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ON APPROXIMATION OF THE RATIONAL FUNCTIONS,
WHOSE INTEGRAL IS SINGLE-VALUED ON C, BY
DIFFERENCES OF SIMPLEST FRACTIONS

Abstract. We study a uniform approximation by differences
©1 — O of simplest fractions (s.f.’s), i.e., by logarithmic deriva-
tives of rational functions on continua K of the class Q,, r > 0
(i.e., any points zo, z1 € K can be joined by a rectifiable curve in
K of length < r). We prove that for any proper one-pole fraction
T of degree m with a zero residue there are such s.f.’s 01,02 of
order < (m — 1)n that ||T + 01 — Oa||x < 2r AT TInl2/(2n)1%
where the constant A depends on r, T' and K. Hence, the rate of
approximation of any fixed individual rational function R, whose
integral is single-valued on C, has the same order. This result
improves the famous estimate ||R + ©1 — O2||c(x) < 2e"7"/nl,
given by Danchenko for the case || R||ck) < 1.
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1. Introduction. By a simplest fraction (s.f.) of order n, n € N, we
mean a logarithmic derivative of polynomial of degree n:

n

@(2>=Zz_12,’ 5€C  (nz1).
J

j=1

The function ©(z) = 0 is the s.f. of order n = 0.

The approximation properties of s.f.’s have become an object of inten-
sive study after the paper [5] was published. It turned out, for example,
that the rate of the approximation by s.f.’s for a wide class of functions
and sets has the same order as for the polynomial approximation [5], [9].
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The first result on approximation by differences of s.f.’s, i.e., by lo-
garithmic derivatives of rational functions, was also proved in [5] (Theo-
rem A below). Let R} be the class of rational functions of degree < n,
whose integral is single-valued on C. We say that a set K C C is of the
class Q,, r > 0, if any points zp,z; € K can be joined by a rectifiable
curve in K of length <. Let || - ||x be a sup-norm over K.

Theorem A. [5] Let K € ,, R € Ry, |R||x < 1. There are s.f.’s ©1,
©, of order < (N + 1)n such that

IR+ ©1 — Ok < 2e"r"/nl (n > b5r). (1)

The author has proved the following much more strong estimate in the
case where R = M is a polynomial [7], [8] (hereinafter ng(x) = 14+ex?/4):

Theorem B. [8] Let M # 0 be a polynomial of degree N > 0, K € Q,.,
|M]||x < c. There are s.f.’s ©1, ©y of order (N + 1)n, such that

n!?

2
M ®, -0 gi 2n+1
M+ 1 = Oall < Z(er)™ ! g

(n = ng(cr)). (2)

In this paper we prove that the approximation of any given function
R € R} has the same order. The crucial point is the following theorem
on approximation of a one-pole fraction.

Denote by K*° the unbounded component of the complement of con-
tinuum K, and let K = C\{K U K*>°}.

Theorem 1. Let K € Q,, a € C\K, § =dist(a, K) >0

i m > 2, (3)

(z —a)i
Jj=2

and C = ||T(2)(z — a)?||x. There are s.f.’s ©1,0 of order < (m — 1)n
such that

2 (Cr\*"T n2 9

If le| > 1 and a € K°, then

2 sni42/m) 2t nl? 311 142/m
= > .
<2 (o)™ s e T, 6)
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In the case where |c,,| > 1, 0 < (diam K)/6 and a € K*°, the estimate
(5) is also true, but the factor 16 must be replaced by (28/3)2.

Theorem 1 is proved in Section 4. In Section 2 we consider the general
case where R € R%. The following example shows that the conditions
R € Ry and T € R;, are essential for Theorem A and Theorem 1,
respectively.

Denote by d,, = d,,(f) the best approximation of the function

flz)= — a€R, a>1,
over z € [—1,1] by all differences of s.f.’s of order at most n.
Proposition 1. Ifa=:1(p+p 1) >3 (p> 3+2\/g), then

dn(f) > /Ln(]. -+ 0(1)), Mn 1= 21 2" p+ F )\pfl —2n—1

as n — oo for some X € [—-1 1],
Proof. Set || - || = || - |[{=1,1- There is a difference D(z) of s.f.’s of order
< n, such that |[D— f|| = dy, - (140(1)) as n — oo (|| - || := || - [[[=1,1])- Let

R(x) be the rational function of degree at most n such that R(0) = v/a
and D = R’/R
Set I(z) = [, (D f(t))dt. Obviously, ||| < dn - (1 + o(1)),

(eI(”’)—1)\/;v+a:R(x)—\/ac+a, -1<2 <1,
Since d,, — 0 as n — oo, we have
5= u(R) = |(R(@) - Vo Fa)/VaFal < el =1 < dy - (1+0(1)).

