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Abstract. We consider Orlicz spaces of differential forms on a
Riemannian manifold. A Riesz-type theorem about the func-
tionals on Orlicz spaces of forms is proved and other duality
theorems are obtained therefrom. We also extend the results
on the Holder-Poincaré duality for reduced Lg p-cohomology by
Gol’dshtein and Troyanov to Le ;,&;;-cohomology, where ®r and
&1 are N-functions of class Az N Va.
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Introduction. This article is devoted to the study of the dual spaces
of Orlicz spaces of differential forms on an oriented Riemannian mani-
fold X.

L,-theory of differential forms on Riemannian manifolds has been the
subject of many papers and several books since the beginning of the
1980s. In 1976, Atiyah defined Lo-cohomology for a Riemannian manifold
and initiated various applications of Lo-methods to the study of noncom-
pact manifolds and quotient spaces of Riemannian manifolds by discrete
groups of isometries. The Ls-cohomology of such manifolds was studied
by Gromov, Cheeger—Gromov and others (see, for example, [2] 3} 12]). In
the 1980’s, Goldshtein, Kuz'minov, and Shvedov defined the L,-de Rham
complex on a Riemannian manifold M for arbitrary p € [1, c0] and began
to investigate its cohomology, which they called the L,-cohomology of M;
they obtained many results concerning the density of smooth forms in L,
(see, for example, [5]); the nontriviality and the Hausdorff property of L,-
cohomology on important classes of manifolds (see, for instance, 7,8 17]),
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duality for L,-related spaces of differential forms and the induced duali-
ty for L,-cohomology in [6]; compactly-supported approximation of L,-
forms (see, for example, [16]). In studying the asymptotic invariants of
infinite groups and manifolds with pinched negative curvature, Gromov
and Pansu also considered L,-differential forms and [,-simplicial cochains
(see [12 [18 [19]). Gol'dstein and Troyanov obtained deep results about
the Lg,-cohomology of Riemannian manifolds for ¢ # p in [9} [10} [11].

Like Orlicz function spaces, the Orlicz spaces L® of differential forms
are a natural nonlinear generalization of the spaces LP. Orlicz spaces of
differential forms on domains in R™ were first considered by Iwaniec and
Martin in [13] and then by Agarwal, Ding, and Nolder in [1] (see also
[4,14]). In [13], Iwaniec and Martin established a Riesz-type theorem for
an Orlicz space of differential forms on a domain in R™. Orlicz spaces
of differential forms on a Riemannian manifold were apparently first exa-
mined by Panenko and the author in [15], where de Rham regularization
operators were introduced and studied for Orlicz spaces of differential
forms.

We prove a Riesz-type theorem for Orlicz spaces of differential forms
on a Riemannian manifold and then, using it, describe the dual spaces of
Orlicz—Sobolev-type spaces of differential forms, thus generalizing the re-
sults of Gol’dshtein, Kuz’'minov, and Shvedov obtained in [6] for LP-related
spaces. The so-obtained results are applied for establishing the Holder—
Poincaré duality for the reduced Orlicz cohomology of X, which extends
the Holder—Poincaré duality for L, ,-cohomology proved by Gol’dshtein
and Troyanov in [11].

The structure of the article is as follows: In Section 1, we recall the
main notions and necessary properties of Orlicz function spaces. In Sec-
tion 2, we give the definition of Orlicz spaces of differential forms on a Rie-
mannian manifold. The Riesz-type theorem for Orlicz spaces of differen-
tial forms (Theorem 3.1) is the contents of Section 3. Then, in Section 4,
we examine the structure of the dual spaces to some L®-related spaces
of differential forms. Finally, in Section 5, we establish a theorem on the
Poincaré duality for the L4, 4,,-cohomology of an oriented Riemannian
manifold (Theorem 5.8).

1. N-functions and Orlicz function spaces.
Definition 1.1.

A function ® : R — R is called an N -function if

(i) @ is even and convex;
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(ii) ®(z) =0 <=z =0;
(iii) lim 22 = o
z—0
An N-function ® has left and right derivatives (which can differ only
on an at most countable set, see, for instance, [20, Theorem 1, p. 7]). The
left derivative ¢ of ® is left continuous, nondecreasing on (0, o), and such
that 0 < p(t) < oo for t > 0, ¢(0) =0, tli{rolO ¢(t) = oo. The function

P(s) =inf{t >0 : p(t) > s}, s>0,

is called the left inverse of .
The functions ®, ¥ given by

|| |z|

ba) = [, W) = [

0

are called complementary N -functions.
The N-function ¥ complementary to an N-function ® can also be
expressed as

U(y) = sup{zly| — ®(z) : 2 >0}, yeR

N-functions are classified in accordance with their growth rates as
follows:

Definition 1.2. An N-function ® is said to satisfy the As-condition for
large x (for small x, for all x), which is written as ® € Ay(o0) (P € Ay(0),
or ® € A,), if there exist constants xg > 0, K > 2 such that ®(2z) <
< K®(x) for x > xg (for 0 < x < xg, or for all x > 0); and it satisfies
the Va-condition for large x (for small x, or for all x), which is denoted
symbolically as ® € Va(00) (® € V2(0), or ® € V) if there are constants
zo > 0 and ¢ > 1 such that ®(z) < 5-®(cx) for x > zo (for 0 < z < o,
or for all x > 0).

