
112 Probl. Anal. Issues Anal. Vol. 8 (26), No 3, 2019, pp. 112–124
DOI: 10.15393/j3.art.2019.6350

UDC 517.38, 517.51

B. Moosavi, H. R. Moradi, M. Shah Hosseini

FURTHER RESULTS ON JENSEN-TYPE INEQUALITIES

Abstract. In this paper, we establish some Jensen-type inequali-
ties for continuous functions of self-adjoint operators on complex
Hilbert spaces. Furthermore, using the Cartesian decomposition of
an operator, we improve the known result due to Mond and Pečarić.
Some refinements of the Hölder-McCarthy inequality are given as
well.
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1. Introduction and Preliminaries. Let B (H) be the C∗- algebra
of all bounded linear operators on a Hilbert space H. As customary, we
reserve m, M for scalars and 1H for the identity operator on H. A self-
adjoint operator A is said to be positive (written A > 0) if 〈Ax, x〉 > 0
holds for all x ∈ H; also an operator A is said to be strictly positive (de-
noted by A > 0) if A is positive and invertible. If A and B are self-adjoint,
we write B > A in case B − A > 0. The Gelfand map f (t) 7→ f (A)
is an isometrical ∗ - isomorphism between the C∗- algebra C (sp (A)) of
continuous functions on the spectrum sp (A) of a self-adjoint operator
A and the C∗- algebra generated by A and the identity operator 1H. If
f, g ∈ C (sp (A)), then f (t) > g (t) (t ∈ sp (A)) implies that f (A) > g (A).

For A,B ∈ B (H), A ⊕ B is the operator defined on B (H⊕H) by(
A 0
0 B

)
. A linear map Φ : B (H) → B (K) is positive if Φ (A) > 0

whenever A > 0. It is said to be unital if Φ (1H) = 1K. A continuous
function f defined on the interval J is called an operator convex function
if f ((1− v)A + vB) 6 (1− v) f (A) + vf (B) for every 0 < v < 1 and
for every pair of bounded self-adjoint operators A and B whose spectra
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are both in J . For instance, the function f (t) = tp is operator convex on
(0,∞) if either 1 6 p 6 2 or −1 6 p 6 0.

The well known operator Jensen inequality (sometimes called the Choi–
Davis–Jensen inequality) states:

f (Φ (A)) 6 Φ (f (A)) . (1)

It holds for every operator convex f : J → R, self-adjoint operator A with
the spectra in J , and unital positive linear map Φ [2, 3].

Hansen et al. [7] gave a general formulation of (1). The discrete version
of their result reads as follows: If f : J → R is an operator convex
function, A1, . . . ,An ∈ B (H) are self-adjoint operators with the spectra in
J , and Φ1, . . . ,Φn : B (H)→ B (K) are positive linear mappings such that
n∑

i=1

Φi (1H) = 1K, then

f
( n∑

i=1

Φi (Ai)
)
6

n∑
i=1

Φi (f (Ai)). (2)

Though, in the case of convex function inequality (2) does not hold in ge-
neral (see [2, Remark 2.6]); we have the following estimate [4, Theorem 1]:

f
(〈 n∑

i=1

Φi (Ai)x,x
〉)
6
〈 n∑

i=1

Φi (f (Ai))x,x
〉

(3)

for any unit vector x ∈ K. For recent results on the Jensen operator
inequality, we refer the reader to [8–10].

Let f : J → R be a convex function, A ∈ B (H) self-adjoint operator
with spectrum in J , and let x ∈ H be a unit vector. Then, from [11],

f (〈Ax, x〉) 6 〈f (A)x, x〉 . (4)

The Hölder-McCarthy inequality is a special case of (4):

〈Ax, x〉p 6 〈Apx, x〉 , (x ∈ H; ‖x‖ = 1) , (5)

where A is a positive operator and p > 1. If the operator is positive and
invertible, (5) is also true for p < 0 (see, e.g., [12, 13]).

