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Abstract. For either homogeneous Besov spaces Bi  (R") or
homogeneous Triebel - Lizorkin spaces F ,(R™), with the condi-
tions either s < n/p, or s = n/p and ¢ < 1 in the B;q—case,
p < 1 in the F;q—case, we prove some pointwise multiplication
assertions in their realized spaces.
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1. Introduction and the main result. Let B;q(R") be the

homogeneous Besov space and let sz’ 4(R™) be the homogeneous Triebel —
Lizorkin space. These spaces are abbreviated by B and F' in the following.
We will use the notation A;’q(R”) for either B;’Q(R") or F;’q(R”) when
there is no need to distinguish them. Also, as all function spaces occurring
below are defined on Euclidean space R™, we omit R™ in notations.

The space A;,q is defined by distributions modulo polynomials. By

means of the “realization” we can consider the version of A;’ o 10 the tem-
pered distribution space S’. Recall that G. Bourdaud [2] introduced the
realization, which is a linear continuous mapping o : A; ¢ S’ such that
Vf e AZ, o the equivalence class of o( f) modulo polynomials is precisely f,
e, [o(f)]p = f, cf., see Deﬁnitionbelow ([f]p denotes the equivalence
class of a tempered distribution f modulo polynomials). We then obtain

the so-called realized space of A; o denoted by gf, p (i.e., EZ o In the B-case
or F g 0 the F -case), which has a fundamental property that is, under

some conditions on n, s, p and ¢, all elements in gz’q vanish at the infinity
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in the weak sense, see Subsection 2.2 below.

Our aim is to study, in certain cases, the pointwise multiplication in Ap o
since now we have the spaces defined in 8’ and not in distributions modulo
polynomials. Moreover, it is important to say that there is not enough
literature on this subject, in comparison to the inhomogeneous case. In
this direction, we recall that in [10, Theorem 6.2] it has been proved

that any bounded function f such that [f]p € AZ/OQ acts by (pointwise)

multiplication on gz’q if (n/p—n)y < s < n/p in the B-case and if
(n/min(p,q) —n)+ < s < n/p in the F-case. So, we will show principally

the pointwise multiplication on ]{;q for s < n/p, by bounded functions

f such that [f]p belong to Agl,oo for some p > 0 and p; > 0. So, our
principal contribution of this paper is the following statement.

Theorem 1. Let 0 < p, p1, p2, ¢ < 0o (p, p1, p2 < oo in the F-case) be
such that 1/p =1/p1 +1/p2. Let 0 < s < u < oo. Let in addition

either : (n/p— n)+ <s<n/p and 0 < p < oo in the B-case,
(n/min(p, q) — n)+ < s <n/p in the F-case, (1)

or: s=n/p, 0<q<1 in the B-case (0 < p <1 in the F-case), (2)

be satisfied. If f € Lo and g € At are such that [flp € Apl’ and

p,q
lg]p € Ap2 i, then fg € A . Moreover, there exists a constant ¢ > 0
such that
Uglels, < c(lflellslells; +Ielas _llglplis) @)

holds, for all such functions f and g.

In Theorem [I] the case s = 0 can be obtained by taking p = o0 in
. ) with the B-case. Also, we can consider the case u := s, by taking
the space BOO ; instead of Ap 4, since B0 .1 Dresents the largest space of
BgQ g When ¢ < 1, see Theorem [2| below for more details. On the other

hand, the condition on g guarantees the “good” representative, indeed, if
we replace the assumption g € Zf,,q by [g]p € Ap o then, it is possible

to fall on a wrong choice of representative which yields a contradiction.
For instance, if g is any nonzero polynomial on R", i.e., ||[g]p
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= ||[g]p| Agn = = 0, then the left hand-side of (3) becomes ||[fg]

for all such functlons f, but this is an obviously false assertion.
A consequence of Theorem [1]is the following result which concerns the
case 1t =n/p; and s = n/p, respectively.

:0

Corollary 1. (i) Let 0 < ¢ <o00,0<p<p; <ooand (n/p—n); <s<
< n/py (with (n/min(p,q) —n)y+ < s < n/p; in the F-case). Then

I[f9]

4s., < 1o + NP1 gprm gl i

holds, for all f € Lo, such that [f]p € Azl/ﬂlo and all g € /TZ,q
(ii) Let 0 < p < 00 and 0 < ¢ < 1, in the B-case. Let 0 < ¢ < oo and
0 <p <1, in the F-case. Then

1falel e < el f e + 117TR 1) oo oo

holds, for all f € Lo, such that [f]p € AMP and all g € An/p

Remark 1. The result [10, Theorem 6.2] is now a particular case of
Theorem (1}, at least for s < n/p we take p; such that p < p; < n/s and

apply Corollary [1|(i).

For simplicity of the proofs we split them in two parts. First we
decompose the product fg in three terms using the Littlewood —Paley’s
approach, (we refer to, e.g., [12] Chapter 4], [14, 2.8.1]), then we esti-
mate these terms in ¢,(Z; L,(R™)) or L,(R™;¢,(Z)), which will be given
as independent assertions (Propositions below). Afterwards, we re-
duce the proofs to an approximation by smooth functions by considering
the case of g being smooth enough. This is principally justified by the
Fatou property of the A; 4 Spaces. Additionally, we will deduce some im-
provements for the pointwise multiplication on inhomogeneous Besov and
Triebel — Lizorkin spaces.

