function ®1(\, u) is regular at A=—k. We obtain

1 [ ynin T
(P o)r=3rg [ 219 () u+/u (A, w)du. (19)
0 0

The integrals in are regular functions of A at A=—k. Therefore
(P§\ +>¥)~ has a simple pole at such a point and using we have

A _( 1)k_1 %M—k—l ok—1 q+\2v”| _1
Jes (P, ¢)= et ) Sph [t Y1 (u, tu)} _ du
0

(20)
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If in we get tu = v then we may write

(=D)F=Y 9 e Nl
res P o) = [v 2 U, U 2 du,
A= ( Vot (P) 4<k—1)' Ovk—1 1( ) v=u
0

(21)
where the integral is to be understood in the sense of its regularization
for K > 5. We now make the change of variables u = r? and v = 5% in
and have

x k—1 1 ’
(5(k: 1) %/ |: 0 q+\“/ | 11/J1(U U):| uerl)w leu, (22)
0

k— 1
v v=u

where )
wntu) = 3 [ [ v, Vi yuds,ds,
Sp Sq
Formulas and imply . For k > & integral in is to be
understood in the sense of its regularization. In the case when n—+|y|€R\N

or n+|y|€N and n+ |y|=2k — 1, k€N regularization of the integral in
is defined by analytic continuation. This proves the desired result. [

Now we study the case when the singular point A is in the second
set (16), but not in the first (14). If )\:—%M—k, k=0,1,2,..., and
n + |7|€R\N or n + |y|eN and n + |y|=2k — 1, k€N, then function

®(\, u) is regular in the neighborhood of A=—"51 n+|7| —k. Therefore function
(P7 +,¢)y will have a simple pole with re&due given by ( .

Before proceeding to the expression of the residue res (Pv)\ +P)
A=—rntlol ’

through derivatives of function ¢(z) at the origin we will obtain one useful
formula. Consider the B-ultra-hyperbolic differential operator

82 Yi 8

‘o Or; w0z

LB - B’yi + eee +B»y1/7 - B’yzlal+l — B "oy B’Y

Tp+q
Applying an operator Lpg to quadratic form
P(x):x%—k...—i—xf,—xf,ﬂ—...—:1:12,+q, n=p+gq, p>1, g>1

we obtain

LpP 1 (2)=4(A+1) <A+ J;M) Ma). (23)
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Theorem 2. Let n+ |vy| be not integer or n+ |y|€N and n + |y|=2k — 1,
keN. When p+ |y'| is not integer or p+|v'|€eN, p+|y'|=2m—1, meN and

q+17"| is even weighted functional PV)"Jr has simple poles at )\:—%M—k,
keNU{0} with residues
oy T
P}, = =1 Lk6, (x).
N TR B T T T (m—zm n k) 50(7)
If p+|y'| is even then weighted functional P} | is regular at \=— "ZM —k,

keNU{0}.
Proof. We first consider )\:—%M. Using formula we can write

1
/ S q+|~r ldt—
0

T <Q+|27”|> T (_ ”+2|’Y| + 1)
, . (24)
T (_P+2|’Y | 4 1>

From the last formula we can see that if p+|4/| is even then

res (P,f‘Jr, ):<I>( ”4’2’7’ )

__n+lv|
A=— 2

= $41(0,0)

res (P,i‘#, ©)=0.

—__ ntlv]
A=——5—

Now assume that p+|7’| is not integer or p+|y'|€N and p+|y'|=2k—1,
keN and g+|v"| is even. We have

$1(0,0) = 4(0,0) = (0) / /w”dspdsq = (0)|ST (P)l[ST (@),

ST ST
p q (25)
where
p / q 7"
(%) ()
|51 (p)] = 2;_—11r c2) 151 (a7 = 22_—11r (=) (26)
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(see [1], p. 20, formula (1.2.5)). After some simple calculations, we obtain

__ ntly]
A=——%—

res (Pi‘&,cp)v: — : ) ©(0).

Also we have

res P,;\Hr:(_l) © =l 0y (). (27)

Using Green’s theorem and formula we derive

(p(@) L P (@)] - PP (@) [Lpp(e)]) «da = O,
{P(z)>0}+
therefore

1
Py = G0+ DA+ 1+ 1))

(Pfi\,ﬁ—v (P';\,——tla LB@)’V' (28)

Then k-fold iteration of leads to

PMF Lk
(P, o) Pt L)y (29)

22k(\ + 1)... (A + k) <A+%’”'> (A+%’”'+k—1>

Consequently

A _ Atk k
res - (Pri,@)y = res o (PR7 Lpp),x
A=—nthl g A=—ntl_ g

1

X
n+t| n+|vl
22k (A+1)...(A\+k) ()\+ 2”‘) ()\-1- aal —|—k;—1)

b
— v+ || k
A= 5

and

Ak Tk _ Ak
res  (P7LY, Lpp)y = 1es (P, Lpp)y.
N M
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Therefore if p + |4/| is even this residue vanishes. If p + |7/| is not integer
or p+ [7'|€N and p + |7/ |=2k — 1, k€N then (27) gives

n

at|y"’| H F(%;q)
res (P’\ )y = (1) = U

A=— ’”‘H’Y| —k ’77+7 SD v 2n+2kk!

- 2

) (L0y (), ).