Replace A with Φ (A), where Φ : B (H) → B (K) is a unital positive
linear map, we get

f (〈Φ (A)x, x〉) 6 〈f (Φ (A))x, x〉 (6)
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for any unit vector x ∈ K. Assume that A1, . . . , An are self-adjoint ope-
rators on H with the spectra in J and Φ1, . . . ,Φn : B (H) → B (K) are

positive linear maps with
n∑

i=1

Φi (1H) = 1K. Now apply inequality (6) to

the self-adjoint operator A on the Hilbert space H ⊕ · · · ⊕ H defined by
A = A1⊕· · ·⊕An and the positive linear map Φ defined on B (H⊕ · · · ⊕ H)
by Φ (A) = Φ1 (A1)⊕ · · · ⊕ Φn (An). Thus,

f
(〈 n∑

i=1

Φi (Ai)x, x
〉)
6
〈
f
( n∑

i=1

Φi (Ai)
)
x, x
〉
. (7)

This research paper is mainly focused on the inequalities of types (3)
and (7), where two functions f and g are involved. This approach nicely
extends the previously known results in the literature. The new inequali-
ties are applied to obtain refinements of Hölder-McCarthy inequality (5).
Additionally, we improve inequality (4) using the Cartesian decomposition
of the operator.

2. Inequalities Related to Synchronous (Asynchronous) Func-
tions. We say that functions f, g : J → R are synchronous (asynchronous)
on the interval J if they satisfy the following condition:

(f (t)− f (s)) (g (t)− g (s)) > (6) 0 (8)

for each t, s ∈ J [1, 6]. For several recent results concerning synchronous
(asynchronous) functions, see [5, 14].

The first result reads as follows.

Theorem 1. Let f, g : J → R be continuous and synchronous func-
tions, A1, . . . , An ∈ B (H) self-adjoint operators with the spectra in J ,
and let Φ1, . . . ,Φn : B (H)→ B (K) be positive linear mappings such that
n∑

i=1

Φi (1H) = 1K. Then for any unit vector x ∈ K,

〈 n∑
i=1

Φi (f (Ai) g (Ai))x, x
〉

+f
(〈 n∑

i=1

Φi (Ai)x, x
〉)

g
(〈 n∑

i=1

Φi (Ai)x, x
〉)
>

> g
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈 n∑

i=1

Φi (f (Ai))x, x
〉

+

+f
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈 n∑

i=1

Φi (g (Ai))x, x
〉
.
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The reverse inequality holds when f , g are asynchronous functions.

Proof. We consider only the case of synchronous functions. It follows
from (8) that

f (t) g (t) + f (s) g (s) > f (t) g (s) + f (s) g (t) (9)

for each t, s ∈ J .
Fix s ∈ J . Since J contains the spectra of the Ai for i = 1, . . . , n, we

may replace t in the inequality (9) by Ai, via functional calculus to get

f (Ai) g (Ai) + f (s) g (s)1H > g (s) f (Ai) + f (s) g (Ai) .

Applying the positive linear mappings Φi and summing on i from 1 to n,
this implies

n∑
i=1

Φi (f (Ai) g (Ai)) + f (s) g (s)1K >

> g (s)
n∑

i=1

Φi (f (Ai)) + f (s)
n∑

i=1

Φi (g (Ai)).

(10)

The inequality (10) easily implies, for any x ∈ K with ‖x‖ = 1,

〈 n∑
i=1

Φi (f (Ai) g (Ai))x, x
〉

+ f (s) g (s) >

> g (s)
〈 n∑

i=1

Φi (f (Ai))x, x
〉

+ f (s)
〈 n∑

i=1

Φi (g (Ai))x, x
〉
.

(11)

On the other hand, since
n∑

i=1

Φi (1H) = 1K and the spectra of operators Ai,

i=1, . . . , n, are contained in the interval J , we have
〈 n∑

i=1

Φi (Ai)x, x
〉
∈ J ,

where x ∈ K with ‖x‖ = 1. So, we may replace s by
〈 n∑

i=1

Φi (Ai)x, x
〉

in (11). This yields

〈 n∑
i=1

Φi (f (Ai) g (Ai))x, x
〉

+f
(〈 n∑

i=1

Φi (Ai)x, x
〉)

g
(〈 n∑

i=1

Φi (Ai)x, x
〉)
>
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> g
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈 n∑

i=1

Φi (f (Ai))x, x
〉

+

+f
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈 n∑

i=1

Φi (g (Ai))x, x
〉
.