The paper is organized as follows. In Section 2 we collect some ne-
cessary facts about A;q. Sections 3 and 4 are devoted to the proof and
extensions, respectively.

Notation. The symbol N denotes the set of natural numbers including
0, Z the integers and R the real numbers. For s € R, [s] denotes the grea-
test integer less than or equal to s. For a € R we put a4 := max(0,a). The
notation A — B indicates that A C B and is continuous. For any function



6 Samira Bissar, Madani Moussai

f, the symbol f(-) means that z — f(z). With ||- ||, we denote the quasi-
norm of L, (0 < p < o0). If p € [1,400], we denote by p’ the conjugate ex-
ponent, i.e., p’ := p/(p—1). For any quasi-normed space E, if 0 < ¢ < oo,
then ¢,(Z; E) is the set of all sequences (a;);cz of elements in E such

that ||(a;)jezlle,z:p) == (ZjeZ ||aj||%)1/q < o0; if E = R or C we note
¢,(Z). For brevity, we use the notation &, , as &, , := £,(Z; L,(R™)), i.e.,
I(fi)iezlle, = ez 1£5118)1/%, in the B-case and €, 4 := Ly(R"; £4(Z)),
e, [[(fi)jezlle,, = (X ez |£i19)Y/9||,, in the F-case, with the usual
modification if p = oo or ¢ = co. We denote by P, the set of all polyno-
mials in R”. We denote by S, the set of all functions f in the Schawrtz
space S such that (f,u) = 0 (Yu € P ). The symbol S, denotes the
topological dual of S,. The mapping which takes any [f]p to the restric-
tion of f to Soo turns out to be an isomorphism from S§’/P., onto S., for
this reason, S/ is called the space of distributions modulo polynomials.
Sometimes, we will use the Hardy-Littlewood maximal function Mg of a
locally integrable function g defined as Mg(x) := sup |Q|~! fQ lg(y)|dy
(Vx € R™), where the supremum is taken with respect to all cubes @
with sides parallel to the axes and containing z. Here |Q| means the
Lebesgue measure of the cube (). The standard norms in S are given by
Cm(f) 1= sup|q)<m SUPgern (1 + lz|)™ £ ()| (m € N). If f € Ly, then
Ff() = f(&) i= Jou f(®)e ¢ dz and F~!f denote the Fourier trans-
form of f and its inverse Fourier transform, respectively. The operators F
and F~! can be extended to the whole S’ in the usual way. Throughout
the paper we use the parameters s, p, and ¢ as:

seR, 0<pg<oo and p < oo in the F-case

unless otherwise stated. Finally, constants c,cq,... are strictly positive
and depend only on the fixed parameters, e.g., n, s, p, q, ..., and probably
on auxiliary functions, their values may vary from line to line.

2. Preliminaries. To introduce the homogeneous as well as the
inhomogeneous Besov spaces and Triebel - Lizorkin spaces, the Fourier-
theoretical approach via the Littlewood —Paley decomposition presents
the basic method. This approach has been developed by Bergh and
Lofstrom [1], Peetre [11], Triebel [14} [15], ...

We choose, once and for all, a radial C*° function p, such that
0<p<1 p& =1if |§ <1 and p(§) = 0 if |{] > 3/2. We define
v(&) = p(&) — p(2€) for all £ € R™, with a support located in the compact
annulus 1/2 < [¢| < 3/2. Then it holds Zjez'y(ij) =1 (V€ # 0) and
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p(27FE) + disk ¥(277¢) =1 (V€ € R™, Vk € Z). We introduce the con-
volution operators denoted by S; and Q); (j € Z), and defined by means
of the formulas S 7(€) := p(277€) F(€) and Q; F(€) = 1(277¢) (), which
are defined on &’. The operators @); are also defined on S/ since @, f =0
(V5 € Z) if and only if f is a polynomial; then in the following we say

if f eS8, weset Q,;f:=Q;f forall fi €S’ such that [fi]p = f.

All these operators take values in the space of analytical functions of
exponential type, indeed, this fact is an immediate consequence of the
Paley — Wiener theorem, see, e.g., [13, Theorem 29.2, p. 311]. Then we
obtain the Littlewood —Paley decompositions:

(i) For every f € S (S., respectively), it holds that f = ZjeZ Q;f
in Soo (S.,, respectively).

(ii) For every f € S (§’, respectively) and every k € Z, it holds that
f=8cf 42322, Q;f inS (&, respectively).

The operators S; and @); are uniformly bounded in £(L,), for any

€ [1,4+o0] (the Young inequality). Also, we have the following statement

proved in, e.g., [10, Proposition 2.5]:

Lemma 1. For any N € N, there exist constants ci,co > 0 and a
natural number m such that

() 1Q;fllp < 127N (f) for all f € S and all j € N.
(i) 1Q;fllp + [1S; £llp < €227V ¢ (f) for all f € Soq and all j € Z\N.