Henceforth, let ® be an N-function and let (2,3, 1) be a measure
space.

Definition 1.3. The set L® = L*(Q) = L®(Q, %, i) is defined to be the
set of measurable functions f : 2 — R such that

pﬂﬂ:/ﬂﬁw<w

Q
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Definition 1.4. The linear space

L* =L%(Q)=L*(Q, %, pn) =
={f: Q — R measurable : pg(af) < oo for some a > 0}

is called an Orlicz space on (2,3, ).
The corresponding Morse—Transue space is the space

M® = M*(Q) = Me(, 3, 1) =
={f: Q — R measurable : pg(af) < oo for all a > 0}.

For an Orlicz space L® = L®(, %, i), the N-function ® is called A,-
reqular if ® € Ag(oo) when () < oo or & € Ay when u(Q2) = oo or
® € Ay(0) for p the counting measure on countable 2.

Let ¥ be the complementary N-function to ®.

Below we as usual identify two functions equal outside a set of measure
Z€ero.

If f € L® then the functional || - || (called the Orlicz norm) defined
by

1o = I/l o = sup{' / fgdu‘ pwlg) < 1}
Q

is a seminorm. It becomes a norm if p satisfies the finite subset property
(see [20} p. 59]): if A € ¥ and p(A) > 0 then there exists B € X, B C A,
such that 0 < pu(B) < oo.

The equivalent gauge (or Luzemburg) norm of a function f € L® is
defined by the formula

| f
Iy = oy =int{ k>0 = pa (£) <1},

This is a norm without any constraint on the measure p (see [20, p. 54,
Theorem 3)).
We will need the following familiar assertion (see [20, item (ii), p. 57]):

Lemma 1.5. Let
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be an increasing sequence of nonnegative measurable functions in the Or-
licz space L® () (2, X, ) is a measure space) and let f,, — f a.e. Then

2. Orlicz spaces of differential forms. Let X be a Riemannian
manifold of dimension n. Given z € X, denote by (w(z),f(x)) the scalar
product of exterior k-forms w(z) and 0(z) on T, X. This gives a function
z— (w(x),f(z)) on X.

Let ® : R — R and ¥ : R — R be two complementary N-functions.
Denote by L®(X, A¥) the class of all measurable k-forms w such that

polw) i= [ B(w(o))dux < oc.
X
Here dux stands for the volume element of the Riemannian manifold X.
We will identify k-forms differing on a set of measure zero.
Given a (not necessarily orientable) Riemannian manifold X, introduce
the space L?(X,A¥) as the class of all measurable k-forms w satisfying

the condition
pa(aw) < oo for some a > 0.

The corresponding Morse-Transue space M QI>(X S AR ) is defined as the
class of all measurable k-forms w such that

pa(aw) < oo for all a > 0.

Obviously, L®(X, A¥) ¢ L®(X, AF).
As in the case of Orlicz function spaces, the space L®(X,A*) is en-
dowed with two equivalent norms: the gauge norm

. w
Jollw =int{ & > 05 pu(52) <1

and the Orlicz norm

Jells = supf | [ wte), 000)) dus| 0 € E¥(x %), pu(e) <1}

As in the case of function spaces, it can be proved that L (X, A¥) endowed
with one of these norms is a Banach space.

Obviously, the gauge norm of a k-form w is nothing but the gauge
norm of its modulus function |w|. The same holds for the Orlicz norm
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([15] Lemma 2.1]). Moreover, similarly to the case of Orlicz function
spaces (|20, Proposition 10, p. 81]), we have

Lemma 2.1. The Orlicz and gauge norms of a k-form w € L*(X,A¥)
can be calculated by the formulas

lwlo = o= sup /(w(ﬂf)ae(a?))dux‘
0eM¥ (X,A*), 4
10]] (wy <1
and
i) =To = sup /(w(x)ﬁ(x))dux‘-
0eM¥ (X,A*),
lofe<t = X

Proof. For 6 € M"Y (X, A¥) with ||0]|(¢) < 1 we have

] [ duX] / (@) 10 ldux <

< swp \ / |w<x>rg<x>dux' T
yEM‘P(X),X
llgll ey <1

The last equality here holds by [20, Proposition 10, p. 81].
Thus,

S, = sup
0eM¥ (X,A%),
61wy <1

/ (w(w)ﬁ(w))dux‘ < Il -

On the other hand, let (g, )men be a sequence of functions in MY (X)
with |[gm[|(w) < 1 such that

/’W(l’)\gm(ﬂf)d/ubx — || |w] ||lo as m — .

