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MULTIVARIATE IYENGAR TYPE INEQUALITIES
FOR RADIAL FUNCTIONS

Abstract. Here we present a variety of multivariate Iyengar type
inequalities for radial functions defined on the shell and ball. Our
approach is based on the polar coordinates in RV, N > 2, and the
related multivariate polar integration formula. Via this method we
transfer well-known univariate Iyengar type inequalities and uni-
variate author’s related results into multivariate Iyengar inequali-
ties.
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1. Background. In the year 1938, Iyengar [5| proved the following
interesting inequality.
Theorem 1. Let f be a differentiable function on [a,b] and | f' (z)| < M.
Then

b

‘/f(zv)d:v—%(b—a) (Fla)+ f )| < M1 <b4— a)” (f(b)4;\4{(a)) |
(1)

a

In 2001, X.-L. Cheng [4] proved that
Theorem 2. Let f € C?([a,b]) and |f" (z)| < My. Then

b

[ f@de- S0 @ £ o)+ 000 - @) <

a

M 3 (b—a)
<SEb-a - TUA2 2
24 (b a) 16M2 1 ( )
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where
2(f() = f(a))
(b—a) + f(b).

In 1996, Agarwal and Dragomir [1| obtained a generalization of (1):

Theorem 3. Let f : [a,b] — R be a differentiable function such that for
all z € [a,b] with M > m we have m < f'(x) < M. Then

Ay = f'(a) -

‘/f dr— 3 (b—a)(f (a) + £ (2)

(f(0) — fla) —m(b—a)(M(b—a)—f(b)+f(a))

S 2(M —m)

(3)

In [7], Qi proved

Theorem 4. Let [ : [a,b] — R be a twice differentiable function such
that for all x € [a,b] with M > 0 we have |f” ()| < M. Then

b

[ £ @an- LTI o LD (5 0) - g0y 00 <
< MO (s, (4)
where )
(@) + g (6) 2 (10t
Q2 _ ( ( >>2 ) (5)

M2 (b—a)® = (f(b) = " (a))
In 2005, Zheng Liu, [6], proved the following:

Theorem 5. Let f : [a,b] — R be a differentiable function such that f’
is integrable on [a,b] and for all x € [a,b] with M > m we have

/ o
T —a b—x
Then

b

| [ 5@ ae- LI oy (L) () — 1 a) 0 o -

a
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. (1 Z:P > (m+ M) (b—a)| < (M_”Z);b_ @) (1-3P%, (7)
where
(7 @)+ 11 0) - 2 (120
P? = 5 5 - - (8)
(52) (b —a)” = (f' (b)) — [ (a) — (25M) (b — a))
We need

Remark. We define the ball B(0,R) = {x € RY : |z| < R} C RV,
N > 2, R >0, and the sphere

SN .= {:CERN x| = 1},
where |-| is the Euclidean norm. Let dw be the element of surface measure

WN = / dw ~
N = =

gN-—1

be the area of SN~1.

For x € RY — {0} we can write uniquely x = rw, where r = | x| >0
and w = £ € S¥7' |w| = 1. Note that [ dy = % is the Lebesgue

B(0,R)
measure on the ball, that is the volume of B (0, R), which exactly is
N
W*RN

Vol (B(0,R —_—

Following [8, pp. 149 150, exercise 6], and [9, pp. 87-88, Theorem 5.2.2|
we can write for F': B (0, R) — R a Lebesgue integrable function that

/ F(x)dx = / (/RF N_ldr)dw, (9)

B(0,R) SN-1

and we use this formula a lot.

Typically here the function f : B (0, R) — R is radial; that is, there
exists a function g such that f(x) = g(r), where r = |x|, r € [0, R],
Vx € B(0,R).

