Probl. Anal. Issues Anal. Vol.8(26), No3, 2019, pp. 137-146 137
DOLI: 10.15393/j3.art.2019.6150

UDC 517.5, 517.98, 512.5

K. PORSELVI, B. ELAVARASAN
ON HYBRID INTERIOR IDEALS IN SEMIGROUPS

Abstract. In this paper, we introduce the notion of hybrid interior
ideals and hybrid characteristic interior ideals of a semigroup. We
obtain some equivalent conditions for a hybrid structure to be a
hybrid interior ideal of a semigroup. Also, we show that hybrid
interior ideals and hybrid ideals coincide for a regular semigroup
and a intra-regular semigroup.
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1. Introduction. A semigroup is an algebraic structure consisting
of a non-empty set S together with an associative binary operation [4].
Semigroups are important in many areas of mathematics and the concepts
of semigroups have been studied by several researchers (see [2| and [5]).

Let S be a semigroup. Let A and B be subsets of S. Then the
multiplication of A and B is defined as AB = {ab: a € A and b € B}.
Let A be a non-empty subset of S; A is called a subsemigroup of S if
A% C A. A subsemigroup A of S is called a left (resp., right) ideal of S if
SA C A (resp., AS C A). If A is both a left and a right ideal of S, then
A is called a two-sided ideal or ideal of S. It can easily be verified that
for any a € S, L(a) = {aU Sa} (resp., R(a) = {aUaS}) is a left (resp.,
right) ideal of S generated by a in S. A semigroup S is called regular
if for each a € S there exists an element x in S such that a = axa. A
semigroup S is regular if every element of S is regular [11]. A semigroup
S is called intra-regular if for each a € S there exist z,y € S, such that
a = za’y [11]. Let S be a semigroup. A subsemigroup A of S is called an
interior ideal of S if SAS C A.
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In 1965, Zadeh [13] introduced the concept of fuzzy subsets and stud-
ied their properties on the parallel line to the set theory. In 1967, Rosen-
feld [12] defined the notion of a fuzzy subgroup and its structure was
investigated. Later, several authors have been pursued the study of fuzzy
algebraic structures in many directions, such as groups, rings, semigroups,
ordered semigroups and so on (see [6], [7], [8], and [10]). In 2017, Anis and
et al. have introduced the notions of hybrid sub-semigroups and hybrid
left (resp., right) ideals in semigroups and obtained several properties [1].

In [9], Kuroki introduced the notion of fuzzy semiprimality in a semi-
group, which is an extension of semiprimality in it, and characterized a
semigroup that is a semilattice of simple semigroups in terms of fuzzy
semiprimality. Following [9], Hong and et al. studied fuzzy interior ideals
and discussed fuzzy characteristic interior ideal of semigroup |[3].

In this paper, we introduce the notion of hybrid interior ideal and
hybrid characteristic interior ideal of semigroups and investigate some of
their properties for semigroups and regular semigroups.

2. Hybrid structures in semigroups. We now start this section
with basic definitions of a hybrid structure of semigroup that are needed
in this paper.

Definition 1. [1| Let I be the unit interval and P(U) denote the power
set of an initial universal set U. A hybrid structure in .S over U is defined
to be a mapping fy == (f,\) : § = P(U) x I, = — (f(x), \(z)), where
f:8— PU)and \:S — I are mappings.

Let us denote by H(S) the set of all hybrid structures in S over U. We
define an order < in H(S) as follows: For all f\, g, € H(S), fr < §, if
and only if f C §, A = ~, where f C § means that f(a:) C g(z) and A =~
means that A(z) > v(z) for all z € S. Note that (H(S5), <) is a poset.

Definition 2. [I] Let S be a semigroup. A hybrid structure f,\ in S
is called a hybrid subsemigroup of S over U if f(xy) 2 f(z) N f(y) and
AMzy) < V{A(z),\(y)} for all z,y € S.

Definition 3. [1] Let S be a semigroup. A hybrid structure fy in S over
U is called a hybrid left (resp., right) ideal of S over U if

(i) flazy) 2 f(y) (esp., f(zy) 2 f(x)),
(ii) Maxy) < My) (resp., AM(zy) < A(z)) for all z,y € S.

