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Abstract. We prove that a locally uniform limit of a sequence
of homeomorphisms with finite k-distortion is also a mapping
with finite k-distortion. We obtain also an estimation for the
distortion coefficient of the limit mapping.
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1. Introduction. It is well known that the limit of a uniformly con-
verging sequence of analytic functions is an analytic function. Reshetnyak
generalized this result to mappings with bounded distortion: the limit of a
locally uniformly converging sequence of mappings with bounded distortion
18 a mapping with bounded distortion.

Definition 1. [8] A mapping f : @ — R" is called mapping with bounded
distortion if f is continuous, f € Wé’loc(Q), the Jacobian J(x, f) does not
change the sign in the domain §) and

|Df(x)|" < K|J(z,f)| for almost all z € . (1)

The smallest constant in this inequality is called the distortion coefficient
of the mapping f and is denoted by the symbol K(f). It is clear that

|Df(@)["
K(f)= sup{ o2z e, Jx,f)#05.
|J (. f)]
Reshetnyak used the weak convergence of Jacobians to prove the fol-
lowing theorem on the limit of a sequence of mappings with bounded
distortion.
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Theorem 1. [§] Let f,, : @ — R", m = 1,2,..., be an arbitrary se-
quence of mappings with bounded distortion, locally converging in L, ()
to a mapping fo : 2 — R™. Assume that the sequence of distortion coef-
ficients K(fm), m =1,2,..., is bounded. Then the limit mapping fo is a
mapping with bounded distortion and the following inequality holds:

K(fo) < lim K(fm). (2)

k—o0

We briefly outline the proof in the case of non-negative Jacobians. For
a test function ¢ € C§°(Q2) we have

/ Dfo(e)|"p(@) dr < i [ |Df(@)"p(z) di <
Q

m—r oo

<Kt [Jafe@)de =K [ fo)els) d.

m—00
Q

To justify the limit in the last equality, we apply the weak conver-
gence of Jacobians. Consequently, for the limit mapping, the point-wise
inequality |D fo(z)|" < KJ(x,fy) holds a.e. in Q.

More recently, research has begun on mappings with finite distortion.
They are a natural generalization of mappings with bounded distortion.

Definition 2. [7] Let a mapping f : Q — R™ belong to the Sobolev class
Wl (Q) and J(z,f) = 0. We define the pointwise distortion coefficient

n,loc

K(z, f) of the mapping f as a value

IDF@ i J(2,f) > 0
K(z, f) = { [ (@, f)l

1 otherwise.

The mapping [ : Q@ — R" is called mapping with finite distortion (f €
€ FD(Q)) if

|IDf(x)|" < K(x,f)J(x,f) where 1< K(z,f) < oo for almost all x € €.
Remark. In other words, the condition of finite distortion is that the

partial derivatives of the mapping f € W, ,.(Q2) vanish a.e. on the set of
zeros of the Jacobian J(z,f).
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For the first time, the essential properties of mappings with finite dis-
tortion were investigated in the paper [15] in the study of homeomor-
phisms inducing a bounded composition operator. The name "mapping
with finite distortion" was proposed much later in the paper [7].

In [5] F. Gehring and T. Iwaniec showed that the limit of a weakly con-
verging sequence of mappings with finite distortion is also a mapping with
finite distortion, and they obtained also an estimation for the distortion
coefficient of the limit mapping.

Theorem 2. [5] Let f,, : @ = R™, m = 1,2,..., be an arbitrary se-
quence of mappings with finite distortion converging weakly in W;JO ()
to a mapping fo : 2 — R™. Assume that

K(xvfm) QM({E) < 00, m:1,2,...,

where 2 3 x +— M(z) € [1,00] is a measurable function. Then the limit
mapping fo is a mapping with finite distortion and the inequality

K(z, fo) < M(z)

holds.
More precisely, in this paper existence of a subsequence f,, such that
K(z, fo) <bx lim K(z, fm,)
k— o0
was shown. Here the limit is understood in the sense of so-called biting
convergence.