But infr 4 = pin (1 + 0o(1)) (over all rationals R(x) of degree < n) [1]. O

In Section 5 we study the approximation of arbitrary rational functions
by the quotients between two differences of s.f.’s. This useful method for
the calculation of values of rational functions and polynomials was intro-
duced in [2]. Recall, that the Horner scheme is usually applied for this.
However, if the values of arguments and coefficients of these functions are
large, using this scheme may lead to loss of accuracy because of multiple
multiplications (see examples in [4, § 3]).
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2. Corollaries of Theorem 1. Set

my

P
— — Ck.j
R(z) =Y Ti(z), Til2):= Z oy ™ =2, (6)
k=1 j=2
Corollary 1. Let R be a function (6), m = maxy mg, ¢ = maxy,j [y j/,
0 = dist(z,K). If K € Q,, 0 := ming 0 >0 and A := CZJ 5077, then
there are s.f.’s ©1,04 of order < (N — p)n such that

n!?

= 18+ 01— Oall < Z(Arf iy (s mo(dr). (7

This assertion follows from (4), because R is the sum of p functions
Ty, of the form (3), >} _,(my — 1)n = (N — p)n and

3

k

Ck c ¢ 9
5k 57 S <Y 5= (Cr = [[Ti(2)(z = 21)" |k, 1 <k <p).

Jj=2

.
||
N
Q.

The estimate (7) is better than (1) for any fixed individual function R
of the form (6). On the other hand, (1) is a universal estimate (i.e., (1)
only depends on |R||x and r), whereas (7) depends on the norms ||Tk| x
of all p components of the function R = 3 Tk, and it is easy to construct
such a fraction R = T} + T» that ||T%| x > 1 while ||R||x < 1.

We now consider the case where the set K has special form and in
this case we get new estimates of A; of the same order as in (7) but
with more universal constants. Let R be a function of the form (6). We
write K € Qf(R) if K € Q, and all poles z; € K°, and every bounded
component KJQ of the complement of the set K (|J KJQ = K9) contains at
most one of the poles z, i.e., “poles of R(z) are separated by K”.

Corollary 2. If K € Qf(R) and ||R| x < 1, then (see (7))

Ay

N

2n+1
2p (50mr n!?
” ( 5 ) G (1> no(B0mr?/8%)).
If, in addition, |cy m,| =1 for all 1 <k < p (see (6)), then

(n = no(16 - 10%3)).

2p 4 gy2ntl nl?
A< (16 - 10*7%) an)e
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Indeed, because of K € Q(R), the singularities of the function R =
= > T}, are separated [3]: ||Tk|lx < 50my||R||x, 1 < k < p. Thus, the
assertion follows from the estimates (4), (5) and ||z — a||x < r. To prove
the last estimate of A; we also use the fact that the function (50x)*+2/*
is decreasing for = > 2, and hence (see (5)),

max \|Tk||K1+2/m" < ntli;aux(50m;€)1'*'2/7”’c < (50-2)% = 10%.

Remark 1. Let R(z) = M(z) + R(z), where M be a polynomial and R
be a fraction of the form (6). Let ¢ := ||M||x > 0. Under the assumptions
of Corollary 1 we have the following assertion: there are s.f.’s ©1,02 of
order at most (deg M + 1+ N — p)n such that

IR +©1 — 0| < 207 (! 4 pA> ) (n > no(max{A,ctr)).

(2n)!2
3. Auxiliary results. Our first lemma is trivial:

Lemma 1. Let B(z) # 0 be a polynomial of degree N1 > 0, H(v) #Z 0
be a polynomial of degree Ny > 0,

1 B'(z
Fle)=H (B(z)) B(<)> ®)

Let q1(v), g2(v) be polynomials of degree (N + 1)n > 0. Then the func-
tions S;(z) := (B(z))N2+1nq:(1/B(2)), j = 1,2, are polynomials of de-
gree at most N1(Na + 1)n, and the following identity holds:

Si'(z)  SY'(2) _ B'(2) ) — a'(v) | ¢'(v) v — 1
FOT 50 "5 - B (H( ) ") T e > = B

Let K and a be an arbitrary fixed set and a point in C. Put
K,={v:v=(2—a)"" z€ K}.
Lemma 2. IfK €Q,,a € C\K and ¢ := dist(a,K) > 0, then K, € Q,_,
where 14 := 1572,