A hybrid structure fy is called a hybrid ideal of S if it is both a hybrid
left ideal and a hybrid right ideal of S over U.
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In [9], Kuroki introduced the notion of fuzzy semiprimality in a semi-
group, which is an extension of semiprimality in it, and characterizaed
a semigroup that is a semilattice of simple semigroups in terms of fuzzy
semiprimality. We define the notion of hybrid interior ideal in S over U
as follows:

Definition 4. Let S be a semigroup. A hybrid subsemigroup fy in S
over U is called a hybrid interior ideal of S over U if

(i) f(zay) 2 f(a),
(ii)) AMzay) < Aa) for all a, z, y € S.
It is easy to verify that every hybrid ideal of S is a hybrid interior ideal

of S, but the converse need not be true, as can be seen by the following
example.

Example 1. Let S = {0,a,b,¢} be a semigroup with the following
Cayley table:

.10 a b c
00 0 0 O
al0 0 a a
b0 0 b b
c|l0 0 ¢ c¢
Let fr be a hybrid structure in S over U = [0,1] defined by

f(0) = [0,08); f(a) = [0,06]: f(b) = [0,0.5]; f(c) = [0,0.3] and A
be any constant mapping from S to I. Then fy is a hybrid interior ideal
of S over U, but it is not a hybrid ideal of S over U as f(cb) 2 f(b).

Let A be a non-empty subset of S. Then the characteristic hybrid
structure in S over U is denoted by xa(fy) = (xa(f),xa())), where

~ U if xeA,
alf): S5 2(W), e {l  TEA
10} otherwise
and
0 1 A
Xa(A): S =1, z— foe_’
1 otherwise
forall z € S.

Definition 5. [1] Let fy be a hybrid structure in S over U. Then, for
a € P(U) and t € [0,1], the set frla,t] = {x € X|f(z) D a, AM(z) < t}
is called the [a, t]—hybrid cut in S over U.



140 K. Porselvi, B. Elavarasan

3. Hybrid interior ideals in semigroups. In this section, we
discuss hybrid interior ideals and hybrid characteristic interior ideals of a
semigroup and now we present a useful theorem.

Theorem 1. [1] Let A be a non-empty subset of S. Then A is a sub-
semigroup of S if and only if the characteristic hybrid structure x 4(fx) is
a hybrid subsemigroup of S.

Theorem 2. Let A be a non-empty subset of S. Then A is an interior
ideal of S if and only if the characteristic hybrid structure xa(f\) is a
hybrid interior ideal of S.

Proof. Assume that A is an interior ideal of S and a,z,y € S. Then, by
Theorem 1, x4(fx) is a hybrid subsemigroup of S.
If a € A, then xa(f)(a) =U and xa(A)(a) = 0. Since A is an interior

ideal of S, we have zay € A. So, xa(f)(zay) = U = xa(f)(a) and

AN (@ay) = 0 < xa(A)(a). T a ¢ A, then xa(F)(a) = 6 C xa(/)(zay)
and xa(N)(zay) < xa(A)(a) = 1. Therefore, xa(f\) is a hybrid interior
ideal of S.

Conversely, assume that x4 ( f,\) is a hybrid interior ideal of S. Then,

by Theorem 1, A is a subsemigroup of S. Let x,y € S and a € A. Then

xa(f)(xay) 2 xa(f)(a) = U and xa(A)(zay) < xa(A)(a) = 0, which
imply zay € A. Thus, SAS C A and, hence, A is an interior ideal of S. [J

The following theorems show that a hybrid ideal and a hybrid interior
ideal coincide for a regular semigroup and for an intra-regular semigroup.

Theorem 3. Let S be a regular semigroup. If f,\ is a hybrid interior
ideal of S, then f) is a hybrid ideal of S.

Proof. Let 2,y € S. Then f(zy) D f(x) and Azy) < Ax). Indeed:
Since S is regular and x € S, there exists z € S such that x = zzx.
Now, zy = (wz)ry. Since fx is a hybrid interior ideal of S, we have
flzy) = f((zz)zy) 2 f(z) and Azy) = A((zz)zy) < AM(z), so fyis a
hybrid right ideal of S. Similarly, we can prove that f) is a hybrid left
ideal of S. Therefore, fy is a hybrid ideal of S. O

Theorem 4. Let S be an intra-regular semigroup. If f,\ is a hybrid
interior ideal of S, then f\ is a hybrid ideal of S.

