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APPROXIMATIVE PROPERTIES OF
FOURIER -MEIXNER SUMS

Abstract. We consider the problem of approximation of dis-
crete functions f = f(x) defined on the set Q5 = {0, 4, 26, ...},
where § = %, N > 0, using the Fourier sums in the modified
Meixner polynomials My n(z) = My (Nxz) (n =0,1,...), which
for @ > —1 constitute an orthogonal system on the grid 25 with
_m—r(fj‘\zzv\f;i—li_)l) We study the
approximative properties of partial sums of Fourier series in poly-
nomials M, 5 (x), with particular attention paid to estimating
their Lebesgue function.

the weight function w(x) = e
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1. Introduction. Suppose Q5 = {0,6,26,...}, where §j = %, N > 0.
Following [5] we denote by M v (z) = M3 (Nz) (n =0,1,...) the modi-
fied Meixner polynomials that constitute for « > —1 an orthogonal system
_T(Nx+a+1)

'(Nz+1) ~’

on discrete set Q5 with the weight function w(z) = e
that is,

Z My (2) Mgy (2)w(z) = (1 — e ) he \ b, o> —1.
TENs

Here hyy \ = (n:a) e™T'(a+1), and the corresponding orthonormal poly-
nomials with the weight function py(z) = (1 — e~°)*+lw(z) are denoted
by my n(z) = (hgyN)_lﬂM;L",N(x) (n = 0,1,...). These polynomials
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find applications in various problems of mathematical statistics, quan-
tum physics, mathematical physics, computational mathematics and sig-
nal processing by spectral methods. In turn, these applications lead
to the study of the approximative properties of Fourier —Meixner sums
Sy n(f,x), where f is the function given on the grid €25. We present the
main result of this paper in Theoreml It holds an upper estimate for the
Lebesgue function A} y(z) of the partial sums Sy (f,z) for z € [0, On =],

where 6,, = 4n 4+ 2a + 2. In the case a = —% this problem was solved in
[2].

2. Some properties of Meixner polynomials. To study the
approximative properties of the partial sums of Fourier — Meixner series
we need several properties of Meixner polynomials M2 \(z). For ¢ # 0
and an arbitrary a € R, the classical Meixner polynomials [1} [4, [5] can be
defined by

o o n+a\ e~ nlFlglkl 1\"
e =z = (")) S g (1)

where 2"l = 2(xz —1).. . (x —k+1), (a)g =ala+1)...(a+k —1). Tt is
well known [1} [4} 5] that for @« > —1 and 0 < ¢ < 1 Meixner polynomials
M (x) constitute an orthogonal system on the grid {0,1,...} with the
L+ a+1)

that i
Tw+1) at is,

weight function p(x) = p(x, o, q) = q

> M ()M (2)p(x) = (1— )~ ' h(@)6ne, 0<g<1,a> -1,

where h2(q) = ("1*)g " T'(a + 1).
Suppose N >0, §=1/N, g =¢e° Q5 {0, 6, 26,...}. If @ > —1, then
the polynomials M v (z) = M;f(Na: e~%) and my. N( )=m%(Nz,e %)=

= {h%(€_5>}71/2 M n(z) constitute orthogonal and orthonormal on €25
systems, respectively, with the weight function py (z) = (1—e~ %)% lw(z).
Further, the following Christoffel - Darboux formula

o/ (n+1)(n+a+1)
o v(t,) kaN N(T) = (e8/2—e=0/2)(x — t) 8

x [m%H,N(t)m%,N(w) = my N (O)my i v (7)) (1)
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plays an important role for the estimate of the Lebesgue function. The
formula (1) can be written [3] as

a Qp, a o Ol Oy — 1 0 1
n,N(t»$):mmnN(t)mn,N($) (Gntan1) (3 —c ) EEk
[ (mn+1 n(t) — mg—l,N@)) -
- mn,N ( Myt1,N (z) — m%—LN(l’))} ) (2)
where a, = \/(n+1)(n+a+1), m*; y(z) =0. For 0 <§ <1, N = §

A>0,1<n<AN,a>-1,0<x <00, 0, =4n + 2a + 2 the following
estimates [5} [6] hold:

e 2 md y(@)| < cla, )b 2 A%(2), (3)
(0, 0<z<t

M—‘

a1
(02, 0<z< g,
_3
O, = 5ta, 0L<x§%",
<c@nd , (5)
x_59n4[93+]a@—9!] %"<x§%,
_z 30,
L€ 4, -5 <z <00,

where hereinafter ¢, c(«), ¢(a, A) are positive numbers depending only on
the indicated parameters.