This completes the proof. �

Remark. Let A1, . . . , An∈B(H) be positive operators, and let Φ1, . . . ,Φn :

B (H) → B (K) be positive linear mappings such that
n∑

i=1

Φi (1H) = 1K.

Then, for any p, q > 0,〈 n∑
i=1

Φi

(
Ap+q

i

)
x, x
〉

+
〈 n∑

i=1

Φi (Ai)x, x
〉p+q

>

>
〈 n∑

i=1

Φi (Ai)x, x
〉q〈 n∑

i=1

Φi (Ap
i )x, x

〉
+

+
〈 n∑

i=1

Φi (Ai)x, x
〉p〈 n∑

i=1

Φi (Aq
i )x, x

〉
(12)

for any unit vector x ∈ K. If A1, . . . , An ∈ B (H) are positive invertible
operators, then (12) also holds for p, q < 0.

If A1 . . . , An ∈ B (H) are positive invertible and either p > 0, q < 0 or
p < 0, q > 0, then the reverse inequality holds in (12).

Corollary. Let f, g :J→R be synchronous functions, A1, . . . , An∈B(H)
self-adjoint operators with the spectra in J , and let w1, . . . , wn be positive

scalars such that
n∑

i=1

wi = 1. Then, for any unit vector x ∈ H,

〈 n∑
i=1

wif (Ai) g (Ai)x,x
〉

+ f
(〈 n∑

i=1

wiAix, x
〉)

g
(〈 n∑

i=1

wiAix, x
〉)
>

> g
(〈 n∑

i=1

wiAix, x
〉)〈 n∑

i=1

wif (Ai)x, x
〉

+

+f
(〈 n∑

i=1

wiAix, x
〉)〈 n∑

i=1

wig (Ai)x, x
〉
.

The reverse inequality holds when f, g are asynchronous functions.
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Proof. Apply Theorem 1 for positive linear mappings Φi : B (H)→ B (H)
determined by Φi : T 7→ wiT (i = 1, . . . , n). �

Remark. Suppose, in addition to the assumptions in Theorem 1, that f
is convex on J ; then

g
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈 n∑

i=1

Φi (f (Ai))x, x
〉

+

+ f
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈 n∑

i=1

Φi (g (Ai))x, x
〉
6

6
〈 n∑

i=1

Φi (f(Ai)g(Ai))x, x
〉

+f
(〈 n∑

i=1

Φi(Ai)x, x
〉)

g
(〈 n∑

i=1

Φi(Ai)x, x
〉)
6

6
〈 n∑

i=1

Φi (f (Ai) g (Ai))x, x
〉

+
〈 n∑

i=1

Φi (f (Ai))x, x
〉
g
(〈 n∑

i=1

Φi (Ai)x, x
〉)

for any unit vector x ∈ K, due to (3). Therefore,

f
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈 n∑

i=1

Φi (g (Ai))x, x
〉
6

6
〈 n∑

i=1

Φi (f (Ai) g (Ai))x, x
〉

+

+g
(〈 n∑

i=1

Φi (Ai)x, x
〉)[

f
(〈 n∑

i=1

Φi (Ai)x, x
〉)
−
〈 n∑

i=1

Φi (f (Ai))x, x
〉]
6

6
〈 n∑

i=1

Φi (f (Ai) g (Ai))x, x
〉
.

If, in addition, g is convex on J , then

f
(〈 n∑

i=1

Φi (Ai)x, x
〉)

g
(〈 n∑

i=1

Φi (Ai)x,x
〉)
6

6f
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈 n∑

i=1

Φi(g(Ai))x, x
〉
6
〈 n∑

i=1

Φi(f (Ai)g(Ai))x, x
〉

+

+g
(〈 n∑

i=1

Φi (Ai)x, x
〉)[

f
(〈 n∑

i=1

Φi (Ai)x, x
〉)
−
〈 n∑

i=1

Φi (f (Ai))x, x
〉]
6
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6
〈 n∑

i=1

Φi (f (Ai) g (Ai))x, x
〉

(13)

holds for any unit vector x ∈ K.