Proof. Let 2,y € S. Then f(zy) 2 f(z) and Mzy) < Az). Indeed:
Since S is intra-regular and = € S, there exist a,b € S such that x =
—ax?b. Now xy = ax’by. Since fy is a hybrid interior ideal of S, we have
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f(zy) = flaz?by) 2 f(z) and May) = A(az?by) < Mz) and so fy is a
hybrid right ideal of S. Similarly, we can prove that fy is a hybrid left
ideal of S. Therefore, f is a hybrid ideal of S. [J

Theorem 5. Let S be a semigroup. If fx is a hybrid interior ideal of
S, then [a,t]—hybrid cut fi[a,t] of S is an interior ideal of S for every
a € P(U) and t € [0,1], provided that f\[a,t] # ¢.

Proof. Let o € P(U) and t € [0,1] with fy[o,t] # ¢. Then, for any
x,y € f,\La,t], we have f(gn) Do, f(y) 2 a, Mz) <t and A(y) < t, which
implies f(zy) 2 f(z) N f(y) 2 o and A(zy) < V{A(@),A(y)} < t. So,
zy € fala, t]. Therefore, fy[o,t] is a subsemigroup of S. Let z,y € S and
a € fala,t]. Then f(zay) D f(a) 2 a and A(zay) < AMa) < t. Thus,
zay € fx [a, t] and, hence, £ [a, t] is an interior ideal of S. O

Theorem 6. Let S be a semigroup. If J is an interior ideal of S, then
for every t € (0,1) there exists a hybrid interior ideal f\ of S such that
[, t]—hybrid cut fy|a,t] = J, where a € P(U).

Proof. Let J be an interior ideal of S and let fy be a hybrid structure of
S defined by

0 ifzel

~ a ifxe ]
t ifagJ

Jw) = 6 ifrdlJ

and fy[a, ] be a [, t]—hybrid cut. .
Let z,y € S. If z,y € J, then zy € J. So, f(zxy) = «

and A(zy) = 0 = \V{\(z), \(y)}. If z,y ¢ J, then f(z)
Az) =t = Ay). So, f(zy) 2 f(x)N f(y) and A(zy)

Itz ¢ Jory¢J, then f(zy) 2 f(x) N f(y) and A(zy) < V{A(z),A(y
Thus, f,\ is a hybrid subsemigroup of S.

Now, let a,z,y € S. If a € J, then zay € J. So, f(zay) = a = f(a)
and AMzay) = 0 = Ma). If a ¢ J, then f(a) = ¢ and A(a) = ¢, and so
f(zay) 2 f(a) and M(zay) < AM(a). Therefore, fy is a hybrid interior ideal
of S. By Theorem 5, fy[a,t] is an interior ideal of S.

If £ € J, then f(z) = o and A(z) = 0, which implies f(z) D a and
Mz) < t. So, € fulo,t] and, therefore, J C fy[o,t]. Suppose that
z € fila,t]. Then f(z) D a and \(z) < t. If A(z) < t, then = € J. If
f(z) D a and MN(z) = t, then € J and z ¢ J: a contradiction. Thus,

fila,t]=J.0
Notation 1. For any hybrid structure fy of S, we define

and A\(z) = {
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m(fr) = (Im(f), Im(})).

Theorem 7. Let f\ be a hybrid left ideal (resp., hybrid right ideal,
hybrid ideal, hybrid interior ideal) of S. For any (ay,t1), (o, ts) € Im(f))
with oy C g and t; > to, we have f)\[OéQ,tz] C f,\[al,tl], where equality
occurs if and only if there is no x € S, such that oy C f(x) C ay and
1y < )\(l’) <t

Proof. Let a; C as and ¢; > t5. Then f/\[Oéz,tg] C fA[al,tl] Now, let
f,\ be a hybrid left ideal of S, such that fA[al,tl] = f,\[OcQ,t2] Suppose
that there exists an = € S, such that a; C f(z) C ay and £y < A(z) < t1.
Then = € filay,t1], but = ¢ fi[as,to]: a contradiction. So, there exists
no x € S, such that a; C f(:z:) C g and ty < A(z) < 8.