3. Formulation of the main result. We denote by C'(§2s) the space
of discrete functions f : Qs — R, such that

: —z/2 __
th |f(x)|e = 0. (6)
The norm in this space we define as follows:

1 fllcws) = sup e /2| f(x)].
:DEQ(;
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The following lemma holds.

Lemma 1. Suppose thata > —1,p > 1andl  is the space of functions
defined on §)s with

1/p
1l = (Z If(ilf)l”pzv(w)> < 00. (7)

TENs

Then C(S25) C 15 for 1 <p < 2.
Proof. The proof of the lemma follows immediately from @ and . (|

It follows from lemma (1| that for an arbitrary function f € C'(Qs) we
can define Fourier - Meixner coefficients

=Y ftymg n(t)pn(t) (8)

teQs

and Fourier — Meixner series
F@) ~ > frmg y (). 9)
k=0

We denote by Sy v (f, ) the partial sum of the series @:

n(fiz) = Zfl?mg,N(@a
k=0

which in view of and can be represented as

B I L R (1)

teQs

Let E,(f,d) be the best approximation of function f € C(Qs) in the
metric of the space C'(25) by algebraic polynomials of degree n, that is,

E.(f,0) = ) 1611[1;” If = pullc@s),

where H" is the subspace of algebraic polynomials p,(z) of degree less
than or equal to n. Further, let p,,(f) = pn(f,x) be a polynomial of the
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best approximation f in C(fs) for which E,(f,d) = ||f — pn(f)llc(s)-
Then, since SS,N<pn) = p, for p, € H", we get

|f(x) = S5 N (fr2)| = [f (@) = pu(f, @) + pul(f,2) = S5 n(fr2)| <
<|f(x) — n( » L |+|SS,N pn_fax)"
By the last inequality and we have
e 2 | f(a) =S n(fox)| < e 2 [f(@)—palfoa)[+e™ 2 [S7 N (pn—fr2)] <
En(f,0)(1+ A% n (), (11)

where

2N(w) =

e T(Nt+a+1)
D

rwerp o) Kl ()

teQs

The inequality (11) needs estimating on [0,00) the Lebesgue function
An.v () defined in 1. In this article we analyse this problem only for the

cases ¢ € G1 = [0, ]and:z:GGg [0,2] Thecasewhenxe(”oo)
will be discussed 111 "another paper. We note that this problem without
proof of the main result was presented in [3]. In this subsection we give,
with full proof, the result announced in paper [3]. Namely, the following
theorem holds.

Theorem 1. Suppose thata > —1,0, =4n+2a+2, A >0,0< 6 <1,
1 <n < AN. We have the following:
1) if x € G, then

1, a € (—1,—%),
no(@) <cla,A) Qlog(n+1), a=—3, (13)
nots, a > —%;
2) if x € Go, then
log(nx-ﬁ-l), (OAS (_17_%)7
non (@) < ela, A) § log(n +1), oa=—3, (14)
log(n+1) + (%)Trz, a>—1.

4. Proof of Theorem (1, Suppose that x € Gy, then

non (@) =1 + I, (15)
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where

n

L<c(@)d Y (t+0)*> le 2mg p(@)]le2mg y(t)] <

teQy, k=0
o<t§ﬁ
<cla,\)d > (t+9) Zek <cla, N8 D (t+8)* et <
teQs, teQs,
0<t< g 0<t< g
< c(a, N9t 5ot 4 / (t+6)¥dt| < cla,N). (16)
0

Now we proceed to estimating I». Taking into account, we can write

Iy < Ioy + gz + Io3, (17)
where
aTL —_z

Iy = 3 o x

21 o, + Op_1 € mn,N(m)‘

D(Nt+a+1) vt
. (1—e™)* H ma v (0]
t;; ['(Nt+1) n,
94 <t<oo
Ty — A1 1) —z o ( )_ N ( )| y
2 an_1 €92 — =026 7 MmN \&) = My N (T

s e sT(Nt+a+1)