Since

/ w0(@)lgm(@)dpx| < / w0(@)lgm(@)ldux < |l 1« s,

X X
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we also have
[ t@llan (@i = [[1o] o as m - .
X
Consider the sequence (0,,)men of k-forms 6,,, defined by

O (z) = {’gm(x)’% if w(x) #0,

0 otherwise.

Then [[6,0]l () = llgm ]l < 1 and

/(w(@»@m(x))dux = ‘/ !w(x)\lgm(w)ldux‘ = [[wllle
X

X

as m — o0o. Therefore,

[wllle < sup
oeM¥ (X,A%),
101l oy <1

/ (w(w)ﬁ(x))dux‘ = Jwlle.

Thus, we get the desired equality for the Orlicz norm.
For the gauge norm, the equality ||w||(s) = [||w]||(s) is obvious, and
one must only prove that

T, = |[|w|ll(®)

which is done in the same manner as for the Orlicz norm with the use of
[20, Proposition 10, p. 81]. O

Below, when this does not lead to confusion, we use the abbreviations
L = (L% [ - la), L™ = (L ]| - ll@));

M® = (M| lle), M@ = (]| ||@)).

3. The Riesz theorem. Let X be an oriented n-dimensional Rie-
mannian manifold.
For a k-form w on X, let *w be the Hodge dual of w (an (n — k)-form).
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The bilinear function

(w.0)= [wno (1)

X

defines a pairing between L®(X,AF) and L(")(X,A*) (and between
L®)(X,A*) and LY(X,A*)). The integral on the right-hand side of
exists because
WAl = (=1)"""F(w,0)dux,
(w0, #0) x| < [l 0l = ] flx.

Hence, we obtain two versions of the Holder inequality:

[{w, ) < llwlle 10wy (2)

and
[(w, )] < lwll (@) |0 w- (3)

Assign to each form 0 € L") (X, A"~*) the functional

Fy(w) = /w AG. (4)

X

By and , we have
[Fo(w)] < [lwllolOll(wy;  [Fo(w)| < [lwll(a)[|0]w- (5)

Theorem 3.1. If ® is an N-function then the correspondence 0 +— Fy
yields isometric isomorphisms

o)

L)X, A"F) S (M2 (X, AR LY (X, A F) S (M®) (X, AR

Proof. Let us prove the first isomorphism.

By , | Fo]| < ||0][(wy. Show that an arbitrary continuous func-
tional F € (M®(X,AF))" is representable uniquely in the form (4). Let
h:V — R" V C X be a local chart of X and let U be an open set
with compact closure clx U C V; then U is endowed with two metrics:
the metric p of the Riemannian manifold X and the metric p induced
by h from the standard metric on R™. It is not hard to see that the
L®-spaces (M®-spaces) of k-forms on U L®(U, A*, p) and L(®)(U, A¥, p)
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(M® (U, A*, p) and M(®) (U, A¥, p)) corresponding to these metrics coin-
cide and have equivalent norms. Making use of the Riesz theorem on
the general form of a linear functional on the function space M®, we, in-
volving the coordinate representation of differential forms, conclude that
every functional f € (M®(U, A*, p))’ is uniquely representable in the form

f(a) :/omef, 0 € LY (U, A"k p).
X

By the equivalence of the norms in M® (U, A*, p) and M® (U, A*, p), the sa-
me holds for functionals in M® (U, A¥, p). Therefore, for '€ (M® (X, A¥))’

and an open set U with compact closure, there is a unique form 0y €
€ L™)(U, A" %) such that

F(w):/w/\QU for every w € M® (U, A¥).
U

Given two sets U; and U, as above, the forms 6y, and 0y, coincide
on U; N Uy by the uniqueness of 0y,ny,. Thus, all forms 6y defined for
different U agree with each other and thus define an (n — k)-form 6 on X.
The form 6 belongs to L) (X, A"~*) locally, satisfies the condition

F(w) = /w NG for all w e M®(X,A¥) with compact support,
X

and is defined by this condition uniquely.

Consider a compact set Y C X. Let g € M®(X) be a function with
compact support contained in Y having ||g|l¢ < 1. Let 8, be the k-form
on X defined by the formula

sy [V 00 i € and o) 20
’ 0 otherwise.