Remark. Let the spherical shell A := B (0, Ry) — B (0, R;), 0 < Ry < R»,
ACRN, N >2 z¢e A Consider that f : A — R is radial; that is, there
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exists g such that f (z) = g(r), r = |z|, r € [R1,Ry], V € A. Here x
can be written uniquely as x = rw, where r = |z| > 0 and w = £ € SN-1,
lw| =1, see ([8, p. 149-150], and [2, p.421]), furthermore for F : A — R

a Lebesgue integrable function we have that
Ry
/F(w) dx = / (/F(Tw) rN_ldr)dw. (10)
A SN-1 Ry

Here N
v (RY —RY) _ ¥ (RY - RY)

N - T(E+)

Vol (A) =

(11)

In this article we derive multivariate [yengar type inequalities on the
shell and ball of RN, N > 2, for radial functions. Our results are based
on Theorem 1 — Theorem 5 and several other results by the author.

2. Main Results. We present the following multivariate [yengar type
inequalities on the shell and the ball:

We start with

Theorem 6. Let the spherical shell A :== B (0, Ry)—B(0, Ry), A C RY,
N >2,0< Ry, < Ry. Consider f : A — R that is radial, that is, there
exists g such that f(z) = g(r), r = |z|, r € [R1, Ry], Vo € A; © = rw,
w € SN=L. We assume that g € C* ([Ry, Ry)).

Then

1\3‘2

™

I

‘ [ @y (o= R o () RY 4 (1) RS

<

|2

)

(%) H ( ) Hoo,[Rl,RQ}(RQ B Rl)z_

(9(R) RN* g (Ry) R’

IGg () sl

}. (12)

00, [R1,Rs]

Proof. Here g € C*([Ry, Ry]) and clearly h(s) := g(s)sV¥ =t € CY([Ry, Ry)),
N = 2. Weset |[W|| (g, ryy = M- By (1) we get

’/ dx—— (Ry — Ry) (h(Ry) +h(Ry)) | <
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M (R — R1)*  (h(Re) — h(Ry))*

= 4 - AM B
N-1)/ 2
Rs — R
) [GIOESSN NCE .
4
_ @ BT g R)RTYT
4” (g (3) SNil)/ Hoo, [R1,Ra]
Equivalently, we have
Ro .
- A< /g (s)s"'ds — 5 (Ry — Ry) (9 (R1) RY ™'+ g (Re) RY ') < A,
Ry
. (14)
2 N—-1 R2 — Rl N—1 N—1
— A< [ f(sw)s"ds — 5 (g (R1) Ry +g(R2) Ry ) <\
Ry
(15)
Hence it holds
Ro
— w < sw)s" T ds |dw—
s [ [( [asa)
SgN-1 SN-1 Ry
R — R
- ( 2 5 1) (9 (Ri) RY~"' + g (Ry) RY ) / dw <\ / dw, (16)
SN*I SN*I
that is (by (10))
271'% R2 - R1 N—1
~ A < fy)dy - l9 (R1) RY '+
ri J 2
o o
+g(Ry) RY e < A (17)

Therefore we get

‘ /f (y)dy — (Rz — Ra) [g (R1) R~ + g (Rs) Ry ] FTQ
“ 2
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The theorem is proved. [J
We give

Corollary. (to Theorem 6) Let f : B(0, R) — R be radial, that is, there
exists a function g such that f(x) = ¢ (r), where r = |z|, r € [0, R],
R>0,Vze€B(0,R); N>2. Weassume that g € C' ([0, R]). Then

ydy — RY ™ <
’ (A) fly)dy — g(R )1—‘(%)
Ty - ¢*(R) R2N-1)
3775 100 e~ [T | O

Proof. Similar to Theorem 6, use of (9). O
We also give

Theorem 7. Let f : A — R be radial; that is, there exists g such that
f@)=g@),r=z|,r€[R,R), V2 €A v =rw,we S N>2
We assume that g € C* ([Ry, Ry)).