Proof. For any fixed points vg,v1 € K, we put z; = a + vl i =0,1.
Since K € (., there is a rectifiable curve z(s), 0 < s < s1 (2(0) = 2o,
z(s1) = z1) in K of the length [ [2/(s)|ds < r (s is a natural parameter).
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Then the curve v(s) = (2(s) —a)™%, 0 < s < 51 (v(0) = v, v(s1) = v1)
belongs to K, and the length of this curve

S1

1 1 Z'(s 1 _
/|UI(8)|dS:/|Z(|S)(—)L,|2dS< ﬁ/|z’(s)|ds<r6 2,
0 0

0
Thus, the lemma is proved. [

Lemma 3. Let K be a continuum in C, T'(z) be a function of the form (3).
If § :=dist(a,K) > 0 and ¢, # 0, then

1 {1, ae K",
5 S w /T k/lem|, vi= { 2, a€ K> and § < (diam K)/6. 9)

Proof. Put v =1/(z — a), T(2)/cm = tm(v),
b (V) =G0 o G 0™ 0™, ¢ = ¢j/Cm.

Let 7(K,) be the transfinite diameter of the set K,. We have the following

estimate [6]: 7(K,) < Vtmllx, = VIT |k /lcm|- But K is a continuum,
therefore [6], diam K, < 47(K,) <4 %/||T| x/|cm|-

We now need to prove that diam K, > 1/(v¢).

In the case a € K, the estimate diam K, > 1/§ is trivial.

Let a € K and 6 < (diam K)/6. Let z; € K be a point such that
|z1 —a| = §. Then we have max,cx |z — a| > max.ck |2 — 21| — 0 and

diam K = max |z — Z| < max |z — z1| + max |z; — 2| = 2max |z — 2],
K z€K ZeK z€K

z,Z€
therefore max,cx |z — a| > (diam K)/2 — 6 > 30 — 0 = 26. Thus,

diam K. > 1 1 S 1 1 1
iam K, > — — Z2 - — ==,
ming |z —a| maxglz—al = 4§ 25 20

and the lemma follows. OJ

4. Proof of Theorem 1. Firstly, we prove the estimate (4).

Assume that T'(z) # 0 (the other case is trivial). The function (3)
has the form (8) with B(2) = 2 —a, H(v) = >7", ¢jo/ 7% (deg H(v) =
=m; —2 < m —2). By Lemma 2 we have K, € (,,, where r, = r§—2.
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Obviously, H(v) = T(z)(z — a)?, therefore ||H||x, = C. By Theorem B,
there are s.f.’s 0;(v) = ¢;'(v)/q;(v), j = 1,2, of order (m; —1)n, such that

|H — 601 + 05|, <2C(Crq)*™n!?/(2n)1? (n =2 no(Cry)). (10)

Estimate (4) follows by (10), Lemma 1 and the equality || B’/B?| x = 6 2.

We have C < ||T||kx(diam K)? for a € K°. Thus, the estimate (5)
follows by the estimates (4), (9) and diam K < r. Similarly, in the case
a € K and ¢ < (diam K')/6 we have

C < Tl (6 + diam K)* < [|T s ((7/6)dliam K)?,

and the theorem follows.

5. On approximation by special rational functions. Consider
the following special fractions, introduced in |2, § 8.2

°9 =8, euly “”

where ©; denotes a s.f. of order m;, j = 1,2,3,4. Fractions (11) have
strong approximative properties [2]:

Theorem C. [2] Let K be a compact set, R be a rational function of

degree N > 1, and r := ||R||x < oo. There is a fraction © of the form
(11) with orders m; < Nn such that

16 — R||x <2¢"r"1/nl (n>5r).

We now get a stronger estimate for the case K € (2.

Corollary 3. Let P, Q be polynomials of degree at most N, K € Q,,
IP|lx <1, infg |Q(2)] =: co > 0. Put ¢z = ||Q||x. There is a fraction ©
of the form (11) with orders m; < (N + 1)n such that

Q 402 2n 2n

Proof. Let ©1 — O3 (O3 — ©4) be the difference of s.f.’s of order at most
(N 4+ 1)n that approximates the polynomial —P (—@Q), respectively), as in
Theorem B. Let ny be an integer such that n > ng(r), n = ng(cer) and

(n = na).
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c2||©3 — O4 — Q|| < 2/2, if n > ny. Thus, the statement follows from
(2) and the identity

©,—0, P (P+®1—@2)Q—(Q+®3—@4)P.

0:;-6, Q —Q*+(Q+03—64)Q

Corollary 3 is proved. J
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