This completes the proof of Theorem 2. [J

Theorem 3. If n+|v| is even and p + |y'| and q + |y’| are also even,
keNU{0}, then function P$,+ has a simple pole in )\:—%M—k with
residue

ntlvl g q (2 b k-1
[(_1) 2 +h 155,1 )
+ k)

res P

vY,+
n+
)\:,Tl"ﬂ,k T <"+2|

(P)+

1
ol

a+1y'l n

+(_2kkj EP <%;1> L%(SV(CE)]'

If p+|+'| and g+|~"| are not integer or p+|v'|, g+|7y"|€N and p+|y'| =
=2m —1, q+|y"|=2k — 1, m, k€N then function P7’\7+ a pole of order two

at Az—%m—k:. Coefficients c(_k2) and c(_kl) of expansion of function Pj‘, I

in Laurent series at A = —%M — k are expressed by formulas
n+|v| —1
©) 1 [ ntl g (2 k1) (—1)2
) = (—1) s (P)+ 2«
n+|v| v 22k |1
r (250l 4 k)

L (557 (5575) (0 (557) (57 o]

N}
3
+
[\
bl
=
=)
}1
I
3
+
=
_l_
o
~——
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Proof. Let n+|v| be even and )\:—%M—k, keNU{0}. We express this
(P7>‘7+, ¢)~ in the form

1 T n+\w\ _ T
(Pﬁj"Jr, go)ﬂy:)\—% u™M Ldg(u u+/u (A, u)du, (30)
0 0
where ®g(u)=  res  ®(A\ u) and ®1(\, u) is a regular at /\:—%M—k:

n+
A=— 2|’Y\_k

function. By virtue of the proposal each integral in may have at

)\:—%M—k a simple pole therefore function (P§\ +,¢)y may have a pole

of order two at A=—"t_k In the neighborhood of such a point we

may expand P7>\7 . in the Laurent series
\ C(/~€2) (k)
P = — + — + ...
o 2 n+[y|
nt|| A+ S+ +k
(A + 0+ k) st

Let us find c(_kl), c(_kQ) We have

T ntlyl 1
g = e [ = 50 0)
A=—ntll g
If k£ =0 then c(_O% = ®(0). According to (13)

1
@0():—¢100 res /1—t -l

A= n+|v\
0

r (%) T(A+1)
=11(0,0) res ~ :
A=—25al4r (A + 4 1)

Considering that 41 (0,0)=0(0)|S{ (p)],/|Sy (¢)|,» where [S} (p)], and
1S ()|, were determined in we obtain

(%, ), =

nt]y| +1v'1 g+l
(=1) = +1B<p2 ) ) 7( !
7w+ 1Y)

— ym sin 5 \Sf(p)H/‘Sf(Q)H”SO(O)-
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When p + |7/| is even (in this case ¢ + || is also even) we have * ) =0

_ n+ty|
2

i.e. function (P}, ), has a simple pole at A\ = . If p+ |7/ is not

integer or p + |7/'|€N and p + |7/|=2k — 1, k€N then

As well as in Theorem 2 we obtain that if p+|y’| and g+|y”| are even then

function P}, has a simple pole at X = ”BM k. If p+|y'| and g+|7"| are
not integer 0rp+|’y |, ¢+|7"|eN and p+|y'|=2m—1, ¢+|7"|=2k—1, m, keN

then .
in 7T(pwzlv’l) [IT (%;rl)

(k) _ ntivl g i=1 k
= (=1 2 L%6 .
C_9 ( ) o2k | T <n_|_|,2y|+k> B 7(1?)

Let’s find c(_kl) We have

oo

(B, ) = / w1 B () dut

0

o0
+ res /u>‘+n+zh| —1p, (—%M — k:,u) du.
A=—2thl_p)

Since ®g(u) = )\resk@()\,u) then using the formulas and we

obtain

o0

ntlyl
—1)—2 tk-1 ntlyl g
[t auan= D >(6§,12 Pe)g)
Y

) F(My4+k—1

Thus

oo

res u>‘+n+2w_1¢> _n—l— 7] —ku)du=
)\:_n'ﬁ-z\"/l_k. ! 2 ’
0

1 ok d, (—%M — k,u)
TR ouk
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ntlvl g et |y
and o) (=1) > TE‘ '+k_1)(P) +a®),
r (%’”' Ty 1) ’
For k = 0 we obtain
n+
(00, ), = ®, (— 2”',0) |
In order to find @, (— "2'7‘ ) 0) we consider ®(\,0). Using (24 and

we obtain
rov+n) T (457
q)(A’O):SD(O)QnF <p+2|,y|>r +q+|,y//| + >

Taking into account the formula I'(1 — z)I'(z) =

we can write

sin ()\ + %W”') r <_>‘ B %) Zl;lll—‘ (%TH)
®(2,0) = sin T\ p+|v] _ #(0).
T (2 r-n)

If p+|7'| and ¢+|y"'| are even then

sin T ()\—i—%w)

lim —(-1)"=,
Ay — sin T\
hence function ®(\,0) is regular at )\:—%‘7' and

n+ |y n+ |9l
o (- =3 (-
()= (-

. HF(

at+y"] =

(@) = () F = TEE) +||) #(0).

whence

If p+|+'| and g+|v"”| are not integer or p+|y’|, ¢+|v"|€N and p+|y'|=2m—1,
q+|Y"|=2k—1, m,keN then ®(A,0) has a pole at A\ = ——”’LM, In this case

(@, 0)y = @4 (—ngh‘,o): _q) 11—[ <%+1>
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“in (%W) (¢ <p+2|v’|> — (n+2|7|>>

where 9(z) = 1;/(5)). We obtain

X

with a value

atir] vi +1
o=(-1) > []T ( 5 )
=1

if p+|7'| and g+|y”| are even. If p+|y'| and g+|y”| are not integer or
p+[Y'], ¢+[7"|€EN and p+[y'[=2m—1, g+|y"|=2k—1, m,kEN then

il g T i+1 '
0= (-1) E HF (%) sin (%Tf) X
i=1

p+I1\ _ (n+]
X (1/1 ( 5 WY 5 .
(kl) for arbitrary k, we again use the formula

Finally, in order to obtain c’”
(29). This proves the desired result. [J
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