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A NOTE ON CHARACTERIZATION OF h-CONVEX
FUNCTIONS VIA HERMITE-HADAMARD TYPE
INEQUALITY

Abstract. A characterization of h-convex function via Hermite-
Hadamard inequality related to the h-convex functions is inves-
tigated. In fact it is determined that under what conditions a
function is h-convex, if it satisfies the h-convex version of Hermite-
Hadamard inequality.
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1. Introduction. The following result is well-known in the litera-
ture:

Theorem 1. [6] A function f : (a,b) C R — R is convex if and only if

f(ery)gylxa/bf(t)dth (1)

2 2

holds for all z,y € (a,b) with x # y.

Inequality (1) is known as the Hermite-Hadamard integral inequality
for convex functions. Note that the left-hand part and the right-hand part
of (1) separately are equivalent to the convexity of f (see [5,6]).

In 2006, the concept of h-convex functions related to the nonnegative
real functions has been introduced in [9] by S. VaroSanec. This class
includes a large class of nonnegative functions, such as nonnegative convex
functions, Godunova-Levin functions [3], s-convex functions in the second
sense [1], and P-functions [2]. In [4], A. Hdzy used the following definition
of h-convex functions, which is a generalization of convexexity:
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Definition 1. Let h : [0,1] — R be a function, such that h # 0. We
say that f : (a,b) — R is an h-convex function, if for all x,y € (a,b),
A € [0, 1], we have

FOz+ (1= Ny) <) f() +h(1=N)f(y). (2)

We use this definition for the real functions defined on open intervals
(a,b) C R in this paper. The h-convex version of the Hermite-Hadamard
inequality was introduced in [8] by Sarikaya et al. as the following:

Theorem 2. Let f : I — [0,00] be an integrable h-convex function. If
a,be I, with a < b, then

g () <is / flois < [+ 0) / o). @

Motivated by the abovementioned works and results, we, in this paper,
reply to the problem of conditions h-convexity of a function that satisfies
(3). Since inequality (3) is double, we separate the problem to the right-
hand and the left-hand versions, for the sake of convenience.

2. Main results. To achieve our main results about the characteri-
zation of an h-convex function via (3), we introduce a primary definition
along with an example and then establish a basic lemma related to h-
convex functions.

Definition 2. A function h : [0, 1] — R is said to be self-concave if
h(zz + (1 — 2)y) = h(z)h(z) + k(1 — 2)h(y),

for all z € (0,1) and x,y € [0, 1].

We can find some simple functions that are self concave.
Example. Consider the function h(z) = 2" for n € N and =z € [0, 1].
It is not hard to see that this function is self-concave. In fact, since the
function A is nonnegative,

ROz + (1= Ny) = A+ (1= Ny)" =30, () ()" (1= Ny)' =
> (5)(A2)" + () (1= N)y)" = h(V)h(@) + h(1 = N)h(y).

Now consider the function h(z) = tan(x), for x € (0,1) and z € (0, 1).
Expanding this function and using the self-concavity of 2™ for n € N and
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x € [0,1], we get

tan ()\x + (1 - )\)y) = ()\:L' + (1 - )\)y) + %()\x L (1— )\)y)3+

+135(>‘x+<1_A)y)5+£(>\x+(1—)\)y)7+ﬁ()\x+(1—)\)y)9+_.. >

315 2835
1 2 17 62
> 4 3, 4 5, L0 7, 94 9, 1—
Az + 3()\1’) + 15()\36) + 315()\30) + 2835()\1’) +- 4+ (( )\)y)
1 3 2 5 17 7 62 9
“((1— 21— ~ (1= 2 ((1— R
+3 (=) + 2 (=) + 37 (1= Ny) + 5= ((1=N)y) +

= tan(Az) + tan((1 — A)y) > tan(\) tan(x) + tan(1 — \) tan(y),

which implies the self-concavity of h(z) = tan(x) on (0,1). Note that we
have used the fact that tan(zy) > tan(z) tan(y) for all z,y € (0,1).

The following lemma plays an important role in obtaining our expected
results.

Lemma 1. Let f:(a,b) — R be a continuous function and h:[0,1] - R

be a continuous self-concave function. Suppose that for any x,y € (a,b)
with x # y there is a A € (0,1) such that f(Az + (1 —N)y) < h(N) f(z) +
+h(1 =N f(y). Then f is h-convex on (a,b).