Conversely, suppose that f,\ is a hybrid left ideal of S, such that there
exists no x € S such that a; C f(x) C ay and ty < A(z) < t;. Since
a1 C g and ty < ty, we have f)\[ag,tg] C f)\[al,tl] Suppose that
f,\[al,tl] # f,\[ag,tQ] Then, there exists an s € S, such that s € fA[Oq,tl]
and s ¢ filas, ta]. So, f(s) 2 a1, A(s) < t; and f( ) C ag or A(s) > to,
which implies oy C f( ) C ag or ty < A(s) < t1: a contradiction. So,
Alan,t] = filas, ). O

Notation 2. Let S and T be a semigroup. A mapping f : S — T is said
to be a homomorphism if f(xy) = f(x)f(y) for all z,y € S. In the sequel,
Aut(S) will denote the set of all automorphisms of S.

Definition 6. Let S be a semigroup. An interior ideal I of S is called a
characteristic interior ideal of S if h(I) = I for all h € Aut(S5).

In (3], S. M. Hong and et al. have studied fuzzy interior ideals and
fuzzy characteristic interior ideals of semigroups. We define the notion of
a hybrid characteristic interior ideal of semigroup as follows:

Definition 7. Let S be a semigroup. A hybrid interior ideal f,\ of S is
called a hybrid characteristic interior ideal of S if f(h(z)) = f(z) and
ARh(z)) = Mx) for all z € S and all h € Aut(S).

Theorem 8. Let I be a non-empty subset of S. Then I is a charac-
teristic interior ideal of S if and only if x;(f\) is a hybrid characteristic
interior ideal of S.

Proof. Assume that [ is a characteristic interior ideal of S and =z € S.
Then, by Theorem 2, x;(f)) is a hybrid interior ideal of S.
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If + € I, then x;(f)(z) = U and x1(A)(z) = 0. Now for any
h € Aut(S), h(x) € h(I) = I, which implies x;(f)(h(z)) = U = x;(f)(z)
and x;(A)(h(z)) = 0 = x1(A) (@),

If v ¢ I, then x;(f)(v) = ¢ and x;(A)(x) = 1. Now, for any
h € Aut(S), h(z) ¢ h(I), which implies x;(f)(h(z ) = ¢ = xu(f)(@)

)
and x;(A)(h(x)) = 1 = x;(N)(z). Thus, x;(f)(h(z)) = x:(f)(x) and
X1(A)(h(z)) = x1(A\)(x) for all z € S and, hence, x;(f)) is a hybrld char-

acteristic interior ideal of S.

Conversely, assume that y; (/) is a hybrid characteristic interior ideal
of S. Then, by Theorem 2, I is an interior ideal of S. Now, let h € Aut(S)
and a € I. Then x;(f)(a) = U and x;(A\)(a) = 0. Since x;(fy) is a
hybrid characteristic interior ideal of S, we have x;(f)(h(a)) = x:(f)(a)
and x7(A\)(h(a)) = x7(A)(a) which imply h(a) € I. So, h(I) C I for all
h € Aut(S). Again, since h € Aut(S) and a € I, there exists a b € 5,
such that A(b) = a.

Suppose that b ¢ I. Then x1(f)(b) = ¢ and x;(\)(b) = 1. Since
X1(f)(h(b)) = x1(f)(b) and x;A(h(b)) = xsA(b), we have h(b) ¢ I, i.e.,
a ¢ I: a contradiction. So, b € I, i.e., h(b) € I. Thus, I C h(I) for all
h € Aut(S) and, hence, I is a characteristic interior ideal. [J

Theorem 9. A non-empty hybrid structure fy of S is a hybrid char-
acteristic interior ideal if and only if [cv,t|—hybrid cut fy[o,t] of S is a
characteristic interior ideal of S for all « € P(U) and t € |0, 1], provided
that f,\[a,t] + .

Proof. Let (a,t) € Im(fy) for « € P(U) and t € [0,1]. Then, by Theo-
rem 5, fylo, 1] is an interior ideal of S. Let h € Aut(S) and z € fy[a,1].
Then f(h(z)) = f(z) 2 « and A(h(z)) = Mz) < t, which implies
hz) € fila.t], and, so, h(fila,t]) C fila, t]. Now, let v € Fila, 1]
and y € S with h(y) = =. Then f(y) (h(y)) = f(z) 2 o and
AMy) = MAh(y)) = Mx) < t, which implies y € fy[o, t]. Since = h(y) €
h(falot]), we have fi[a, 1] C h(fa[a,t]). . fala, 1] is a characteristic
interior ideal of S.