Then

]/f<y> dy - {(RQ ~ R (g (R RY " g (R RY) +

S

L (0007 () (0007 ()

{H (905" |l

12
_ ( (R2 — R) ) ] T 20)
8119 ()" )| prry) AT ()

2 (9 (R2) Rév_l_ g (Ry) Riv_l)
(B2 — R1)

T

I'(

<

N

)

< , [R1,Rz2] <R2 _ R1>3 _

where

+(g(s)s™) (Ry).
(21)

Proof. Here g € C%([Ry, Ry]) and clearly h(s):=g(s)sV¥~te C?([Ry, Ry)),
N = 2. We set [|h"|| (g, 7y = M- By (2) we get

Ap=(g(s) sV ) (R1)-
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Ro
/h (s)ds — % (Ry — Ry) (h(Ry) + h(Ry)) + %(32—
Ry
2 / / M 3 (RQ - Rl) 2
= Ra)" (W(Rp) = W(R1)) | < o7 (B = Ra)’ = === AL (22)
where
Ay =K (Ry) — 2(h ((ZZ)__;SR”) + 1 (Rsy). (23)
That is
a5 s = L g (ry it g (o ) +
P (g () = (0 ) ()| <
< % (Ry — Ry)® — (RiG_MRl)Af =: 1), (24)
where

2 (9 (R2) RY ™" —g(Ry) Rinl)
(B2 — Ry)
+(g(s)s" ) (Ra). (25)

Equivalently, we have

B 2B (g () B 4 g () Y

Ro
—p < [ f(sw) s tds —
/

(R, — Ry)°
8
Hence it holds

Ry
— / dw gSN/l (Rl f(sw)leds) dw—

SN—-1

+

((9()s™Y) () = (9.5)s™ ) (Rn)) < (20)
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[ gy Y g )+

# BP0 () -

)| [ ao<e [ e

gN-1 gN-1

that is (by (10))

oy = | (g ) B g ) 1) +

|
<=
5
<
VAN
B —

N
2
(2
Therefore we get

] [ 1wy - [(Rz — R)(g(RORY + g(Ry) RY 1)+

Ry—Ry)?
+( 2—Iy)

The theorem is proved. [J
We give

Corollary. (to Theorem 7) Let f : B (0, R) — R be radial, that is, there
exists a function g such that f(x) = g(r), where r = |z|, r € [0, R],
R>0,Vx e B(0,R); N>2. We assume that g € C* ([0, R]). Then

R
[ s R 5 (e -

g(s)sM "
[0
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R W%
- 77 ATQ N
N T oom | T@
where
A= (g(s) ") (0) =29 (R) RN+ (g (s) ") (). (31)

If N > 2, then (g(s)s¥~1)' (0) = 0.
Proof. Similar to Theorem 7, use of (9). O
We present

Theorem 8. Consider f : A — R that is radial; that is, there exists g
such that f () =g(r),r=|z|,r € [R1,Re],Vz € A; x =10, w € SN
N > 2. We assume that g € C* ([Ry, Ry]).

Then
‘ /f (y)dy — (Re — Ru) [g (R1) R~ + g (Rs) Ry ] Fﬂ(;) S
< (9(Ro) R — g (Ry) Ry —m(Ry — Ry)) X
(M(Ry — Ry) —g (Ro) B ™' +g(R) RY ') [ n%
- (M —m) ( (%))’ 2
where M > m with
m < (g(s)sN_l)/gM, Vs € [Ry, Ry . (33)

Proof. Here g€ C! ([Ry, Ry]) and clearly h (s):= g (s) s 1€ C* ([Ry1, Ry)),
N > 2. We assume here m < b/ (s) < M,V s € [Ry, Rs] with M > m. By
(3) we get

‘ / ds— 2 (7, Rl><h<Rl)+h<Rg>>\ < (34)
_ (h(Ra) = h(Ry) = m (By — R0)) (M (Ra — By) — h (Ba) + h (Ry)
h 2(M —m) ‘
That is