2.1. Homogeneous Besov and Triebel — Lizorkin spaces.

Definition 1. The homogeneous Besov space B;q (or, the homogeneous
Triebel — Lizorkin space Flf’q) is the set of f € S,
= [1(29Q; f)jezlle,., < oo.

For all f € §', we define

= w4

AS becomes a quasi-Banach space in relation to this quasi-norm and it
has the following properties:

¢S — AS — S/, which can be obtained easily by Lemma |1| and
an estimate of the Nikol’skij representation method type.

e There exist constants c1,co > 0 such that

ds, S AP

(4)

s —
Apyq

(Vf € A5 YA >0). (5)

p,q’
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%F <—>BS

* B, p,max(p,q)

S min(p.q) and the following embeddings:

Proposition 1. (See [§]) Let 51,52 € R and 0 < p; < pa < 00 be such
that s; —n/p1 = s —n/pa. Let 0 < q,r < oco. Then le < Bs2 s

p2,q9
- SQ*n/pQ S1 S2 S1 S2
BOO#I Fplq%szm andelqc_)szr

We will need an estimate of the Nikol’skij’s type, for which the proof
is essentially given, in homogeneous or inhomogeneous case, in [4, Propo-
sition 4], [9, Proposition 3.4], [10, Proposition 2.15], [12 p. 59] and [16].

Proposition 2. Let a, b be real numbers such that 0 < a < b. Let
(uj)jez be a sequence in S’ such that

e U; is supported by the compact annulus a2’ < || < b27,

o A:=[|(2%u))jezlle, , < oo
(i) Then the series Z ez uj converges in S to a limit denoted by u and
which satisfies < cA, where ¢ depends only on n, s,p,q,a and b.

(ii) If in addition s > (n/p n)4+ (s > (n/min(p,q) —n)4 in the F-case),
the same conclusion holds for a = 0.

We will also need the Fatou property of A3 see, e.g., [4, Proposition 7]

and [9, Proposition 3.13].

p,q’

Proposition 3. Let f € S . If there exists a bounded sequence (uy,)ren
in AS such that limy_,cur = f in S, then f belongs to Ap and

q
1Ly < eliminfyoq [lugll4,

The characterization of B and F' spaces by the maximal functions is
also useful in what follows. To recall this thing we introduce the maximal
operators, thus for f € S/, a >0 and j € Z, we set

Q7 f(z) = sup (1+[2y|") Qs f(x —y)| (Vo eR").  (6)

yER™

Proposition 4. (See e.g., [7, p. 45]) Let a > n/p in the B-case (a >
> n/min(p, q) in the F-case). Then we have an equivalent quasi-norm in

As | defined by the expression HfHZZ,q = [12YQ5 " fjezlle, ,-

2.2. Realized spaces. We begin by the following definition:

Definition 2. A distribution f € S’ is said to be vanishing at infinity
in the weak sense if limy_,q f()\_l(~)) = 0 in S’. The set of all such

distributions on R" is denoted by Cj.
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Here are some examples: (i) The elements of L, for 1 < p < oco. (ii)

The derivatives in D’ of any element of Cy. (iii) The derivatives in D’ of
a bounded function.

We note that P, NCy = {0} (it is an easy assertion). Another example
will be given by the following assertion proved in, e.g., [3| Proposition 4.4].

Lemma 2. If f € L., and suppfis a compact subset in R™\{0}, then
f e .

Now, we give the notion of the realization:

Definition 3. Let E be a vector subspace of S, endowed with a quasi-
seminorm such that E — S, holds. A realization of E in S’ is a conti-
nuous linear mapping o : E — S’ such that [o(f)]p = f for all f € E.
The image set o(FE) is called the realized space of E.

By the Littlewood — Paley series we have an example of realization. Let

either s<n/p, or s=n/p and 0<g<1 in the B-case
(0 <p <1 in the F-case), (7)

then for any u € A;,q the series ) jez Qju converges in §’, and the linear
mapping o (u) := Y _;.; Q;u is a realization on A}  satisfying [o(u)]p = u
in S and o(u) € Co; more precisely, the element o(u) is the unique
representative of u that belongs to S’, see [3| Proposition 4.6] and [10]
Theorems 1.2, 4.1, Section 4.2]. So, if we take v € &' N Cy such that

[v]p € Ag,q, we deduce that o([v]p) — v € Poo N Cy = {0}. Then, without
referencing to the Littlewood — Paley decomposition, we define the realized

homogeneous space of A7

Definition 4. Assume that holds. The realized homogeneous space

of A;q, denoted by g;)’q; is the set of all f € Co such that [f]p € A;’q,
and endowed with the quasi-norm || f|| . = |fl 4. , see (4)).

2.3. Inhomogeneous Besov and Triebel — Lizorkin spaces. The
definition of inhomogeneous Besov and Triebel —Lizorkin spaces relies

upon Littlewood —Paley theory, similarly to the case of homogeneous
spaces.

Definition 5. (i) Let 0 < p < co. The Besov space B, , is the set of
f €8 such that |[flls;., = [Soflly + (5,512 11Qs F,)9)11 < ox.
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(ii) Let 0 < p < oo. The Triebel - Lizorkin space F}; , is the set of f € &’
such that || fllr; , = [1Sofllp + 132,51 (271Q; F)DV 4]l < oo.
We denote by A, either By  or F; , and recall § — A7 < &' and

the following statement proved in, e.g., [I5] p. 98]; other prc’)perties can
be found in, e.g., [1} 111 [14] [15].