Definition 3. [2]| Let h and hy, k € N, be Lebesgue measurable functions
defined on a set E C R™. The sequence hy, is said to converge in the biting
sense on E to h if there exists an increasing sequence E, of measurable

subsets of F,
U El/ = E7

such that
lim [ ¢hydz = /gph dz

k—o0
E, E,

for any function ¢ € Loo(E,).
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In the paper [4] the limit of a sequence of homeomorphisms with finite
distortion converging weakly in W was shown to have, also, a finite dis-
tortion under the condition that the limit mapping is a homeomorphism.

Theorem 3. [4] Let Q, ' be bounded domains in R", f; : Q@ — €,
jEN, f:Q— @, be homeomorpisms belonging to W (2), and f; — f
weakly in Wi(Q). Assume that

|IDf(z)|* < K(x,f;)J(x,f;) for almost all x € Q,

where K (z,f;) :  — [1,00) are Borel functions for all j, and the sequence
K(x,f;) converges in the biting sense to K(x) as j — oo. Then the
limit mapping f is a mapping with finite distortion and the inequality
K(z,f) < K(x) holds for almost all x € ().

In the paper [1] mappings with bounded (g, p)-distortion (n — 1 <
< ¢ < p < oo) were defined and investigated; these mappings coincide
with the class of mappings with bounded distortion if ¢ = p = n.

In the paper [17] a locally uniform limit of a sequence of mappings
with bounded (6, 1)-weighted (g, p)-distortion was shown to be, also, a
mapping with a bounded (6, 1)-weighted (g, p)-distortion and an estima-
tion similar to (2) was established. The proofs of the theorems like those
in the article [17] and in this work are based on the method developed
in [11] for extending Reshetnyak’s result to Carnot groups.

In this paper we extend the above-mentioned assertions to the class of
mappings with k-finite distortion, which arise naturally in the problem of
operating with differential forms of degree k (see [12]).

2. Preliminaries. Let U be a domain in R". We consider the
Banach space Lp(U,Ak) of differential forms w of degree k, k = 1,...,n,
with measurable coefficients, which have the following finite norm: |jw||, =
_ 1/p
= (Jy lwlP dx) ™",

A mapping f : U — R" is said to be approzimate differentiable at a
point x € U [3], if there exists a linear mapping L : R™ — R™ such that

{y € B(x,r) : |f(y) = flx) =Ly —x)| > e}|

I
rg% rm 0 (3)
for any € > 0. Here the symbol | - | denotes the Lebesgue measure. It is

well known that the approximate differential is unique [3] if = is a density
point. In what follows, it is denoted by the symbol ap D f(z).
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In our paper we consider the mappings belonging to some Sobolev
class. Such mappings are unconditionally approximately differentiable.

Let w=> wg dy” be any k-form, k = 1,...,n, in W with continuous
coefficients wg : W — R, where the summation is over all k-dimensional
ordered multi-indices 8 = (81,...,8%), 1 < f1 < ... < Bx < n, and
dy’® = dys, Ndyg, A ... Ndyg,. Let a mapping f = (f1,...,fn): U — W
of Euclidean domains U, W C R™ be approximately differentiable almost
everywhere in U. We write the pull-back of the k-form w in the follow-
ing way:

fro(@) =" ws(f(@)) dfs, Adfg, A Adfs, =Y > wa(f(@)ME () da.
B a B

In other words, it is a k-form with measurable coefficients, which are
n

defined for almost all z € U (here dfg, = > 922 dx; and the partial

4 O

o
derivatives are understood in the approximate sense, M2 (z) are (k x k)-
minors of the matrix ap D f(z) = (%)7 1,7 =1,...,n, with ordered lines
and columns).

We recall that the approximate differential ap D f(x) : T,U — Ty W
is defined a.e. in U. It generates canonically the linear mapping
A f(x) : ApToU — ATy W of the spaces of k-vectors, and the pullback
operation f* of k-forms. We denote the norm of the last linear mapping
by the symbol |AF f(x)|.

The minimal analytic and geometric properties of the mapping f were
obtained in [12] for generating a bounded pullback operator

of differential forms of degree k =1,...,n.