' /9 (s)s"'ds — % (Ry — Ry) (9 (Ry) RY ™' + g (Re) RY ™)
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< (g(R

B) R — g (R)RY ™ —m (Ry —

Rl)) X
% (M (R2 Rl) - g (RQ) Rév_l + g (Rl) R{V_l) — (35)
2(M —m)
Equivalently, we have
Rs
N-1 Ry — Ry N-1 N-1
—p< [ g(s)sVds - 5 (9 (R) RY ™'+ g (Ry) RY™) < p,
Ry
. (36)
2 N-1 Ry — Ry N—-1 N—-1
—p< | fsw)s"ds — 5 (g(Rl)Rl + g (R2) Ry ) < p.
Ry

Hence it holds

o [ e [ (Jrea)e

(37)

SN-1

(R Ry
2

)(g<R1>RiV-1+g<Rz>R§V-1> [ <o [as @)

SN-—-1 SN-1

that is (by (10))

2wy —R

B / y)dy — ( 5 1) (Q(Rl)Riv_1+

(%)

A
o ors
1
(o) R >r

Therefore we get

‘/f(y)dy—(Rz—Rl) (9(R)RY" + g (Ry)

(40)
The theorem is proved. [
We give
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Corollary. (to Theorem 8) Let f : B (0, R) — R be radial, that is, there
exists a function g such that f(z) = ¢ (r), where r = |z|, r € [0, R],
R>0,Vze€ B(0,R); N>2 Weassume that g € C' ([0, R]). Then

™

[ T
] 2

<

(9(R)RN-'—mR) (MR — g (R) RN1) ( T
(M —m) I (

where M > m with
mé(g(s)sN_l)/éM, Vsel0,R]. (42)

Proof. Similar to Theorem 8, use of (9). O
We continue with

Theorem 9. Let f : A — R be radial; that is, there exists g such that

= |z|, » € [R,Rs], V =z € A; = = rw,

w € SNLUN > 2. We assume that ¢ € C?([Ry, Ry]). We call
N

S _1)” HOO,[Rl,RQ].

Then
'/f(y)dy — [(g(R)RN™" + g(Ry)RY ") (Ry — Ry) + (1 ZQ?) y
A
(27 (= (09 (1) (o= R0 <
M (Ry — Rl)g ) .
S 19 (1 - 3@1) T (%), (43)

where

N-1_ N-1 2
Q2 [(g (S) SN—l)’ (R1)+ (g (S) 8]\/—1)’ (RZ) . 2(9(32)32 RQ—?%(fl)Rl )}
1= .
ME (Ry = Ri)*=((9 (5) %) (R2) = (9. (s) sV 1) (Ry))”
(44)
Proof. Similar to the proof of Theorem 7 by the use of Theorem 4. [

We give
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Corollary. (to Theorem 9) Let f: B (0, R) — R be radial, that is, there
exists a function g such that f(x) = ¢ (r), where r = |z|, r € [0, R],
R >0,V ze€ BO,R); N> 2 We assume that g € C*([0, R]). We call

My = H (g (s) sN_l)” ’ 0. [0, " Then
[ty = [t S () 8 () -

T /(NY)’ (45>

where

@Y O+ (9(9) ) (B) — 29 (R) R
Q3 = 9 _1\/ —1y 2 ’ (46)
MERE — ((g(s) %) (R) — (9 (3)¥1)' (0))

Proof. Similar to Corollary to Theorem 7. [J

We present
Theorem 10. Here all as in Theorem 6 and M, > m;. Assume that

(9()s™1) (5) = (g ()" ") (Ry)

<M A7
p—"3 1 (47)

my <

and
(9(s)s¥ ) (Ry) — (g(s) sV 1) (s)