I'(Nt+1)(t — =) (1=e™)* fmf n(2)

teQs,
4
W<t<oo
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T = Oy Olpy—1 1) =
23 =

e
Qp + 0y €9/2 — e79/2

e~ 2F (Nt+a+1) el o 3
: t; I(Nt+1)(t—x) (1=e™) |mn+17N(t)_mn—1,N(t)‘-

0 <t<oo

Let us estimate I57. From and we have

o _LF(Nt—f—Oé—f—l) —5 1
Iy <cla,N0F > e > (1 —e®)* " [mg n(1)] - (18)
et (Nt +1)

4
W<t<oo

We put

e 2FNt+a+1) ot
1— a—+ «
W= rNeen) L) [

t)| = Wi + W, (19)
teQs

where

e 2D(Nt+a+1) s
Wy = 1—e ) m2 y(t
=Y RN )

360,
o<t<2on

Y

e sT(Nt+a+1) s
Wy = 1— ot lme ()] .
o= X 0 )

30n
T<t<<x>

By the Cauchy—Bunyakovsky inequality

1/2
_ I'(Nt+a+1)
W < 1 —e d\ya+1 %
b ;; ( ) T(Nt+ 1)
o<t< 3%
1/2
“IN(Nt+a+1) 2
X 1— e 0yat1€ me o (t <
; ( ) (Nt +1) (s (1) =
ogtgg’%

1/2
45 /

< cla) | 09T + /(t+5)°‘dt Sc(a)H:TH, (20)
0

29
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Wy < c(a, )by 26 Z e i (t+6)* < co, N0y Ze ™ (21)
@Ejf<oo
From - we conclude that
a+1
W < c(a,\)0,% . (22)

From , and the last inequality we have

1

I21 < C(OZ, )\)Hn (23)

Now we proceed to estimating Io5. From and we have

0
122 S c(a,)\)neﬁ gn 20 Z t— o :I212+I222+12327

teQs,
4
ﬁ<t<oo

where

tr A (t
Jﬁ_daAnQ%EZ——lli:Lz&
x

teB;
By =1(4/6,,0,/2] N Qs, By = (0,/2,30,,/2] NQs, Bs = (360,,/2,00) N Qs.
Turning to inequality , we obtain

I < C(Oé,)\)@%_%5 Z ta;:jx : c(a,)\)e,%_%d 571 <
t€B, teB,
1, o€ (—1,—%),
< cla,)) 1og(n +1), a=1, (24)
0, 2, a > %
I3, < 4(5 Z 2 03 ~l;|i;9 nl] 7 < c(oc,)\)Hg_% X

tE Bo
39n

wh—-

x /@3+u O, Hdt < e(a, NOSTE05 < e(a, NOSTE, (25)

2
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tre 1 T t
I3, < c(a, N6 Z ti; < c(a, A) / t%e"2dt < cla, N)e ™. (26)
teBs 30

-5
Combining estimates - , we obtain

1, o€ (-1,-3),
Iy <c(a,\) S log(n+1), a= %, (27)
0y, 2, o > %

Proceed to estimating I3 for x € G;. Using and , we can write

Iz < c(oz,/\)n&%é Z e ? |m%+1,N(t) - mg—l,N@)‘ =

teQs,
ﬁ<t<oo
= I3+ I35 + I, (28)
where
15.3 ‘mn—l—l,N(t) - mz—l N(t)‘ y U= 1a 273
teB;
0, 1t S+1 a1 t5+a
Ik, < A)nd2 o n < DN ERER <
23 C(O[, )n Z t— C(Oé, ) Z P
teB; teB,
o 1 o
< c(a, )\)OT%JF“(S Z 1571 <
teEB,
1, e (-1,-3),
< ela,N)Qlog(n+1), a=-1, (29)
9a+% a>—1
n 9 29

«@ 7% (6% 7% % o 1
I3, < c(a,A)negazen £ Lf)i;cwt 0,11 < ol =1
teBs
0 ts
1 a—3 5 atl
: / 04 + 1t = 0}t < (@, N0 0 = cla, NOTTE, (30)

o
50
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t¥e 1
3, < A) 025
23 = a n Z t—x
tEBs3

—1

c(a,)\)ﬁ,? tolemiqdt < c(a,)\)eg_le_”. (31)

IN

\8

30,
= -0

The inequality and estimates - yield

1, a € (—1,—%),
Iz <cla,N\) S log(n+1), a= —%, ) (32)
1
OZHF?, o> —%,

From inequalities , , and we obtain

1, a€(-1,-3),
I <clo,N) S log(n+1), a= —%, (33)
nots, a> -1

In turn, from , and we have

1, o€ (—1,—%)’
nn(@) <cla,N) {log(n+1), a=-1,
na—i_%a o > —%

Thus, is proved.