We say that an approximately differentiable mapping f : U — W has
k-finite distortion, 1 <k< n, (shortly f € CD*(U; W)) if rankap D f(z) <
< k almost everywhere on a set Z. (Hereinafter Z={z€U:detap Df(x) =
=0}.) Fork=1(k=n—-1)and f € W} (U) (f € W,_, ,.(U)), this
notion is well-known in literature: it is just the class of Sobolev mappings
with finite distortion (codistortion), which is characterized by the proper-
ty: apDf(x) =0 (adj Df(x) = 0) almost everywhere on Z (see [10], [14]
for the second notion).

Besides of the property of k-finite distortion we consider mappings with
a certain behavior of some characteristics of the distortion containing in
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itself the ratio |?;(J;(§))||q7 where J(z,f) = detap Df(x) [12]: operator (4)

is bounded if and only if the mapping f € C’Dk(U; W) and the distortion
function W 5 y — Hy, ,(y) =

ARF@ITNT e e
= (wef‘l(%\(EUZ) ""x’f)l) if T\ (ZuZ)#0,
0 otherwise,

belongs to L,. (W) where i = %—% ifg<p,andx =00 (x=¢q) ifg=p
(p = ). Moreover, the norm of the operator f* is comparable with the
value |[Hyq() | L(W):

qp | Hioig () | Loe(Q)|| < IFN < [ Hig () | Loe(Q)]

where o, s some constant.

Hereinafter ¥ C U is a set of measure zero outside of which the map-
ping f has the Luzin property N.

For homeomorphic mappings one can use a simpler characteristic.

Corollary 1. [12] Let f : U — W be an approximate differentiable
homeomorphism. The operator f*:L,(W,AF) — L,(UA*),1<q<p< oo,
k=1,...,n, is bounded if and only if the following conditions are satisfied:

1) f:U — W has the k-finite distortion;

AT @) e
2) the function Ky, p(z,f) = {IJ(:zz,f)ll/P if J(z,f) # 0,

belongs to
0 otherwise,

L,.(U), where L =
(p = 0).

% %ifq<p,and%:oo(%:q)1’fq:p

In this case, the norm of the operator f* is comparable with

1k (o ) Lo (O] et p [ Kep (o) | Loe Q| S TN <[ Ko () | Loe ()]
where «y,, is some constant.
3. Main results.

Definition 4. [12] An approximately differentiable homeomorphism f :
U — W belongs to the class CD’;,p(U; W) if the following conditions hold

1) f €CDH(U;W);
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1 _1_ 1
2) Kip(f) € Ly(U) where o, = — 2,

Theorem 4. Let f,, € CD’;)p(U; W), m € N, be a sequence of homeo-
morphisms of the Sobolev class W}, (U) with k <1, ¢<I/k, 1<q<p <
< 00. Suppose that the sequence f,, is locally bounded in Wll(U), and
locally uniformly converges to a homeomorphism f : U — W as m — oc.
Assume also that there exists a sequence of functions U > x — M, (x),
belonging to L,.(U), that is bounded in L,.(U), i = % — %, for which the
inequality

I1<g<p<oo.

Ky p(x,fm) < My, (x) for almost all x € U (5)

is true.
Then there exists a function U > z — M (z) of L,.(U) such that some
subsequence

(i) in the case 1 < q < p < oo: of functions { My, (z)*}men converges
in the biting sense to M (x)*;

(ii) in the case 1 < ¢ = p < oo: of numbers {||M,, | Loo(U)|}men
converges to M = lim ||M,, | Lo (U)||;

m—0o0

the limit mapping f belongs to CD’;p(U; W) and Ky p(-,f) € L..(U),

where l 1_ 1

Moreover the inequalities

Kk,p( 7f)
Kk,p( 7f)

hold for almost all x € U.

(x) in the case q < p,

//\ //\

in the case q = p,

In the proof we use some arguments from the paper [17], where Theorem 4
is proved for k = 1.