Proposition 5. Assume that s > (n/p —n)y. A function f belongs to
Aj , if and only if f € L, and [f]p € A; . Moreover, ||f||, s IS

an equivalent quasi-norm in A; q

2.4. Necessary conditions for pointwise multiplication. By the
following assertion, where the proof is similar to that given by Franke [6]
Proposition 2.5/ 1] for A7 ., we can formulate some necessary conditions
such that || f1 f2]| 4 < chl . ||f2HAZ§’q2 for all f1, f2 € Seo

Proposition 6. Lets; € R, 0 < p;,q; < oo (p; < oo in the F-case)
(i = 1,2). Assume that there exists a constant ¢ > 0 such that, either
||f1f2|As < clfllgs, Mfallazz, or lfrifallps < cllfillg, Mfallzsz,
for all f1 f2 € Sy, are sat1sﬁed ‘Then it fo]]ows

(i) either s; > s or s; = s and q; < q.

(11) 81+ 8o Z 0.

3. Proof.
3.1. Decomposition and estimate of the product. We intro-

duce the bilinear maps Ty ..., (f, 9) == {2°*Qu ((Sk+v.f) (Qr+19)) }kez and

Rsvu(f,9) == {2k8 ijk Qk((ijLuf)(QjJrug))}keZa defined on &' x 8.,
and S’ x S’_, respectively, where s € R and (v, ) € {-3,-2,...,3}2. In
the case v = pu =0, we set T := T 90 and Rs := Rs,0-

Proposition 7. Let f € Lo. Let g € L, (0 < p < 00) be a function
of class C*° such that g has a compact support. Then the product fg is
correctly defined in 8’, and for all k € 7Z we can write

3
Qr(fg) = Z Qi ((Sk—39)(Qr4v f)) + Z Qi ((Sk1./)(Qrrv9))+

v=—2 v=—2

+ > D> Q(@iNQj4vg) in Sk (8)

v=—3j>k+2

Moreover, if in addition [fg]p € Az’q then it holds
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1£9]

1
i, < (2 I1Tmsnlo Dle, , +

v=—2

3 1
+ 3 Tl Dlens + Y [Reowlf9)le, ) (9)

v=—2 v=-—3

Proof. Step 1. Let ¢ € Soc. By the Holder inequality |(g, ¢)| < [|g]p el
if p > 1. In the case 0 < p < 1 we apply the following lemma proved in,
e.g., [11, Lemma 1, p. 54] or [14, Remark 1.4.1/4, p. 23]:

Lemma 3. Let 0 < p < ¢ < co. Then it holds | f|, < cR*P="/4| f]|,,
for all R > 0 and all f satisfying supp f C {¢ : || < R}.

We have [(g,¢)] < l¢llollglly < cllellocllgll, where ¢ depends only
on p and suppg. This gives g € S... Let now ¢ € S, then |(fg, )| <
<[ fllscllgell1, and ||g¢]l1 can be bounded similarly as above. Then fg €
ed.

Step 2: proof of and @D Since f, g and fg belong to S._, then

Qr(fg) = > Qu((QiN)(Qug))  (Vk €Z). (10)
LT
Denote by I ; and I intervals [(202x(:6) — 3. omin(7:6)) , '3(27 4 2°)]
and [2%,3 - 2F], respectively, for all j,k,¢ € Z. A careful examination of
the intersection of the supports of y(27%(-)) and F ((Q, f)(Qeg)) allows
us to obtain v(278&) F((Q; f)(Qeg))(€) = 0 in the following four cases:
oif j>k+2 (>j+2 then 2°-3.29>3.28 (I,nI,,;=0),
oif j>k+2 (<j—4 then 29 -3-2°>3.28 (I,nI,,;=0),
oif j<k+1, £>k+4 then 2°-3.29>3.28 (I,nI,,;=0),
oif (<k-3, j<k—3 then 3(2°+29) <2k (LNl ;=0).
Consequently, in the right-hand side of we have

o= > o+ DY+ D > =

JAET k425 -3<0<j+1  j<k+1lk-2<0<k+3 k—2<j<k+10<k—3
=: Wi + Vi + Ug.

We introduce ka’l = 211,2_2 Qktv, ka,g = Zi:_g Qk+, and @j’g =
= 211,:_3 Qj+v then Qr(fg) = Uy + Vi + W), where Uy, Vi, and Wy, are
defined as we want in , i.e., we have Uy, := Qk((Sk_gg)(@kylf)), Vi 1=

= Qr((Sk41f)(Qr,29)) and Wy, := 575551, Qr((Q1)(Qj,39)). Finally,
(9) follows from the definition of || - || ;. and (8). O
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Proposition 8. There exists a constant ¢ > 0 such that the inequality
|Ts(f,9)lle,., < 4s holds, for all f € Lo, and all g € A;
) q )