Proof. Without loss of generality, consider z,y € (a,b) with x < y. Define

My, =X € 0,15 f (O + (1= N)y) < RO F() + h(1 = V() }.

It is obvious that M, , is nonempty. Since f and h are continuous on
their domains, M, , is closed in [0, 1]. We prove that M, , = [0,1]. On
the contrary, suppose that M, , is a proper subset of [0, 1]; then we can

find o, B € M, , such that (a, 8) C [0,1] \ M,,,. Set
w=ar+(1—a)y , z=P0z+ (1 - P)y. (4)
From the assumption, there is a A € (0,1) such that
Faw+ (1= 0)2) < hO)F(w) + h(1 = N f(2). 5)
Also

{ Sl = flow (1= ) SHES) EHOL-lf@)
£(2) = J (82 + (1= ) < h(3) () + b1 - 5)1(0).
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Set t = A+ (1 —\)B. It is clear that t € (o, 8) and t ¢ M, ,,. Therefore,
from the self-concavity of h and relations (4)-(6), we have

f(tw+ (1= t)y) > ht)f () + h(1 = ) f(y) =
= h(da+ (1 =NB) f(@)+h(1 - Oa+(1=NB))f(y) =
—h0a+u— >Nm> (A1 =)+ (1= N1 = B)f(y) >
> [O)R(@)+h(1=XA(B)] £(2)+ [HAR =) +h(1-Nh(1- )| f ) =
Mmpm>ﬂ>+hu—av@ﬂ+hu—mpm%ﬂ@+ha—ﬂvwﬂ>
> B () + h(1 = N f(2) > f(w+ (1= N)2).
On the other hand,

Awt (1= A)z = Maz + (1= a)y) + (L= A)(Bz + (1= B)y) =
= Dat (1= 08Je+ A1 =)+ (1= N1 - B)]y =

= [)\Oz—l-(l—)\)ﬁ}fﬂ—l— [1 — (Aa—i—(l _)‘)B)}y:t$+(1—t)y.
So,
flte+ 1 =t)y) = fhw+ (1= N)z) < f(te+ (1 —t)y),

which is a contradiction. It follows that M, , is not a proper subset of
0, 1] and hence M, , = [0,1]. Since this happens for any =,y € (a,b) with
x <y, we conclude that f is h-convex on (a,b). O

Theorem 3. Let f: (a,b) — R be a continuous function. Also suppose
that h : [0,1] — R is a continuous self-concave function, such that

yixif@ﬁ<[ﬂ@+f@ﬂ<jh@ﬁ)

for all z,y € (a,b) with x #y. Then f is h-convex on (a,b).

Proof. Suppose that f is not h-convex on (a,b). Then, by Lemma 1,
there are z,y € (a,b) with x < y such that

fltz+ (1 —t)y) > h(t)f(x)+h(1 —1t)f(y) Vte(0,1).
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For such z and v,

1
y—x

/f(t)dtZ/f(tfﬂJr (1 —t)y)dt > /[h(t)f(ﬂ«") +h(1=1)f(y))dt =

1

— (jh(t)dt>f(x) + (/lh(l —t)dt)f(y) = [f(z) + f(y)] (/h(t)dt),

This is a contradiction. Hence, f is h-convex on (a,b). OJ

The following lemma, along with Lemma 1, are the base for characte-
rization of a h-convex function via the left-hand side of (3).

Lemma 2. (Also see Theorem 1.1.4 in [5].) Suppose that ¢ : [a,b] — R
is a continuous function such that ¢(a) = ¢(b) = 0 and ¢(t) > 0 for some
t € (a,b). Then there exists an x € (a, b) such that

o(x) = max ¢(y) and (x) > (y) for all a <y < .

a<y<h

Proof. From Theorem 4.16 in [7], ¢ attains its maximum « in [a, b]. From
the assumption, we have a > ¢(t) > 0. Set M = {y € [a,b];o(y) = a}.
Since @ is continuous, M is a nonempty compact subset of [a, b], such that
a,b ¢ M. If we put x = inf{y;y € M}, then

p(r) = a = max p(y),

a<y<b

and f(y) < f(x) foralla <y <z O

In what follows, we assume that the function h : [0,1] — R satisfies
the conditions

{ R(A) +h(1 —X) =1forall A € (0,1), )
h(0) = 0.