Proof. Tt follows from the conditions of the theorem that f € W', (U).
First, we show that the limit mapping f belongs to CD*(U;W). For
doing this, we show that the mapping f induces a bounded operator
f* 0 L,(W,A*) — £,(U,A*), 1 < ¢ < p < oo. Since every mapping
fm€ CDI;,p(U ; W), it follows from Corollary 1 that the homeomorphism
fm : U — W induces the bounded operator f, : £,(W,A*) — £,(U, A¥),
1 <g<p<oo, me N. Moreover, the norms of the operators f;, are
totally bounded

ol S N Eip (o fin) | L) < 1Mo () | Loe(U) | < M < 0.
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Take a k-form w € L£,(W,A*) N C(W,A¥) and set o,,, = f,(w). Since
£l < M, the sequence of forms o, is bounded in £, (U, A¥). There-
fore, we can extract a weakly converging subsequence. We assume that
the sequence o, converges weakly in £4(U, AF) to a form og. The weak
convergence of forms means that coefficients of the forms o, converge
weakly in L,(U) to the corresponding coefficients of the form (. Since
the sequence o, converges weakly in £, (U, A¥) to o as m — oo, we have

loo | Le(U)ll < lim lom, | Le(U)l| = lim [|fne | Lo(U)l| <

m—o0

<t L ffl-flo | Ly @)l < M |l | Ly(U)
—00

- (6)

The following lemma is proved in the book [8, Chapter 2, §4].

Lemma 1. [8] Suppose U is an open subset in R™, and suppose that
Om = (Pm1s Pm2s-- -, Pmr), L < k < n, m=1,2,..., is a sequence of
vector-functions of W}y, (U), k < I, locally bounded in W} (U). Assume
that, as m — oo, the functions ¢,, converge in L1 joc to a vector function
©o = (Po1, 902 - - - s Yok ), and set Wy, = dom1 A doma A ... A dpmi. Then
the sequence of forms w,, weakly converges in Ly 1o.(U) to a form wo'.

Since the homeomorphisms f,, locally uniformly converge to f and
the form w has continuous coefficients, the functions wg(fm(z)) converge
locally uniformly to wg(f(z)) as m — oo. Lemma 1 implies that the
minors of the matrices D f,,, converge weakly in L;/j 10c(U) to minors of
the matrix Df. Therefore, the forms o, converge weakly in L/ 1oc(U)
to f*(w).

It is not hard to see that both limits o9 and f*(w) coincide: op =
= f*(w). In view of (6) the mapping f induces a bounded operator f* :
L,(W,A*) = L,(U,A¥),1 < ¢ <p < oco. By Corollary 1, f € CD*(U; W).

First, we consider the case ¢ < p. The following lemma is valid.

Lemma 2. [2] Every sequence of mappings hn,,, m = 1,2,..., that is
bounded in Ly (U), contains a subsequence, converging in the biting sense
to some function h € Ly (U).

This lemma implies existence of a function U 3 z — M (x) of L,.(U)
such that some subsequence of the function h,, = M, (x)* converges

Tt means that the sequence of forms wy, converges weakly in Lk (D) to a form wo
on every subdomain D € U.
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in the biting sense to h = M (z)*. We assume that the given sequence
M, (z)* converges in the biting sense to the function M (z)* (the set of
the Definition 3 is denoted by E.).

Now we estimate the distortion coefficient of the limit mapping f. For
this, we consider estimates on a set F,. Let Z,, be the set of zeros of the
Jacobian of the mapping f,,. Since the rank of the matrix Df,, on the
set Z,, is less then k, it follows that all k-th-order minors are equal to
zero on the set Z,,.