< My, 48
Ry — s | (48)

my <

for all s € [Ry, Ry|. Then

] @y = (o (R RY g (o) R (R = )+

N (1 + Pf) <<g (s) sN_l)/(Rg) B (g (s) SN—l)’ (Rl)) (Ry — Ry)* —

4
(5 -]
<(1\41—m)(Rg—Rl)‘”’ (1-3P2) T3 o)

24



Multivariate Iyengar type inequalities for radial functions 15

where
2
P =

[(9 (s) sN_l)/ (R1) + (g (s) sV~ 1)/ (Ry) — 2 <g(R2)RéVR:_§%(1R1)R{\71):|2

(M52 (BB = [(9(5)" ) (Ra)~(g(5)s™ 1) (B2 (Ro o)
(50)

Proof. Similar to Theorem 6 by the use of Theorem 5. [J
We give

Corollary. (to Theorem 10) Here all as in Corollary to Theorem 6 and
My > moy. Assume that

mo < < M, (51)

and

for all s € [0, R]. Then

'/f g [om s (P (019577 (1)

N-1y/ 2 1+ 3P3 \ -
—(9(s)s )(0)>R—( 54 )(m2+MQ)R}F(%) <
(My — mo)R3 , .
h 24 (1_3P2)@, (53)
where
ooy e

(M522)" B2 = [(g (5) $¥1) (R) = (g (5) 51 (0)— (22522)
(54)

Proof. Similar to Corollary to Theorem 6, based on Theorem 5. [J
We continue with some author’s results to be used later in this article:

Theorem 11. [3] Let n € N, f € AC™ ([a,b]) (i.e. f"V € AC ([a,b]),
absolutely continuous functions). We assume that f € L., ([a,b]). Then
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i)Vtea,b
b n—1
'/ Z [f(k )(t_a)k+1+(_1)sz(k) (b) (b_t)k—&—l} <
(n)
< HJC”M [t — )™ + (b— 8)™*], (55)

(n+1)!

ii) at t = £, the right hand side of (55) is minimized, and we get:

b

| F@)de =3 gy g 0 @+ (00 0) <

a

[ HLOO([a,b]) (b—a)"*
(n+1)! n
iii) if f®) (a) = f®) (b)) =0, for all k = 0,1,...,n — 1, we obtain

b (n) nt1
’/f(m)dx‘ < Hf HLOO([a,b]) (b—a) | (57)

(56)

(n+1)! AL

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

b

‘ /f e g (K ; 1! (bf_va)kﬂ 7 @)+

a

||f(n)|| b—a n+1
i e Leo([a, 1)
F(—D)F (N j)+fk(b)]‘< (n+1)! ( N ) "

x [ (V=)L (58)
v) if f® (a) = f® () =0,k=1,...,n—1, from (58) we get:

b

[ rwa- (50 s @+ v -5y 0| <
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£ sy (0= a)™ .

forj=0,1,2,...,N € N,
vi) when N = 2 and j =1, (59) turns to

]/bm)das— (\54) v+ 10| <

< 1z oy (0 = @)™
(n+1)! n

vii) when n = 1 (without any boundary conditions), we get from (60)
that

(60)

'/bf(x) dx — <b;a) (f (a) +f(b))‘ <1 Moo a1 w, (61)

a similar to Iyengar inequality (1).
Theorem 12. (3| Let f € AC™ ([a,b]), n € N. Then
i)V tea,b

b

el ) »
[ro@ S @ o

a

< Hf(n)HLl([a,b}) n n
S—5 —t=a)"+ (=17, (62)

+ (=D P00 -] w

ii) at t = QTH’, the right hand side of (62) is minimized, and we get:

b

Jrwar- T gy i o @ o) <

a

7] (o) (b—a)"
S nfgl : on—1 7

(63)
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iii) if f®) (a) = f®) (b)) =0, for all k = 0,1,...,n — 1, we obtain

n! on—1

b (n) n
‘/f(a:)d:v‘ < Hf HL1([a,b]) (b_a> : (64)