Lemma 3. Let h : [0,1] — R be a continuous self-concave function.
Suppose that f : (a,b) — R is a continuous function and for any x € (a,b),
e > 0, there exist y,z € (a,b) N (x — e,z +¢) with y < x < z such that

f(@)=F(Ay+ (1 =XN)2) <hN)f(y) + h(L = N)f(2) for some X € (0,1).

Then f is h-convex on (a,b).
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Proof. If f is not h-convex, then by Lemma 1, there are z1, 29 € (a,b)
with x1 # xo (assume that x; < z3) such that

F(Azy + (1= N)aa) > h(N) f(z1) + h(1 = X) f(z2) for all X € (0,1). (8)
Consider the function g : [z, 23] — R defined by
g(y) = 9<)\$1 +(1— /\)5E2) =

f(x2) — f(z1)

To — 1

= f(/\xl +(1— )\)Iz) — f(zq) — (h()\)xl +h(1—A)zg — xl) )

It is clear that g is continuous on [xy,xs] and g(z1) = g(z2) = 0. Also,
from (7) and (8), we get

gz 4+ (1= Nazo) = f(Aar 4+ (1 = M) — fa1)— 9)

_W ((1 — h(\))as — (1 — h(/\))x1> -

Lemma 2 and (9) imply that there is an x € (21, x2) such that

g(z) = max g(y) and g(x) > g(y) for 71 <y <= (10)

r1YST2

Hence, x = tx; 4 (1 —t)x, for some 0 < t < 1. Now choose g, yo € [1, x2]
such that 7 < zy < & < yy < 2. Therefore, from (10) for any A € (0, 1),

g9(x) = [h(A) + (1 = Ng(x) > h(A)g(zo) + h(1 = N)g(yo).  (11)

f(x2) — f(z1)

F(2) = Fan) = F2 S (Vo + (L= N =) > (12)
> h) [fta0) = o) - LT ]
(=) [f0) = Flaen) - LT ),

From (7) we deduce, simplifying (12):

f(x) > h(N) f(xo) + (1 — X)f(yo) for all XA € (0,1). (13)
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Since xg, Yo, and A are arbitrary, (13) contradicts the assumption. Hence,
f is an h-convex function on (a,b). O

Using Lemma 3, as an immediate consequence we have two following
lemmas. For more details about this kind of results related to the convex
functions, see [6].

Corollary 1. Let h:[0,1] — R be a continuous self-concave function.
Suppose that f : (a,b) — R is a continuous function and for any x € (a,b),
e > 0, there exists a § € (0,¢) such that

f@) <h(1/2)[f(z = 0) + f(z +0)].
Then f is h-convex on (a,b).
Proof. In Lemma 3, takey =x —J, z=x+dand A = 1/2. O

Lemma 4. Let h : [0,1] — R be a continuous self-concave function.
Suppose that f : (a,b) — R is a continuous function and for any x € (a,b),
e > 0, there exists 0 € (0,¢) such that

x+9
)< 02 [ ftwya
)

Then f is h-convex on (a,b).

Proof. Suppose that f is not h-convex on (a,b). From Corollary 1, there
are x € (a,b) and € > 0 such that a <z —e < x +¢ < b and

f(@) > h(1/2)[f(x —6) + f(x+6)] for any 0 < § <.

Integrating with respect to d in the above inequality, we get

y 0
1 5
h(1/2)0/f<$)dt>/0 f(x_t)dt—l_o/f(l“f‘t)dt:

z—0 z+0 z+0

:_/ﬂm@+/ﬂmmz/f@m.
T T z—9

T+

f(z)-d < h(1/2) / f(u)du.

So,
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This contradicts the assumption and, hence, f is h-convex on (a,b). O

Now, using Lemma 4, we can obtain a characterization-type theorem
for h-convex functions via the left-hand side of (3).

Theorem 4. Let h : [0,1] — R be a continuous self-concave function.
Suppose that f : (a,b) — R is a continuous function and for all y, z € (a, b)
with y # z we have

2h(1/2)f(ygz) S Ziy/yzf(u)du; (14)

then f is h-convex on (a,b).

Proof. Suppose that f is not h-convex on (a,b). From Lemma 4, there
exist € (a,b) and € > 0 such that for all § € (0, ¢)

49
(12
fla) > 2 /5 f ()

Now, if we choose § < ¢ and y, z € (a,b) with y < z such that

x:%y+%z,
rT—y=2—2=0,

f<y—;-2> 1/2 /f

This contradicts (14). Thus, f is h-convex on (a,b). [J

then we have
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