We have

F(By) = /BgAe_ 1)k(n— k>/ (z) 2))A0(z) = /g(x)|9(m)|dux.
Y

Y
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Since ||g||e < 1, this gives

/ 9(@)|0(@)|dpx | = |F(8,)| < |F).

Y

Hence, using Lemma 2.1, we obtain

161y lwy = 1161y [Nl cw) = sup /g(w)lﬁ(x)ldux < [IF]]-
geMT(Y); llglle<1 |J,

Let Y C Yo C --- C Y,, C --- C X be an exhaustion of X by
compact sets and let 6, be the restriction of 0 to Y,,. Put f,, = |0.n].
Then the sequence { fi, }men satisfies the conditions of Lemma 1.5. Since
| fmll(wy < [|F]|, the function n%gnoo fm = 10] lies in LY)(X), and so 0 €

e LM(X,A"*) and
101wy = Tim {10l cw) < [[F]]- (6)

The functionals F and Fy coincide on the set of forms in M?® (X, A¥)
having compact support, which is, as in the case of Orlicz function spaces,
dense in M® (X, A*). Thus,

Flw)=wAb
for all w € M®(X,A¥). Combining and @, we infer that ||Fp|| =
= [0l cw)-

Let us now establish the second isomorphism

o)

LY(X,A"F) = (M®)(X, A%)).

Let F € (M(®(X,A*)). Then, as above, we see that there exists
a unique (n—k)-form 6 belonging to LY locally that satisfies the condition

F(w) = /w A0 for all w e M®) (X, A*F) with compact support.
b'e

Using Lemma 2.1, we verify in the same manner as for || - ||y that, given
any compact set Y C X,

101y le < I FI.



Orlicz spaces of differential forms 67

Because of the inequalities

1Ny < - e <2 ),

we have
101y [ oy < [|F]].

Taking an exhaustion Y7 C Yo C --- C Y,, C --- C X of X by compact
sets, we as above conclude that § € LY.

Now, the functionals F' and Fjy coincide on the dense set of forms with
compact support in M(®) (X, A*) and hence on M(®)(X,A*). By Lem-

ma 2.1,
IFl = [Fol = sup /we\ — 6.
X

0eMY (X ,A%),
10]] (2) <1

The theorem is completely proved. []

4. The dual spaces to L®-related spaces of differential forms.
Throughout this section, X is an oriented smooth Riemannian manifold of
dimension n and (®1, ¥1) and (P2, Us) are pairs of conjugate N-functions.

Introduce some spaces of differential forms.

For A € {L,M} and (®;) € {®;,(P;)}, denote by A?@1>’<©2>(X) the
space A®1(X, AF) @ A®2(X, A**1) with the norm

1, D)l @1y @2y = llallq@ry + 18]l ()

Given (o, 8) € M(]€<I>1 y(X) and (w,0) € LP=F—L (X)), where

)5 (P2 ) 0
< _ (W) if (@) = @,
" {‘I’ it (2) = (@),
we put
(0 8), (,0)) = (~1)" (@ 6) + (B.w). )

Theorem 3.1 implies that the pairing defines an isometric isomorphism

k ! ~ n—k—l
<M<<1>1>,<<1>2><X)) :L<\I’2>7<\IJ1>(X)

Moreover,

[((a, B), (@, )] < [[(ex, B) (@1, @) - (w0, D)y 7y
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A differential (k + 1)-form 6 € L{ (X, A*™!) on X is called the weak
exterior differential (or derivative) of a k-form w € LL (X, A¥) (which is

loc
written as dw = 0) if,

/eAu:(—l)’““/w/\du

X X

for any u € D"~*~1(X), where D!(X) is the set of smooth I-forms on X
with compact support included in Int X.
Let ®; and ®5 be N-functions. For 0 < k < n, put

W,y (@) (X) = {w e L (X, A%) © dw e L1®2) (X, Ak+1)} .
This is a Banach space with the norm

“WH<q>1>7<q>2> = HWH<‘I’1> + Hdw“<¢’2>

From now on we assume that ®;,®5 € Ay N Vs, and hence also
U, U, € Ay N Vs

If ® € Ay NV5 then, as is well known, the spaces L® and M? coincide
and hence, by Theorem 3.1, the space L?® is reflexive. Thus, there is no
need in the spaces My ,. We will often assume that the space QIZ%), (®3) (X)

is embc'added in LI<€‘P1>15<‘1’2> (X) by identifying a form « € Q’;¢1>7<¢2> (X) with
the pair (a, da) € Lig,y g,y (X)-
Given a subspace H C LI<C<I>1 By)? denote by H' the annihilator of H

in L%%(X ) with respect to the pairing . Since this pairing satisfies
2/ 1

(e, 8), (w,8)) = (=1)*" =D ((w,0), (a, B)),

there is no difference between the pairings between L’(€<I>1) <q>2)(X ) and
n—k—1 n—k—1 k
L@,@(X) and between L@7W(X) and L<¢)1>’<¢)2>(X).