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

/ i 1 b—a\*"! K1 p()
41
[ () e
1 k N k41 (k) b < ||f(n)||L1([a,b]) b—a\" n N—i)
H(=D N =) FP0)] | < o ) U WV=0)"
(65)
v) if f® (a) = f® (b) =0, k=1,...,n— 1, from (65) we get:
b
[ swas = (S50 br @+ - ) ) <
“ f(”) . h— n
M (Yo v (66
for j=012,... NN,
vi) when N = 2 and j = 1, (66) turns to
b
[z L5 @+ s <
“ (n) n
< Hf ‘le([avb]) (b2:_(i) 7 (67)

vii) when n = 1 (without any boundary conditions), we get from (67)
that

| / oyt = (M50 (@) 4 FO)] < 1f ooy 0= 0. (68)

Theorem 13. [3] Let f € AC" ([a,b]), n € N; p, ¢ > 1:
f™ € L, ([a, b]). Then

1 1 _
E—I—E—l,and
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i)Vtea,b
b n—1
‘ /f (@) d=) o7 i o1 PP @ - @+ (0 OB 6 - 1] | <

a

1PN 2, 0
(n—1)! (n—l—%) (p(n—l)—l—l)%

ii) at t = £, the right hand side of (69) is minimized, and we get:

(= +=0"],  (69)

~X

b n—1 1 (b . a)kJrl
[ 10a- Y o S Y @+ ot )] <
2 k=0 )
< ”f(n)HLq([a,b]) (b — a)"Jr% (70)
(=Dt (n+ ) -1+ 270
iii) if f*) (a) = f® (b) =0, for all k =0,1,...,n — 1, we obtain
Hf(n)HLq([a,b}) (b— a)"*é (1)

‘a/f(@dm'g(n—l)!(n+%>(p(n—1)+1)zl7 o~y

which is a sharp inequality,
iv) more generally, for j = 0,1,2,..., N € N, it holds

'a/bfu) . SEE (b]_va)kﬂ 44170 () 4

k=0

1 g0,
(n—1)! <n+ %) (p(n — 1)+ 1)»

< (b]‘va)nﬂl’ [ (N =] (72)

FEDH =0 0] <

v)if f® (a) = f® (b) =0,k =1,...,n— 1, from (72) we get:
b

[ rwas— (50 s @+ v -5y ]| <
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(n) n+i
< 17 HLq([mb]) ! (b &a) T [jn+% +(N_j)n+%] :
(n—1)! (n—l—%) (p(n—1)+1)r
(73)
forj=0,1,2,...,N € N,
vi) when N = 2 and j =1, (73) turns to
/ b
1@ 5 @ s <
< LEA P (b— a)"ﬂl’, (74)

(n—1)! (” + ,%) (pn—1)+1)p 2"

vii) when n = 1 (without any boundary conditions), we get from (74)
that

‘/ r@a = (50) U@ so|< sty 0= @)

1 P
(1+5> 9

Next, we extend Theorems 11-13 to the multivariate case over shells
and balls for radial functions. The proving method is the same as in our
earlier results of this article, as such we omit these next proofs.

We present (use of Theorem 11)

Theorem 14. Consider f : A — R which is radial; that is, there exists
g such that f(x) = g(r), r = |z|, r € [R1,Ry], V@ € A; © = rw,
we SNTLN > 2. We assume that g(s)sV ! € AC™([Ry, Ry]) and
(g(s)s" )" € Lo ([Ry, Ry]), n € N. Then

i)Vt € [Ry, Ry

’ /f = {Z (k+1)! [(g (s) SNil)(k) (Ry) (t— Rl)kﬂ +

k=0

vz

2
r

<

+ (D" (g(9) 5" )Y (Ro) (R =) }

—~
N
~—

o> H (9(s) SN_I)(H) HLmaRl,Rg])
r(Y) (n+1)!