Proof. Let us recall that Ty is defined on &’ x S._. On the other hand,
we have supycy [|[Skflloo < ¢/ f]loo- Then

|Qr ((Skf)(Qrg)) (2)] < cll flloe @y g(2) /Rn (1+ 1yl IF y(w)ldy, (11)

for all z € R™ and all @ > 0 (see (6)) for the definition of @}*). Now, to
apply Propositionwe choose a > n/p in the B-case, and a > n/ min(p, q)
in the F-case. The desired estimate follows. [

Proposition 9. (i) Let —00 < s < p < 00. Let 0 < p1,p2 < o0

(p1,p2 < oo in the F-case) be such that 1/p = 1/p1 + 1/py. Then there

exists a constant ¢ > 0 such that ||Ts(g, f)lle,, < ||f||Au Mgl js-n for
P2,:9

all f € A® _ and all g € S’ with [g]p € A3~
(ii) There exists a constant ¢ > 0 such that, for all f € Az’q and allg e &'
with [glp € B, 1, it holds |[T.(g, f)ls,., < el /L4, lollgo

Proof. As in , we first have

(Va>0). (12)

ks *a *,a
ITs(g: Plle,., < ¢ H{Q (@ f ZQ g}kezg

Step 1: proof of (i). We will apply both the following elementary estimate

d
(Xm) <>nf,  o0<d<i >0, (13)
J J

and the following lemma, which can be proved as in, e.g., [16] Lemma 3.8]:

Lemma 4. Forall0 < u < 00 and all a > 1, there exists a constant ¢ > 0,
such that [|(3,;_py<o @Y M nrezllenzy < clly)iezllenz (= +1)
holds, for all (n;);ecz € Cu(Z).

We begin with the B-case. We choose a > n/p (then a > n/p; and



Pointwise multiplication in the realized homogeneous spaces 13

a > n/ps), put d := min(1, p) and apply the Holder inequality, then

*,a *,a 1/d
ITu(9, Dy, < ea| {2 (X N@H@ 9)l) ), :
<t €z1ty(Z)
o b(s—i) d 1/d
< 9 .9 S— *,a < >'f,a ) } <
< C1H{ 1QK" fllp: j§<:k 190591l kezlleg(z) —

—J)(s— j(s— *,a a9/ N\1/a
pl,w(Z{ZQd(k ) u)(gy( M)HQj g||p2)} ) _

< 2| fll
keZ -~ j<k

Then by Lemmawith u := q/d we obtain the bound c||f||le _llgl Basn-

We now consider the F'-case. We apply the Holder inequality in ,
then || T5(g, f)llz,(,) is bounded by

(Z { Z 9(k=3)(s—n) (2j(S_M)Q;’ag) }q) 1/q

kezZ  j<k

?

2£H *,0Q
llszp2r e, .

so, we choose a > m/min(p,q), which implies a > n/min(p;,q) and
a > n/min(ps,q), then Lemma {4| with u := ¢ gives the desired bound
el Fllsg. gl

Step 2: proof of (ii). In we choose a > n/min(p,q) > n/p, then

IT5(9. Plle, , < cl{2*Qy " FIrezlle, , 3= ez 1Q7gllc which is bounded
by ¢l fll is 19l go .- The proof is finished. []
p,q 0,

Proposition 10. Let p € R. Let 0 < py,p2,7 < 00 (p1,p2 < o0 in the
F-case) be such that 1/p = 1/p; + 1/p2. Assume that s > n/p —n in
the B-case and s > n/min(p,q) — n in the F-case. Then there exists a
constant ¢ > 0 such that

|Rs(fs D le,., < cllfllan

P1.:9

lglljs-n  (Vf € Af, Vg € AT (14)

P1,9’ p2,T

In the case p = p; and p, = oo, inequality becomes

IR (f,9)le,, < el fllas_llg

(Vf € Ak Vg € Bk, (15)

Bk D,q°

Proof. We will use the Marschall pointwise inequality.

Lemma 5. (See e.g., [17, Proposition 6.1]) Let h € C*° and ¢ € D be
such that h and ¢ are supported by the balls || < AR and [£| < A,
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respectively, for some A >0 and R > 1. With 0 <t < 1, it follows
_ /e 1/t
(F0)  h(@)| < (ARl e (MR (2)) ",

where ¢ does not depend on ¢, h, A, R and .

Step 1: the B-case. Applying Lemmawith h = (Q;f)(Qj9), ¢
= y(27%()), A :=3-2""1 and R := 207F*! (j > k), then, for some
0<t<l,

j—k)(n/t—n 1/t
Qk((QiN)(Qi9)) (@)] < TP (M)(Q; ) (@9 (2)",  (16)
for all j > k and all x € R™; here we used the homogeneous property of
B{Lét, ie., |[v(27F( ))HBn/t < 2~ hn/t= ”)H'yH g/ where ¢ depends only on

n and t, see . We set d = min(1, p) Choosmg t such that 0 <t <p
(recall that 0 < t < 1), and using both (13 and the Minkowski inequality

with respect to Lp/d(]R”;El(Z)), we see that H ijk Qk((ij)(ng))Hp
is bounded by

o( [ {Z2avermpn@n@or@)” ) )" <
jzk

< (32 26D (Q, 1) Q)] ||;’j§)