The definition of Q’fq)l)’(%)(X) implies that

k —(OQn—k—1 1 q n—k—1 n—k—1
Put Q<¢1>’<¢2>’0(X)—(Q (X))-. Since D (X)CQ@,@()Q’

we have QIZ%)’(%),O(X) C Qk@),(@z)(X).
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: n—k—1
Observe that if QI<€<I>1>,<<I>2>,0<X) = Q](ibl),(%) (X) then Q@,W,O(‘)Q =
_ on—k—1
N Q(‘I’2>,<‘1’1>(X).

Lemma 4.1. The following hold for ®1,®5 € As N Vs:
(1) Smooth forms constitute a dense set in Q?¢1>7<¢2>(X).
(2) Smooth forms with compact support constitute a dense set

in g,y (22,0(X)-

Proof. Item (1) stems from the only theorem of [15] about the properties
of the de Rham regularization operators in Orlicz spaces of differential
forms. Prove (2). Denote the closure of D¥(X) in L, ) (6,)(X) by D*(X).
Then, by [21, Theorem 4.7],

DR = (D)) = (25 (X)) = ) sy o(X).
(]

Lemma 4.2. If &;,95 € Ay NVy and a form w € Q]Z%) <¢>2>(X) has
k
compact support then w € Q@l)’(%)’O(X).

Proof. Suppose that w € Q]@Pl),(%)(X) has compact support. Assume
first that 6 is a smooth (n — k — 1)-form. By Lemma 4.1, there exists
a sequence {w;} of smooth forms with compact support such that w; — w
in norm as j — co. Then

(w,dw), (0,dw)) = lim ((w;, dw;), (8,d0)) =

j—o0
= lim [ [(-1)*w; AdO+dw; AO] = lim d(w; AO) =0. (8)
J]—00 J—00
X

The last equality in is due to the Stokes theorem. Now, let 6 be
an arbitrary form in Q%%(X ). By Lemma 4.1, there is a sequence
2/ 1

{6,} of smooth forms converging to ¢ in norm as j — oco. Then

(W, dw), (8, dw)) = lim {(w, dw), (8;,d8;)) = 0.

j—o0

Thus, § € Oy g, 0(X). O

(W2),(W1)
nuous linear functional on L?¢1>’<¢2>(X) and hence on Q?¢1>7<®2>(X) and

Each pair of forms (w,0) € L% ____(X) defines by a conti-
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Q’Z’¢1> (®,),0(X). On the last two spaces, this functional is defined by the
formula

F(a) = /[(—1)’“04/\9+d0¢/\cu]. (9)
X
Theorem 4.3. If &, € Ay NV, and V,,V¥y are the correspon-

ding complementary functions then any continuous linear functional on
QI<€GI>1>,<GI>2>(X) (on QI<C<I>1>,<<I>2>,O(X)) can be represented in the form

A pair of forms (w, ) defines the zero functional on Q’f(bl)’(@z)()() (on
Qlf@l),(%),o(X)) if and only if w € Q?\P]; <\11/ o (X) and 0 = dw (w €

n—k—1 _ .
Q@m(X) and § = dw). The norm of the functional @ on

Q]<6¢1>,<¢>2>(X) (on Q ®1),(®2),0 ( )) has the form

. n—k—1
|FIl = inf {10 + dBll gy + lw + Bllzgyy B € kol (%)}
On— k

3 . 1
(171 = int {110 + dBllggry + o + Bliggy : B € Qi to(x)} ).

Proof. In accordance with [21, Theorem 4.9], if H is a closed subspace
in a Banach space Y then Y'/H+ = H', where the isomorphism is induced
by the canonical pairing between Y and Y’. Therefore,

(V0 (X)) = LEEL(X) / ( o). <<1>2>< )) -

= / 1>0 X);

k T k L
<Q<@1>,<¢2>70<X)> _L<\p2),<\pl>(X) (Q(<I>1>,(<I>z>,0(X)) -

_ rtn—k-—1 n—k—1
=L (X) Q@@()Q i

Theorem 4.4. If &1, P, € Ay N V5 and ¥y, ¥y are their complementary
N-functions then the dual of the space Q’fq,l) (@) (X) is isomorphic to the

completion of D"~*(X) with respect to the norm

] :inf{||w+d«9||m+||9||@ : 9epn—k—1(X)}. (10)
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This isomorphism is given by the action

(,w) = (=1)F [ aAw. (11)

VI (X,AnTR) = LR (X)) de-

Proof. Consider the embedding j : L (W2, (01

fined by j(w) = (0,w). Let

L=kl (X)) ok X /QML X
) = Ly ) /gy oK)

be the canonical projection. It is not hard to see that m o j is a monomor-
phism. Since the set S = {(w,0) : w € D" *1(X),0 € D" *(X)} is
dense in L"—*~L__(X), n(9) is dense in L7—F"1 >(X) Qﬂ_lﬁ (X).