Now let us prove (14). Assume that z € G5. We introduce the nota-
tion: D1 = [0,z — \/x/0,] N Qs, Dy = (x — \/x/0n,x + \/2/0,] N Qs,
Ds = (z+ \/x/0,,00) N Qs. Then

an(®) =J1+ J2 + J3,

where

_z ,LF<Nt+Oé+1) .
Ji = 1—e 0yt (¢ =1,2,3.
e ztEZD.e 2 T(NE+ 1) ( e~ | nN x)‘,l , 2,



Approximative properties of Fourier — Meixner sums 33

Let us estimate J,. To this end, observe that the Cauchy-Bunyakovsky
inequality yields

‘1/2 ‘1/2

\’C?‘{,N(t, 35)| < ‘Kff,N( "C ,T)

Further, if 7~ <z < 2 , then o — /55 > 7=, moreover, for t € Dy, we
have c;x < t § cox. Then

Jo < cla)|e™™ an (T, 7) 1/25 Z e |e_th Nt t )‘1/2.
te€Ds

Let us now estimate |e 'K |. Using (1] . 4)) and (b)), repeating
almost verbatim the arguments of the proof of lemma 7.1 [7] we can prove
the following assertion.

Lemma 2. Ifa>-1,0,=4n+20+2, A>0,1<n<AN,t>3/60,
then
et (1,1)] < el A= 12p1/2,

By lemma 2| we have

Let us estimate J;. Using we can write

J1 < Ji + Ji2 + Jis,

where
Jin = (e 55 3 e E (4 6)° Ly (@)mS (1)
teDy
" (t 5
Jiz = c(a)ne”™ 2 [my v (x) - (x)] 8 Z eE (S i n

teDy

()5 Y O ”” Sy () — s ().

teDy

Jiz = c(a)ne” 2 |m
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To estimate J;1 we have

Jin < e(a)(Jiy + J5),

< c(a, A)xéeg%.

(37)
From the inequalities , and we have

Ji1 < C((X,)\) [(91) + 9;%

In order to estimate Ji5 we represent it as

(38)

Jio = Jiy + Jia, (39)
where

x—1
tEQg
ogtgﬁ
g+l _a ll
<cla, N2 T2t g t+0) <
(o, A)6;3 —6 Y (t+9)
teQy,
0<t§ﬁ
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5 a1 1 t+8) 81
Jh < cla, \nby ta 5t 0s Y (E+o)™ 277 _

T —t -
teQy
ei<t<z Fr
T—./7=+0
A)Fa i
< ela, a8+ | sB 1 / dt | <
v () | -
o
1— m;n—i—é/x %
% % a 1
< c(a, \) / i dygc(a,)\)/y24dy+
1 Y 1
xOp zOn
1 x9n+6/$

< c(a, N) / 1Tdy < ce(a,A\)(1 +log = \/1’9 :

From (39) — (41]) it follows
2
Ji2 < e(a, ) (1 + log g\/xen).

Using the same arguments that led to —, we obtain
Jiz < c(a, \)(1 4+ log \/x6,,).
From , and we have

J1 < e(a, \)(1+log/x0,,).