=k

Now, as the maximal function M is bounded on L, if 1 < v < o0
(see [0]), we then apply this assertion with v := p/t > 1, and obtain

I1M)(Q; )(Q;9)| Hp/t < (Q;f )(ng)H;) for some ¢ > 0 independent of
f,g,and j. Therefore, by the Holder inequality the term || Rs(f, g)ll¢, (z;z,)

is bounded by ¢(3 ey 297 {35, 270 R 1Q; 114 1|Q, 9118, }2/ )4,
which is bounded by

) M L/r
(X @ 1Quln))
jEL
% (Z { Z2d(j—k)(n/t—n—s) (2ju||ijle)d}q/d>l/q.

kEZ >k

Now we also choose n/t —n — s < 0, then it suffices to take ¢ such that
n/(n+s) <t <min(1l,p) (see the assumption on s), then Lemma [4 with

u = q/d y1elds HRs(fv g)HEq(ZJ/p) S CHfHBqu
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Step 2: the F-case. By , |Rs(f, 9)|lL, ®nie,(z)) is estimated by

CH <Z {ka Z 9(k=j)(n—n/t) (M\(ng)(Qgg)lt) 1/t}q> 1/q

kezZ >k

(17)

p

Since 0 < t < 1, then in the term with ijk ... is bounded by

{3255 27D 0EMM(Q; £)(Qj9) ! () /! for all z € R™ and all k € Z.
By inserting this estimate into , choosing

t < min(p, q) (18)

and using the fact that H(th)k”Lv(R”;Ew(Z)) < CH(hk)kHLv (R™;£., (7)) holds
for 1 < v < ocand 1 < w < oo and for some ¢ > 0 depending on
n,v and w (see [16] Theorem 2.2]); and with v := p/t, w := ¢/t and
hy, = 2Wts > s 2(k=3)(nt=n)1(Q.; £)(Q;9g)|*, then using the Holder inequa-
lity with 1/p = 1/p1 + 1/p2, the term ||Rs(f, )|z, ®n:e,(z)) is bounded
by

ClH(Z{?'““ZW @@t} <

J>k P
< 62H<Z (Qj(s—u)’ng’)r> 1/r Hp2><
JEL
(k—3)(nt+st—n) 1/q
XH(%{;Q s o, 1)) 1) IR )

under the condition n/(n+s) < t; the compatibility of this condition

with (18) is guaranteed by assumptions on s,p,q. Then we choose t as

n/(n+s) <t < min(p,q,1), and deduce the bound c||f||l,;ﬂ;1 ol o= I
s p2,7T

p = p1, l.e., po = 00, we estimate (19) by

<Z{Zg(k Dntst=n) (93|, f1) } > /qu

keZ j>k

cllg| BiH

ey U

Remark 2. By easy computations, and owing to the translation inva-
riance on k € Z when we take the sum over all k € Z, Propositions [8} [9
and also hold with Ty, and Ry, , (where (v,u) € {-3,-2,...,3}?)
instead of Ty and R, respectively.
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3.2. Proof of Theorem [I] and Corollary
Proof of Theorem [1I We recall that “—” indicates a continuous em-
bedding, see the section of Notation in Introduction. Let f € Lo and
g e g;q be such that [f]p € Ap1 - and [g]p € Ap2 .

Step 1: proof of fg € S’ and [fg|p € Ap’q. We defined a sequence
(9k)ken by gk == 32);1<1 @9 = Skg — S—k-19, which has the following
properties:

e gi is supported by the compact annulus 27571 < [¢] < 3. 2k~
e [gx]p belongs to AS AS # (this follows by Proposition [2)) with
|9k | As . and Hgk|As n < c||g|As w forall k € N,
® gk € C°° N Ly; mdeed if we put d = mln(p, ) by the embedding
A;’q — Bfwo (see Subsection 2.1) it follows ||gk||p < (21ji<k ||ng||g)1/d
which is bounded by (3; <}, 2 —sid) < c(k)|lg| As

Using Propositions @( , and |1 Wlth functlons f and gr (recall
that by Proposition far € 8'), it holds that the two terms [|Ts(f, gx)lle, ,
and Tu(gi £)le, , + | RelF,00) e, , can be estimated by el il L4,
and c|| f|] Ab gl Ash respectively. Then, owing to Remark [2| we get ’

A;;z)? (20)

where the constant ¢ > 0 is independent of f, g, and k. Now, we claim

Ifolli, < e(lfllslgllsy, + 171 gl

klim (gp —g)f=0 in & and fgeS8. (21)
—00

Indeed, we prove with respect to the cases s < n/p and s = n/p,
separately:

The case s < n/p. (Recall that here 0 < p < oo in all spaces, see (1)).
Since g — Skg = Zj>k Q;g (see the beginning of Section 2), we have

o = 9800 < 1o (141900l + 3 1(@s9)elh ), Yo € S5 (22)

i>k
and we separately estimate each term in the right-hand side of . If
p > 1, then using the Holder inequality, we obtain
> @igelh < liglly Y 1Qsglly < By D 27 <
i>k >k j>k
< 27 ||| (recall that s > 0); (23)
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if 0 < p < 1, we use the Bernstein inequality (see Lemma [3|) and obtain