[(t — R)™ 4+ (R — t)™'], (76)
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ii) at t = f1452 the right hand side of (76) is minimized, and we get:

‘ / f(y)dy—{ ] (,Hll)!(RQ ) (™) () +

k —1) (k) sl
+ (=D (9(5) ") ()] } | <
5 | (g(s) SN_l)(n) HLOOQRI,RQ]) (Ry — Ry)"™"

ST ot 1) =

iii) if (g(s)sV "B (Ry) = (g(s)sN )P (Ry) =0, for all k=0,1,... ,n—1,
we obtain
= H (9 (s) SNil)(n) ||Loo([R1,R2]) (B2 — Rl)nJrl

[rwa) < o ) ()
A

which is a sharp inequality,
iv) more generally, for j =0,1,2,..., N € N, it holds

[ rwas- {H e () [ e )+

F DA =) (g (6) YW ()] }

N4

<

—~
|2
~

—1\(®)
oy | (9(s) sV HL (R, Ry [ Ra — R\
< o 1, fig n+1 _ s\n+1
ST (1) () e,

(79)
v) if (g(s)s" Y (Ry) = (g(s) ¥ )P (Ry) =0, k=1,....n—1,
from (79) we get:

‘/f(y) dy — {(32;{&) g (R1) RY ™+

LN =) g (Ro) RY 1]} 28
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« 105" )™ |y <Rz - Rl)w (" + (N = 4)™+)
(n+1)! N ’
(80)
forj=0,1,2,...,N € N,
vi) when N =2 and j =1, (80) turns to

N

[0 (= ) (o () B g () R s <

2

—1\(n)
75 | (g(s)sM) HLOO([RLRQ}) (Ry — Ry)"™!

ey (n+ 1) p1 B

~

&

vii) when n = 1 (without any boundary conditions), we get from (81)
that

‘/ ) dy = (B = Fa) g (Fa) R + 9 () R™) 1y | <
4 2
o - o R
< Tl 0O Ly G 6

which is related to (12).
We present (use of Theorem 12)

Theorem 15. Consider f : A — R which is radial; - that is, there exists g
such that f(z) =g (r),r=|z|,r € [Ri,Re), Vx € A; 1 = 1w, w € SN,
N > 2. We assume that g (s) s" ' € AC" ([Ry, Ra]), n € N. Then

i)Vt e [Ry, Ry

'/f(y)dy— {i (kil)! [(9 (5) sV )W (Ry) (t — R+

)k (g (s) SN—l)(k) (Ry) (R — t)k+1}} FQ7(T§)

<

_l_
T
—_

NG
ord || (9(9)s™ )" L imn. ma

r(Y) ol [(t—Ry)" + (Ry — 1)"], (83)




Multivariate Iyengar type inequalities for radial functions 23

n—1 _ k41 .
’ / f(y)dy—{ ,Hll)!(Rz 251) [(g(s)s™™)™ (Ry) +
A

—1\(n)
o 75 | (g(s)s¥) HLl([Rl,RQ}) (Ry — Ry1)"
ST i T

iii) if (g (s) stl) (R1) = (g(s) sNﬁl)(k) (Re) =0, forallk =0,1,...,
n — 1, we obtain

(84)

Y 9 )" |y grimy (Re — R
‘/f(y)dy’ < F?%) I a ||L ([R1,R2)) ( 22n 21) (%)
A

which is a sharp inequality,
iv) more generally, for j = 0,1,2,..., N € N, it holds

Jrom-{E (RZQ—P”)M o0 o+

+ (DN =) (g (s) 8™ ” ;
oy || (9(s)s™™ n) HL ([R1, Ra]) (R2 31)
< 1([R1, R2 ) )
r % n!
) (86)

v) if (g(s) sV )Y (R) = (g() V)P (Ry) = 0, k=1,...,n— 1,
from (86) we get:

s {(F5) Lt m
A

2
I

+ (N =j)g(R) RY ']}

/AN
|

N’|2 w|z
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—1\(n)
H (g(s)s") HLl([Rl ra)) (Re—Ri\", .. n
« a (BF0) G-, 6
forj=0,1,2,...,N € N,
vi) when N =2 and j = 1, (87) turns to