Let us estimate J3. By we have

J3 < (J31 + Jz2 + J33),

where

© Nt 1
Ty = F m (@) 3 e TR syt e )

= T(Nt+1)

o o e 2 (t+ 6)> o
(@)~ mi ()]s 30 D e )

teDs

Jzo = c(a)ne™ 2
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J33 = c(a)ne” 2

—3(t 4 6)™
mi ()8 3 D e 0~ m 0]
teDs

To estimate J31, we note that the inequality yields

Jy <e 2 |mﬁ,N(x)| W,
hence, from we obtain

LH —l (o]
J31 < c(a,\)0,2 6, x" 2

W=
|
pry
R
>
N—
VR
Sl
N——
[Nfs)
+
N
™~
D
N—

To estimate J3o, we represent it as

Js2 = Jap + J35 + J5y,
where

-1 e 1
—3 a1 %0, "t~ 271
J3y < cla, N, 2z~ 2114 E —_—
t—ux
teQy,
ot/ <t< Tty [
o 1
_a 1 tz27 1
<cla, Nz~ 271§ g .
t—x
teQy,
oty [ <t<fp+ /&
Let us examine three cases:
) Ifa= %, then

On —x_
2t 9,

1 bn
+ / t—xdt < c(A)log [ -2 +1]. (48)
" eE o
2) If -1 < a < 3, then

J312 <cN)| 6

(v 4 /2)5—1 %’L\/%ta )

N On 31

J3y < c(a, /\)x_?*"i o + / dt
01 t—x
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2x 97""1- ﬁ
dt N .
cla, ) / (o, )z~ 83 / 5%t <
T+ ﬁ 2x
c(a, \)log \/Opx.
3) If a > % then
2 97"4- 99”7
I3z < (e, A) / — + c(a, )\)x_%‘% / 1373 dt <
T/ 2w
2}
0n
CERRVAS
cla, ) | log v/ Oz +
x

Consequently, from - we deduce the estimate:

( 9
log ( Z + 1)

V 9
log \/x0,,

log\/ﬂJr( \/_> , a> 1.

J?}Q < c(a, \)

Further
N _s3
Jz, < c(a, )\)n:c_fJ“%Hn 0%

t+0)20, 2 1
" 3 M[Q (Q,Ht_e 'ﬂ <
teQy, t—x
Oty <= B
305
. s Poat
cla, Nz~ 21562 / <97§ +t—6 |> ; =
— X
fpt/E-S
0,02 =
e @ 1
= c(a, )\)x_i-i-%erf / + (9;’; + |t — «9n|)
1

(50)
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0, -1 0, —
< c(a, A) (—) log i (52)

teQg t—x
387”<t<o<>
a a1 n
cla, Nz~ 5tig, 2715 Z eitet < c(a,)\)e_%. (53)
teQg
30n <t<oo
From and f we obtain the estimate
log(nx—l—l) a € (-1,3),

JgQSC(Oz,)\) % 4
(9?") log9n+\/_m oz>%

Now we estimate J33 using the same scheme as for J3». We have

Jsg = J33 + J35 + I35, (55)
where
-3 «@ 1
_1 4 t%0, *t—2 1
1 a —_a_ 1 n
J33 < cla, \)nb, Tz~ 274§ Z — <
teQs,
VAT Ve
< cla,Nx"271§ 3y 4t <
cla, \)x— 271 <
t—x

teQyg,

10g<9—+1) a:—%,
< c(a, \) { log Vb, a€(-1-3), (56)

e 1
on /271
log /0,2 + <ZT%) , o> —%.
\

J33 < c(a, \)nbp, *x

NP
|
N9
|
N

[e9)

teQs,

On Z 360,
D IRRVA i
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1 01/3 +9 1/4 1
S C(a,A)m7%7i93+Z5 Z <—> +

t t—x
teQs,
%+\/%<tgon
1/4
e (600 + ¢~ 02)
+cla, \)z™ 274603 16 Z P <
teQs,
O <t<30n
o 1
Hn E+Z en -
< c(a, N) (—) 1+ log i (57)
X o 1, [o- — @

(t +0)et/4

From - we obtain

log(nz + 1), o€ (-1,-1),
_ 1
J33 < c(a, A) log(n + 1), o =—3,
0,\5+4 )
log\/xen—k(;) 4 (1—|—log 9"*@ ) a>—1
(59)
In turn, from 7 , and we deduce the estimate
log(nz + 1), o€ (-1,-1),
_ 1
J5 < c(a, \) { el +1); a=-1,
a1
log VB + (2)F 7 (L+tog gz s -,
2 0, T
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Combining ; and , we see that
log(nz + 1), ac (_17_%)7
o n(@) <cla,N) | log(n +1), a=-1,
a1
log(n+ 1)+ (2)27%, a> -1,

Therefore, is proved. This completes the proof of the theorem.
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