Applying the Holder inequality, and taking into account that £ —l—% =1
on each intersection FE, N B(xzo,r), where zg € E,, B(xo,r) € U, in view
of (5) we have

AF q q
[ @ - I 1, )1 e <
Tt
E,,ﬁB(CEU,T) (EVOB("EO’T))\Z"I
AR f, % B ap v
< de) ( / |J<x,fm>|mdx) -
TS| 53
(EvNB(20,7)\Zm E,NB(zo,r)
( / (Kk,p(fm))”(l’)dw) |J<x,fm>|dx) <
E,NB(xo,r) E,NB(xo,r)
<( / Mnﬁ(x)dx)”( / |J<x,fm>dm)”. )
E,NB(zo,r) B(zo,r)

Elements of the matrix A*(f,,,)(x) are the k-th-order minors of ap D, f(z).
In view of Lemma 1, they converge weakly in L; /i 10.(U) to elements of the
matrix A*(f)(z). Since ¢ < I/k, A*(f,,)(x) converges weakly in Ly 10c(U)
to A*(f)(x). Since the norm is semicontinuous in the Banach space Ly,
the left-hand side of the inequality can be estimated as

m—o0
E,NB(xo,r) E,NB(xg,r)

/ AFF()]9dz < lim / (A fo ()| d.

We have also [ [J(z, fm)|dz < | fin(B(zo,r)].
B(zo,r)
Since | f(B(zo,r))|] < co and the mapping f is a homeomorphism, the
images f(S(xo,r)) of the spheres S(zg,r) do not intersect under different
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r. It follows that the n-measure of the image of any sphere is zero for
almost all 7: | f(S(zo,r))| = 0. We fix r so that

|f(S(zo,r))| =0

and surround the image of the sphere f(S(xo,r)) by an e-neighborhood
U.. Since the mappings f,, converge locally uniformly to the mapping
f, it follows that, starting from a number mg, the images of the spheres
fm(S(xo,r)), m = myg, are contained in this e-neighborhood. It is clear
that |Us| — 0 ase — 0, and hence | f, (B(zo,r)| = |f(B(zo,r)| as m — oo.

Taking into account that M,,(x)* converge in the biting sense to
M (z)*, we pass to the lower limit in (7) as m — co. We get

M@ e @de < ([ M@ @ dr) 1Bl
B(zo,T) B(zo,r)
Dividing both sides of this inequality by the measure of the ball B(z, r),
we obtain the following inequality

1

_ N .
| B(wo,r)| / A" f(x)|"xp, (z) dz <

B(zo,r)
<(mGem / e )dm)i<|{;<g?’>|ﬂ>;' ®)

Since the homeomorphism f is Sobolev differentiable, then by [13, Section
2.3, formula (2.5)] we have

|f(B(zo,r)|
[Baor)|

Hence, by the Lebesgue differentiability theorem, letting r go to 0 we
obtain that

— |J(x0,f)| as r — 0 for almost all 2y € E,.

|AFf(2)|9 < M9(x)|J(z,f)|7 for almost all z € E,,. (9)

As U = |J E,, the point-wise inequality (9) holds in U almost everywhere.

In the case 1 < ¢ = p < oo we can assume that a sequence of numbers
{IIMp, | Loo(U)||}men converges to M = lim | My, | Lo(U)|| € R. In

m—0oQ
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this case, instead of (7), for any € > 0 there exists m; such that for all
m > my we have

[ g <orea( [ sld).

B(zo,r) B(zo,r)
Further, proceeding as in the case ¢ < p, we obtain the estimation
Ky p(z,f) < (M +¢) for almost all z € U.

Since € > 0 is an arbitrary number, we get the desired estimation.
By the Corollary 1, we have proved that the limit mapping f belongs
to CDZP(U; w). O

As a straightforward consequence of Theorem 4 we get the following

Corollary. [16] Let f,, € CD’;’p(U; W), m € N, be a sequence of home-
omorphisms of the Sobolev class VVll,loc<U) with k <1, ¢ <l/k, 1 < q<
< p < 00. Suppose that the sequence f,, is locally bounded in W} (U), and
converge locally uniformly to a homeomorphism f : U — W as m — oc.

Assume also that there exists a function M (z) € L, (U), £ =1 1 such
that

1
> q p7
Ky (-, fm)(x) < M(x) for all m € N

in U almost everywhere. Then the limit mapping f belongs to CD';J,(U; W)
and Kp ,(+,f) € L,.(U), where < = % - %.
Moreover, the inequality Ky, ,(x,f) < M(x) holds almost everywhere.

Remark. There exists a misprint in the paper [16]: in the statement of
the main result the condition ¢ < [/k is missing.
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