S @Qig)elh < lelle Y 1Qsglh < crllelloo Y 27TP7MQ;g]l, <
i>k i>k j>k

9k(n/p—n—s)

<e lellllgl

By S 2P o))

T gn/p—n—s iz s (24)

again, by the Bernstein inequality we get

[(S—k—19)¢ll1 < el Z 1Qj9llec < el Z 27/7)|Q;gll, <
j<—k j<—k
9—k(n/p—s)

c < 27" P g

St g el W o)
by inserting or (for each case) and into (22), and by taking

k — oo we obtain the convergence of the sequence {(gx—¢) f }xen to 0in S’
since the conditions (% —n)4+ < s < % (in the B-case) or (Gt —n)+ <
< s < 2 (in the F-case) are at our disposal; noticing that in the estimate
we have n/p—n—s < 0in the F-case since ' —n < (m—nﬁr < s.
Now, for an arbitrary ¢ > 0, there exists a natural number k. such that
for all £ > k., it holds

[(fg, o) <e+[(foar, o) <o (Vp€S), (26)

.S
Bp,oo

and fg e S'.
The case s =n/p and 0 < q < 1 in the B-case (0 < p <1 in the F-case).

“This case also includes a situation when we consider B-spaces

for p = oo (and consequently s = 0).” (27)

First, we have

[foe(@) = fa(@)] < [[floo Y Qigllo ae. on R, (Vk€N).  (28)
171>k

By the embedding AZ/;’ — 32071, which can be obtained by the fact

that Bp/P < BY,, = BY,if 0 < ¢ <1 (in the B-case) and Qe

— BY, , = BY, if 0 <p <1 (in the F-case), we have

oo

S 1Qiglleo = gz, < ellgll iy
JEZ
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Then the last term of converges to 0 when £ — oo, and conse-

quently fgr converges to fg pointwise (i.e., limg oo for(z) = fg(x)
a.e. on R"). Second, ||grlloc < 32151k Q190 < HgHBgol implies that

1 f9xlloo < cllfllocllgll ju/» (Vk € N). Then applying the Lebesgue domi-

nated convergence theorem, we deduce limg_so fgr = fg in S’, and
follows as in in this case also.

Now the separate treatment of cases s < n/p and s = n/p is com-
plete and the paragraph below concerns both of them. Trivially, we have
limg 00 (fr +u, ) = (fg+v,p) for all p € S and all (u,v) € Poo X Poo,
then the sequence ([fgr]p)ren converges to [fg]p in S/ too. Hence, we
apply the Fatou property of A n (20) (see Proposition |3). Then the
inequality ( . holds.

Step 2: proof of fg € Co.

Substep 2.1: the case s <n/p. (Here 0 < p < oo, see ) We use:

Lemma 6. There exists a constant ¢ > 0 and a natural number m € N,
such that [(u, p)| < cCn(p)|ull 4. , Vo €S, Vu € &’ with [u]p € A,

Proof of Lemma @. The bilinear map (-, -) is separately continuous on
AS x 8§, then, as AS and S are Fréchet spaces, this map is continuous;
cf [13 Section 34. 2 Corollary, p. 354]. O

We set fy := f(A71(:)) and g,\ = g(A71(+)) for all A > 0. By ()
we have Hg)\‘As w =< A"/p2— S+“Hg]As w and

Hf)\HA,‘.fl,oo = /\n/pl_“HfHAg - By applylng, both Lemma @ Wlth u =

:= fagx, and the estimate (3)) with f) and gy, we get for all ¢ € S,

[{(Frgas @)| < e1m () (
< AP () (|

As + Hf)\HAZl,ooH9>\| A;;ﬁ;) <

e I g, Nl e) (29)

for some natural numbers m and some positive constants ci,co indepen-
dent of f,g,¢, A, and m. Taking A — 0 into , we obtain the result.
Substep 2.2: the case s =n/p and 0 < ¢ <1 in the B-case (0 < p <1 in
the F-case).

“This case also includes a situation when we consider B-spaces

for p = 0o (and consequently s = 0).” (30)

We defined a sequence (ug)ken by ur :=3; <, @;(f9), and
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e 1y, is supported by the compact annulus 27%~1 < |¢] < 3.2F~ 1
o lulloo < €llfgll jn/» (V> 0), this follows by Ap/¥ < BY, |

These yield uj € C~'0, cf., Lemma [2 I, on the one hand. On the other
hand 3,15 Qs (F)llso < 79l 0 < cllfall s (7 € N) implies that
the first term converges to 0 When k — oo. Consequently, we obtain
limg o0 ||ug — f9]loo = 0. Now, for all ¢ € S and all A > 0, we get

[(FaOATH ), o) < Nlur = Follsollells + Kun (A1), @),

and for an arbitrary € > 0, there exists a number k. € N such that the
right-hand side of the last inequality is bounded by € + [{(ur(A71(+)), )|
for all k > k.. Thus, by taking A — 0 we have limy_,o(ur(A71(+)), ) =0
implies limy_,0(fg(A71(+)),¢) = 0. Hence we obtain a desired result, and
the proof of Theorem [1|is complete. [

Before we prove Corollary [1| we need to formulate the complement of
Theorem [1) when p = s as mentioned in the introduction.