As a direct consequence of (13), we have:

Corollary. Let A1, . . . , An ∈ B (H) be positive operators, and let
Φ1, . . . ,Φn : B (H) → B (K) be positive linear mappings, such that
n∑

i=1

Φi (1H) = 1K. Then, for any p, q > 1,

〈 n∑
i=1

Φi (Ai)x, x
〉p+q

6
〈 n∑

i=1

Φi (Ai)x,x
〉p〈 n∑

i=1

Φi (Aq
i )x, x

〉
6

6
〈 n∑

i=1

Φi

(
Ap+q

i

)
x, x
〉

+

+
〈 n∑

i=1

Φi (Ai)x, x
〉q [〈 n∑

i=1

Φi (Ai)x, x
〉p
−
〈 n∑

i=1

Φi (Ap
i )x,x

〉]
6

6
〈 n∑

i=1

Φi

(
Ap+q

i

)
x, x
〉

(14)

for any unit vector x ∈ K.
If A1, . . . , An ∈ B (H) are positive invertible operators, then (14) also

holds for p, q < 0.

The second main result reads as follows:

Theorem 2. Let f, g :J→R be synchronous functions, A1,. . . ,An∈ B(H)
self-adjoint operators with the spectra in J , and let Φ1, . . . ,Φn :

B (H) → B (K) be positive linear mappings such that
n∑

i=1

Φi (1H) = 1K.

Then, for any unit vector x ∈ K,

〈
f
( n∑

i=1

Φi (Ai)
)
g
( n∑

i=1

Φi (Ai)
)
x, x
〉

+

+ f
(〈 n∑

i=1

Φi (Ai)x, x
〉)

g
(〈 n∑

i=1

Φi (Ai)x, x
〉)
>



Further results on Jensen-type inequalities 119

> g
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈

f
( n∑

i=1

Φi (Ai)
)
x, x
〉

+

+ f
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈

g
( n∑

i=1

Φi (Ai)
)
x, x
〉
.

The reverse inequality holds when f, g are asynchronous functions.

Proof. Fix s ∈ J . Since J contains the spectra of the Ai for i = 1, . . . , n

and
n∑

i=1

Φi (1H) = 1K, the spectra of
n∑

i=1

Φi (Ai) are also contained in J .

Then, we may replace t in the inequality (9) by
n∑

i=1

Φi (Ai), via functional

calculus to get

f
( n∑

i=1

Φi (Ai)
)
g
( n∑

i=1

Φi (Ai)
)

+ f(s)g(s)1K >

> g(s)f
( n∑

i=1

Φi(Ai)
)

+ f(s)g
( n∑

i=1

Φi (Ai)
)
.

This inequality implies, for any x ∈ K with ‖x‖ = 1,〈
f
( n∑

i=1

Φi (Ai)
)
g
( n∑

i=1

Φi (Ai)
)
x, x
〉

+ f(s)g(s) >

> g (s)
〈
f
( n∑

i=1

Φi (Ai)
)
x, x
〉

+ f (s)
〈
g
( n∑

i=1

Φi (Ai)
)
x, x
〉
.

(15)

Substituting s with
〈 n∑

i=1

Φi (Ai)x, x
〉
in (15), gives the desired result. �

Remark. Suppose, in addition to the assumptions in Theorem 2, that f
is convex on J ; then

f
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈

g
( n∑

i=1

Φi (Ai)
)
x, x
〉
6

6
〈
f
( n∑

i=1

Φi (Ai)
)
g
( n∑

i=1

Φi (Ai)
)
x, x
〉

+ g
(〈 n∑

i=1

Φi (Ai)x, x
〉)
×

×
[
f
(〈 n∑

i=1

Φi (Ai)x, x
〉)
−
〈
f
( n∑

i=1

Φi (Ai)
)
x, x
〉]
6
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6
〈
f
( n∑

i=1

Φi (Ai)
)
g
( n∑

i=1

Φi (Ai)
)
x, x
〉

for any unit vector x ∈ K, due to (7). If, in addition, g is convex on J ,

f
(〈 n∑

i=1

Φi (Ai)x, x
〉)

g
(〈 n∑

i=1

Φi (Ai)x, x
〉)
6

6 f
(〈 n∑

i=1

Φi (Ai)x, x
〉)〈

g
( n∑

i=1

Φi (Ai)
)
x, x
〉
6

6
〈
f
( n∑

i=1

Φi (Ai)
)
g
( n∑

i=1

Φi (Ai)
)
x, x
〉

+ g
(〈 n∑

i=1

Φi (Ai)x, x
〉)
×

×

[
f
(〈 n∑

i=1

Φi (Ai)x, x
〉)
−
〈
f
( n∑

i=1

Φi (Ai)
)
x, x
〉]
6

6
〈
f
( n∑

i=1

Φi (Ai)
)
g
( n∑

i=1

Φi (Ai)
)
x, x
〉

holds for any unit vector x ∈ K.