(W2 > <‘I’ ) (Wa), (¥ (W2),(¥1),0
Let w € D" *~1(X), § € D" *(X). Since (w,dw) € Q?\I/]z (11; o (X), we

have 7(w,0) = 7(0,0 — dw) = 70 j(0 — dw). Hence, the set wo j(D" %) is
dense in L"F7L__(X) /QML (X). Moreover,

(Wa),(W1) (P2),(¥1),0
||7TO]( n 1 n 1 =
<ﬂz2k> X )/ <qf2k> cw1y.0l
. n—k—1
— inf {Hw +dfllrgs + H9H<%> L fe Q@MW(X)} .

By Lemma 4.1(2), the set D" ~%~1(X) is dense in Q"—*"L__ (X). Hence,
(W2),(¥1),0

I 0 j(w)

nkl n—k—1 -
Q
Ly X )/ 7y, 7,0 K

- inf{]|w+d0||@+ 10llwgoy : O € Dn—k—l(X)}.

Thus, the space L?\p k> (31/1> (X) /Q%%’O(X) is isomorphic to the com-

pletion of D"~*(X) with respect to the norm . Now, in view of [21]
Theorem 4.9], if H is a closed subspace in a Banach space Y then (Y/H)' =
= H*, where the isomorphism is induced by the canonical pairing be-

/
/ n—k—1 n—k—1 _
tween Y and Y’.  Thus, (1;%> () Q@,mio(X» -

i
= <Q?\;2’“>7_<‘1111>70(X)> = Q’f¢)1>7<¢)2>( ), and the first claim of the theo-

rem is established.
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Further, since

(@ da), 0.0)) = (-1 [an

X

the form a € Q’f@ﬂ <%)(X) acts at the forms 7 o j(w), w € D" ¥(X), by
the formula

(7 0 j(w)) = (—1)F /a Aw.

The theorem is proved. []

5. Holder—Poincaré duality for Lg, 3, -cohomology. Let X be
an oriented Riemannian manifold of dimension n.
Given N-functions ®; and ®;;, consider the spaces

ZF@IH(X) ={we L@II)(Xa Ak) :dw = 0};

BZC(bI),((PII)(X) - {w 6 L<q>II>(X’Ak) :
w = df for some § € L'®0 (X, AF=1)}.

—k .
Denote by Bg, (s,,)(X) the closure of B’&,I)’@M(X) in
L% (X, A*). The quotient spaces

k 7k k
H<<I)[>,<q>[]>(X) T Z(@[[>(X)/B<¢'I>,<<I>II>(X>

and . i
_ ok _

H gy @) (X) =205, (X)/Ba,), @) (X)
are called the kth L,y (,,)-cohomology and the kth reduced L,y (®,,)-
cohomology of the Riemannian manifold X, the latter cohomology being
a Banach space.

If &; = ®;; = @ then we use the notations Q'f@(X), Hé“@)(X), and
—k . —k
H 4,(X) instead of le‘P%@)(X)’ H?@,(@)(X)’ and H gy (g)(X) respec-
tively. Thus, the Lg)-cohomology H é‘ib)(X ) (respectively, the reduced
L (g)-cohomology ﬁ]z@(X )) is the kth cohomology (respectively, the kth
reduced cohomology) of the cochain complex {Q’{@(X ),d}.
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The kth interior reduced L(g,y (»,,)-cohomology of a Riemannian ma-
nifold X is the Banach space

- k B~y T
H<<I>I>7<<I>II>7O<X) = Z<¢’I>,<¢'II>7O(X) /de 1(X) )

where dD*—1(X) is the closure of dD*(X) in L{®11)(X, A*) and

y = Ok k+1 e e @
Z@”’@”W(X)_Ker{dﬂ@m@m—>Q<¢,I>,<¢,I>}“D’“(X) R

Thus, a k-form 6 belongs to Zéf%),(@u),o(X) if and only if 0 €

€ L®1)(X,A¥), df = 0, and there is a sequence is a weakly closed forms
0; € D*(X) such that

10; — 0/ (@,y — 0 and [|d0;]|(s,,) — 0 as j — oo.

The quotient (semi)norm on each of the above-introduced cohomolo-
gy spaces depends on the choice of the norm on L®’ and L®/* but the
resulting topology does not.

From now on, we assume all N-functions under consideration to belong
to AQ N VQ.

In [I1I], Gol'dshtein and Troyanov realized the kth L, ,-cohomology
as the kth cohomology of some Banach complex. Here we apply this
approach to L(g,) (a,,)-cohomology.