N4

\ [ @y = (R — o) (g (7 B+ g () B s <
A

L)

|2

S

—1\ ()
o T | (g(s)s™) HLl([Rl,RQ}) (Ry — Rq)" g8
ST z S

vii) when n = 1 (without any boundary conditions), we get from (88)
that

’ /f (y)dy — (Re — Ry) (g (Ry) Riv_l + g (R2) Rév_l) I‘ﬂ(;) <
o> NN
S F(%)H (9(5)8 ) HLl([Rl,R2D (R, — Ry). (89)

We present (use of Theorem 13)

Theorem 16. Consider f : A — R which is radial; that is, _there exists
g such that f(x) = g(r), r = |z|, r € [R,Rs], V 2z € A; © = rw,
we SNLN > 2. We assume that g(s)sV ! € AC™([Ry, Ry]) and

(9(s) SN_I)(n) € L,([Ry1, Ry)), where p,q > 1 : %—i—é =1, andn € N,
Then

1) Vite [Rl, RQ]

o> H (9 (s) SN_I)(n) HLq([Rl,RQ})
(%) (n—1)! <n+%> (p(n— 1)+1)%

<

[(t — R)™5 + (Ry — t)”*i] ,

(90)
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[ rwa- { LR BT (g ) o) () +

4 = (k+1)!
N—1y (k) =
0 (00)Y (m)]} | <
< W% H ( N 1) () HLq ([R1, R2]) (R2 _ Rl)n-‘r% (91)
(%) (n—1)! ( —{—1—1)> (n—1) )% 2n—1_% )
iii) if (g(s)sN—l) (Ry) = (g<S)SN—1) (Ry) = 0. for all k= 0.1,....
n — 1, we obtain

‘/f ’ T H ( (n) HLq([Rl,Rg]) (Ry — Rl)”Jr%

F) - ( +;1,) pn—1)+1)r 277
(92)

which is a sharp inequality,
iv) more generally, for j = 0,1,2,..., N € N, it holds

[ rwa- {Z =y (R@Rl)m [ (9 ()% )™ (1) +

DO =) 00" ()] } | <
2% | (g(s)s") . HLq ([R1, Ra)) Ry — Ry "y
<F%)n—1(+) (n—1) )é( N )
(57 (V=) (93)
v) if (g (s) sNﬁl)(k) (R1) = (g(s) SNfl)(k) (Ry) =0, k=1,....,n—1,

from (93) we get:

s {(B5) LR m




26 George A. Anastassiou

or® or®
+ (N = j) g (Re) Ry < x
Clirmlcrm
—1\(®) 1
o0 g (R ™ o g
(n—l)!(n—i—}l))(p(n—l)—irl)ﬁ N
(94)
forj=0,1,2,...,N € N,
vi) when N = 2 and j =1, (94) turns to
N
\ [ 1wy = (o= R (o (R) R + 9 (R R F| €
2
N (n) ntl
T2 H ( ) HLQ([RI,RQ}) (Ry — Ry)""? (95)
r(%) (n—1)! (n—l—;) (p(n—l)—l—l)% o=

vii) when n = 1 (without any boundary conditions), we get from (95)
that

[ = ) R R g ) ) s <
2317r2 H( )/HL ([R1,R2]) 1+1
< N q 1,412 RQ . Rl +p ] 96
ey (H%) (=t .

We continue with

Remark. Theorems 14—16 can easily be converted to results for the
ball B(0,R), R > 0. Their corresponding same assumptions will be for
f: B(0,R) — R which is radial. All we need to do then is set Ry = 0
and Ry, = R, and we get a plethora of interesting similar results for the
ball that are simpler. Due to lack of space we omit this tedious task.
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