3. Refinement via the Cartesian Decomposition. We start this
section by proving the following theorem, that can be considered as a
refinement of [4, Theorem 1].

Theorem 3. Let Φ : B (H) → B (K) be a unital positive linear map,
A ∈ B (H) be a positive operator with the Cartesian decomposition
A = B + iC, and let f be a non-negative function on [0,∞), such that
g(t) = f(

√
t) is convex. Then, for any unit vector x ∈ K,

f (〈Φ (A)x, x〉)6


f
((〈

Φ(B)2x, x
〉

+ 〈Φ (C)x, x〉2
) 1

2

)
f
((
〈Φ (B)x, x〉2 +

〈
Φ(C)2x, x

〉) 1
2

)6〈Φ (f(A))x, x〉 .

Proof. First of all, note that

〈Φ (A)x, x〉2 = 〈Φ (B)x, x〉2 + 〈Φ (C)x, x〉2, (x ∈ K; ‖x‖ = 1) (16)

and
Φ(A)2 = Φ(B)2 + Φ(C)2. (17)
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Since g is non-negative and convex on [0,∞), it follows that g is increasing.
Now,

g
(
〈Φ (A)x, x〉2

)
= g

(
〈Φ (B)x, x〉2 + 〈Φ (C)x, x〉2

)
6 (by (16))

6 g
(〈

Φ(B)2x, x
〉

+ 〈Φ (C)x, x〉2
)
6 (by the Cauchy-Schwarz inequality)

6 g
(〈

Φ(B)2 + Φ(C)2x, x
〉)

= (by (5))

= g
(〈

Φ(A)2x, x
〉)
6 (by (17))

6 g
(〈

Φ
(
A2
)
x, x
〉)
6 (since t2 is operator convex)

6
〈
Φ
(
g
(
A2
))

x, x
〉

(by (3))

for any unit vector x ∈ K. Consequently,

f (〈Φ (A)x, x〉) = g
(
〈Φ (A)x, x〉2

)
6

6 g
(〈

Φ(B)2x, x
〉

+ 〈Φ (C)x, x〉2
)

=

= f
((〈

Φ(B)2x, x
〉

+ 〈Φ (C)x, x〉2
) 1

2

)
6

6
〈
Φ
(
g
(
A2
))

x,x
〉

=

= 〈Φ (f (A))x, x〉 .

The other case can be obtained similarly. �

By setting f (t) = tp (t > 0, p > 2) in Theorem 3, we find that:

Corollary. Let Φ : B (H) → B (K) be a unital positive linear map,
A ∈ B (H) be a positive operator with the Cartesian decomposition
A = B + iC. Then, for any p > 2,

〈Φ (A)x, x〉p 6


(〈

Φ(B)2x, x
〉

+ 〈Φ (C)x, x〉2
) p

2(
〈Φ (B)x, x〉2 +

〈
Φ(C)2x, x

〉) p
2

6 〈Φ (Ap)x, x〉

for any unit vector x ∈ K.

Taking Φ (T ) = T in Theorem 3, we get:

Corollary. Let A ∈ B (H) be a positive operator with the Cartesian
decomposition A = B + iC, and let f be a non-negative function on
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[0,∞), such that g (t) = f
(√

t
)

is convex. Then, for any unit vector
x ∈ H,

f (〈Ax, x〉) 6


f
((〈

B2x, x
〉

+ 〈Cx, x〉2
) 1

2

)
f
((
〈Bx, x〉2 +

〈
C2x, x

〉) 1
2

) 6 〈f (A)x, x〉 .

In particular, for any p > 2,

〈Ax, x〉p 6


(〈
B2x, x

〉
+ 〈Cx, x〉2

) p
2(

〈Bx, x〉2 +
〈
C2x, x

〉) p
2

6 〈Apx, x〉

holds for any unit vector x ∈ H.
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