Fix an (n + 1)-tuple of N-functions F = {®q, ®1,...,P,} and put

O5(X) = 9§, 0, (X); QUr)(X) = Qi) (@) (X)-

Use the unified notation QIZH(X) for Q% (X) and Qé“]_.) (X). Since the

weak exterior differential is a bounded operator d : QIZH (X) — QIZ;; (X),

we obtain a Banach complex
0= Q5 (X) = QUpry(X) = = Qg (X) = - = Q5 (X) =0,

The L r)-cohomology H@E) (X)) (respectively, the reduced L ry-cohomology

ﬁ]zﬂ (X)) of X is the kth cohomology (respectively, the kth reduced co-
homology) of the Banach complex (Q7,, d).
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The above-defined cohomology spaces H <kf> (X) and H]Zﬂ (X) in fact
depend only on ®;_; and Pg:

k _ k
Hir (X) = Hfy, ) (0,)(X) = Zln,y () [ Bla, ) 0,
—k —k
H 7y (X) = Hig, ) (a,)(X) = Zig,)(X /B<<1>k_1>,<d>k> :

Denote by Qlfﬂ o(X) the closure of D*(X) in QIZH(X)' The interior
reduced L ;)—cohomology of X is the reduced cohomology of the Banach
complex

—k —k S
H 7y o(X) = Higyy0p,1),00X) = Ziny (@r19.0(X) /de_l(X).

The dual of an (n + 1)-tuple of N-functions F = {®g, ®y,...,P,} is
the (n+1)-tuple F/ = {¥y, ¥q,..., ¥, }, where ¥;, and ®,,_ are comple-
mentary N-functions for all k. Henceforth, we assume all N-functions to
belong to the class Ay N Vs.

Fix an (n + 1)-tuple of N-functions F = {®g, P1,...,P,} and let
"= {Vy, ¥y,...,¥,} be its dual (n + 1)-tuple. For —1 < k < n,
introduce the vector spaces

Pley (X) = Ly oy (X) = LI (X, AF) @ LT (X, ARH)

(here L{®x) (X, AF) = 0 for k = —1,n + 1). If (o, B) € Pz (X) with
o € L (X,A*) and B € L{®++1) (X, A*1) then Pz (X) is endowed
with the norm

(e, Bl ) = llall@ny + 1Bl @nrs)-
Let dp : ”Pé“ﬂ(X) — Péi.,'_f)l (X)) be defined as
dp(a, B) = (8,0).

The so-obtained Banach complex (PZ‘H(X ), d’])) has trivial cohomology.

Lemma 5.1. Let F = {®, Pq,...,P,} bean (n+1)-tuple of N-functions
and let 7' = {¥g,¥q,..., ¥, } be its dual (n + 1)-tuple. Then the spaces
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Pfﬂ (X) and PZL]_:I;_]‘(X) (here, as above, the bar changes the type of the

norm) are dual with respect to the pairing

((@8). @) = [ (Dfanw+pns). (12)
X
Lemma 5.1 easily follows from Theorem 4.3.

Lemma 5.2. The operators

4 PEHX) = Piy(X) and d: Pl (X) = Pl (X)

are adjoint.

Proof. If (o, ) € P%(X) and (w,0) € P?f_f_l(X) then

<Mm5»Wﬁ»:«@mm%m>=/k4ﬁﬁAa

X
((a, ), d(w, 0)) = ((a, B), (0,0)) Z;B/\H- O

Put

hr o(X) = {(w, dw) € Plry(X) : we QWO(X)} .

Clearly, these spaces form Banach complexes ¥z (X) and X7y o(X)
which are isomorphic to 2z (X) and Qry o(X) respectively.
Introduce the following quotient complex of PW(X ):

Aizr(X) = PigzlX) [ Bz

What was said above implies:
Proposition 5.3. The graded vector space A?;ﬁ(X ) possesses the fol-

lowing properties:

(1) A%(X) is a Banach space with respect to the norm

I, 0)la = it { o + plizgy + 10+ dpligry }-
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(2) Alzil)( ) is dual to Z? >k '(X) with respect to the pairing .

(3) The differential dp : 73%( ) — 73?; 1 (X) induces a differential

k k+1 . :
.,4(]__, (X) — AU"’ (X) and (.AW(X),dA) is a Banach com-

pleX

(4) The operators d 4 : AIZ;—})( ) — Alzf,>(X) and dy : E?}-f x) -

Z?ﬂk (X)) are adjoint up to sign with respect to the pairing | .