Theorem 2. Assume that either or is satisfied. If f € Lo, and

g € qu are such that [f]p € qu and [g ]7: € Bool, then fg € gfg,q
Moreover, there exists a constant ¢ > 0 such that for all such functions f
and g it holds ge < as Ngllgo )

Proof. Using Propositions [9(ii) and the inequality (15) with (1 =

and 7 = 1) we obtain (20) with ||g|| zo | instead of ||g||A;_Z. Then by
oo, 2

observations (27)) and (30)), the proof is similar to that of Theorem (1} [J

Proof of Corollary The assertion (i) follows by both, with

is—n/p1

p = n/p; and A; — Ay, q'"" where py := (1/p — 1/p1)~t. For (ii)

we apply Theorem [2| with s = n/p and Bn/p — Bgo,l (in B-case) and
A RN BY, , = BY; (in F-case). O
4. An extension to inhomogeneous case. The following two

corollaries concern the pointwise multiplication in case of the inhomoge-
neous spaces Ay . For brevity, if £ C &', we shall write f € EN A;  if

f € E and [f]p E As also E C A;q means that for arbitrary f € E we
have [f]p € Ap’q

p,q’

Corollary 2. Let 0 < p < p; < co. Assume that (n/p —n); < s <
< n/py in the B-case ((n/min(p,q) —n)+ < s < n/p; in the F-case). Let
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and let f € Lo, be such that [f]p € A;}{fi;. Then fg € A;,
A, < el flloe +
A - We write (Lo N AZ{%O) CAL L A

gEqu

+||f||A;}{?og)

Proof. We first prove that g € Co. Indeed, if 1 < p < oo, the assertion
follows from the embeddings A5 , C L, C Co (see example (i) just after
Definition [2| ' ifo<p<1 then s+mn—n/p > 0, and again we have

A5, C As+n n/P - L, C Co We set P2 1= (1/p — 1/p1)~1. Then the

assumption s < n/p; < n/p yields g € Ap ¢ and Az’q — AZ;Z/M implies

[g]p € A5, 2/P" Then there exist c1,c2 > 0 independent of g such that
(see Proposition

g1

A;;Z/m > As < C2||g| As o (31)
Now, by Theorem (1| (with p := n/p;) (see also Corollary (1)) it holds
Ifgllag, < C(Hngp + 179l 4, ) which is bounded by c([[fllcllgll, +

LT HfHAn/pl ||g||As n/m) Thus, the desired result follows
by ., see agaln Propos1t10n I D

Corollary 3. Let p,q be such that 0 < p < oo and 0 < ¢ < 1 in the
B-case, 0 < p <1 and 0 < q < co in the F-case. Let g € A;ﬁ/qp and let

f € Ly be such that [f]p € A"/p Then fg € An/p. Moreover, there
exists a constant ¢ > 0 such that HngAg/qp < c(HfHoo + HfHAZ/qp)HgHA;/qp.

We write (Lo N An/p) Azi/qp — A;’/qp.

Proof. Using Proposition |5 Theorem |2} and Corollary ii) the proof is
similar to that of Corollary |2l We omit the details. [J

The main motivation of Corollaries 2] and [3lis that we have now com-
plements of some previous works given in case of A, / . Namely:

Remark 3. (i) Since Ap/2 C G ADIPL if py > p, C’orol]arylg implies
(Lo N AZ,/O%) A = A if(n/p—n) < s <n/p (with (n/min(p,q) —
—n); < s < n/p in the F-case). If in addition 0 < p < 1, we have the
result given in [12, Theorem 4.6.2/2(24)—(25), p. 200].

(ii) Because of AMP < AP and AME G Lo N AP by Corollary

we have the following two assertions: B;L{ff : Bg{g — Bn/p if ¢ :=

= max(q1,q2) < 1, and FilP - FolP < BYP if 0 < p < 1 and q

)
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:= max(q1, q2), given in [I2, Theorem 4.6.1/2(20), p. 192] and [12, Theo-
rem 4.6.1/1(8), p. 190], respectively.

Remark 4. The casep = oo in Corollary[3|can be given as the following:
20 50 0 :
(Looc M B y) *Boo g = By if 0<g< 1. (32)

Indeed, assume that f € Lo, N Bgo’q and g € Egqu. By Theorem@
fg € &' and as So(fg) = 2.;<0Q;(fg) then [[So(fg)llee < cllfallo -
Also, since || fgll o, | < c(1S0(f9)lloc + 11 fll go. q), Theorem@again yields

Ifgllse, , < elllflloo +11Fll 3o, Igllpg, - Now, with respect to

By/p.BY —BY, if 0<pi<oo and 0<g¢<1, (33)

see [12, Remark 4.4.4/6, p. 180], we have By/?! G LN BMP Lo n

nBY, ,. However, fails in case p1 = oo (see again [12]), then an
interesting problem is to obtain (32| with ng o instead of Lo N Bgo’ ¢

Remark 5. A complement of Remarks[3{{4], that it would be interesting
to extend to homogeneous spaces the results given in, e.g., [14], [12, 4.6.1—
4.6.2, pp. 190-207] for inhomogeneous ones.
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