Conversely, assume that fy[o,t] is a characteristic interior ideal of S
forall o« € P(U) and t € [0,1]. Let h € Aut(S) and let x € S be such that
f(z) = o and A(z) = t. Then z € fila,t]. Since h(fila.t]) = fia, 1],
we see that h(z) € fila, t] implies f(h(x)) 2 o and A(h(z)) < t. Now,
let 5 = f(h(x)) and s = A(h(z)). Then h(z) € A[B,5] = h(AB,5))
Since h is one-to-one, we have x € f,[53, s], which implies f(z) 2 § and
Mz) < s, and, so, @ D B and t < s. Thus, f(h(z)) = 8 = a = f(z)

ye
Thus
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and M\(h(z)) = s = t = A(x), and, therefore, fy is a hybrid characteristic
interior ideal of S. J

Recall that a semigroup S is said to be left (resp., right) simple if it does
not contain any proper left (resp., right) ideal of S. A semigroup S is said
to be simple if it does not contain any proper ideal of S. In [9], N. Kuroki
introduced and studied some properties of fuzzy simple semigroups. We
define the notion of hybrid simple semigroup as follows:

Definition 8. A semigroup S is said to be hybrid simple if every hybrid
ideal of S'is a constant function, i.e., for every hybrid ideal fy of S, we
have f(x) = f(y) and \(x) = A(y) for all x,y € S.

Notation 3. If S is a semigroup and x € S, we define a subset, denoted
by I, as follows:

L={y €S| f(y) 2 f(x) and A(y) < \()}.

Proposition 1. If f\ is a hybrid right ideal (resp., hybrid left ideal,
hybrid ideal) of S, then I, is a right ideal (resp., left ideal, ideal) of S for
every v € S.

Proof. Let x € S. Clearly, ¢ # [, C S. Let y € I, and t € S. Then
yt € I,. Indeed: Since fy is a hybrid right ideal of S and y,t € S, we
have f(yt) 2 f(y) and A(yt) < A(y). Since y € I, we have f(y) D f(x)
and \(y) < A(z), and, so, f(yt) D f(x) and A(yt) < A(z), which imply
yt € I,. Thus I, is a right ideal of S. [

Corollary 1. [1, Corollary 3.6] For any nonempty subset A of a semi-
group S, the following are equivalent:
(i) A is a two-sided ideal of S.

(ii)) The characteristic hybrid structure x4(f)) in S over U is a hybrid
two-sided ideal of S over U.

Theorem 10. A semigroup S is simple if and only if S is hybrid simple.

Proof. Assume that S is simple. Let fy be a hybrid ideal of S and
x,y € S. Then, by Proposition 1, the set I, is an ideal of S. Since
S is simple, we have I, = S. Since y € I,, we have f(y) D f(x) and
Ay) < Ax). Similarly, we can get f(z) 2 f(y) and Mz) < A(y). So,
fi(y) = fi(x) and, therefore, S is hybrid simple.

Conversely, assume that [ is an ideal of S. Then, by Corollary 1, x( f,\)

is a hybrid ideal of S. We now claim that S = I. Let x € S. Since S is
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hybrid simple, x;(fx) is a constant function, and x( ~,\~)(37) = x:1(FH))
for every y € S. In particular, we have x;(f)(z) = x1(f)(a) = U for any
a € I, which implies z € I. Thus, S C I and, hence, S = I. [J

Lemma. A semigroup S is simple if and only if S = SaS for every a € S.

Proof. Assume that S is simple and let a € S. Then S(SaS) C SaS and
(SaS)S C SaS imply SaS is an ideal of S. Since S is simple, we have
SaS = S.

Conversely, let A be an ideal of S and let a € A. Then S = SaS,
SaS C SAS C A, which implies A = 5. So S is simple. [

Theorem 11. Let S be a semigroup. Then S is simple if and only if
every hybrid interior ideal of S is a constant function.

Proof. Assume that S is simple and z,y € S. Let f, be a hybrid interior
ideal of S. Then, by the Lemma above we have S = SzS = SyS. Since
z € SyS, we have = = ayb for a,b € S. Since fy is a hybrid interior ideal
of S, we have f(x) = f(ayb) 2 f(y) and A\(z) = A(ayb) < A(y). Similarly,
we can prove that f(y) 2 f(z) and A(y) < A(z) and, so, fy is a constant
function.

Conversely, assume that fA is a hybrid ideal of S. Then f)\ is a hybrid
interior ideal of S. By the assumption, fA is a constant function, and, so,
fx is hybrid simple. By Theorem 10, S is simple. O
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