Examine the cohomology of the Banach complex (.AZ‘ 75 (X)(X),da).
If we put

7k (A* (X)) Kerda : Abzs(X) = ALEL(X)

7 )

and

B (i) = Imda (455

=k * k *
and denote by B <A<]__/>(X)> the closure of B (AU”)(X)) then the

cohomology and the reduced cohomology of Az"f—,)(X ) are the spaces

H (A (X)) = 24 (Ai5(0) /B (47750
1 (A0 = 24 (4750 /B (Ai5(0)

We will need the following assertion [11, Lemma 3.1]:
Lemma 5.4. Let I : Yy x Y7 — R be a duality between two reflexive
Banach spaces. Let By, By, Ay, A1 be linear subspaces such that

By CAy=B} CYy;, By CA =By CY.

Then the pairing I : (Ag/Bo) x (A1/B1) — R (with the bars standing for
closures) is well-defined and induces duality between Ay/Bgy and A;/Bj.

Lemma 5.5. The pairing induces a pairing between the reduced
cohomologies of A’ij(X) and X7 (X).

Proof. We have

B¥ (A (X)) € 257 (At (X)) = (B H (25 (X)) € AZE(X)),
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and, similarly,

Tm d ™+ € Kerdl ™ = (Imd¥?) " C ZPR(X),

where the equalities are due to the fact that dyx, and d4 are adjoint ope-
rators. It remains to apply Lemma 5.4 with X, = A*=L and X; =

(7
= Y5(X). O

Lemma 5.6. The reduced cohomology of the Banach complex
(A%O(X),df\) is isomorphic to the interior cohomology of X up to

a shift:

—k — .
HFy(X) =2 H ! <AW(X)> :

The isomorphism is induced by the mapping j : Z. é“f,% 0( ) — 73?;,1( ),

3(8) = (0, B).

Proof. Every element in .A%(X ) is represented by an element (o, 3) €
Pf}_é( ) modulo Z%’O(X); thus, (a, ) and (a1, 1) represent one

element in .A%(X) if and only if « — a3 = w and g — B; = dw, where

we XL (X)),

(F),0
Further, («, 8) € Pff;/l( ) represents an element of Z*~! (A?]__,>(X))

whenever dp(a, 8) = (8,0) € EIZF> 0(X), that is, 8 € foilm(X) Thus,

k=1 ( g _ k-1 _ ko k=1
Similarly, («,[3) represents an element in B*~! <Az‘}_7,>(X )> if there is
(7,0) € Pres(X) with (o, 8) = da(y,0) = (4,0) modulo ¥=5 (X),

(F") (F"),0
which means that 3 = dw € BE__ (X). Thus,

(F1),0

(X) @ Be B (X)) /32 ()

1 (s ) — {0 € 725
and

B (A (X)) = {(0.8) € PEEH(X) © B e Bimyo(X)} /XL (X).
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Therefore,

o ) {( ,B) € 7)2“}_/1( ) 1 Be Z%’O(X)}
H" (“4<P><X)) - {( B eP(X) : e B%),O(X)}
{ }
{ J

(
(0,8) € Pros(X) = B € Zis (X)

(0,8) € Pros(X) = e Br (X)

Thus, the embedding j : Z(F’},O

. o s gk = k=1 gx
an algebraic isomorphism j, : HWﬂ(X ) > H (A o

(X) — P%(X), Jj(B8) = (0,5), induces
(X )) We also

have the relation
{09 P se 2,0}
{0,8) e PEELX) + B e Bimyo(X))

The quotient on the right-hand side is endowed with the natural quo-

(A?f' X >> B

tient norm and j induces an isometric isomorphism j, : o 77.0(X) 5
~ —k-1/( .,
2H <Aﬁﬂxg.m

Thus, we have

Theorem 5.7. Let X be a smooth n-dimensional oriented Riemannian
manifold and let F = (g, ®q,...P,) and F' = (¥g,¥y,...,¥,,) be dual
sequences of N-functions with ®; € Ay N Vy. Then the Banach spaces

leﬂ (X) and H%O(X) are dual with respect to the pairing (w, ) =

= fw N for w € Z7 (X) and § € Z(”P’;O(X).

ThlS gives the following duality theorem for Lg, ¢,,-cohomology:

Theorem 5.8. Let X be an oriented n-dimensional Riemannian mani-
fold. If ®;,®;; are N-functions belonging to Ay, N'Vo and ¥ and ¥y

are their respective complementary N-functions then HI; L., (X) Is iso-
morphic to the dual ofﬁ?\;ﬁ)’(q,[)’o(X) and H?%),(fbu) (X)) is isomorphic
to the dual ofﬁg,;ﬁ\pho(X). The dualities are given by the pairing

([w], [0]) = /w NG.

X
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Proof. The theorem results from Theorem 5.7 by considering any se-
quence of N-functions (®g,...,®,,) with ®&;_; = &; and &, = ®;; and
its dual sequence. [
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