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ON THE CONVERGENCE OF THE LEAST SQUARE
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Abstract. Let f(t) be a continuous on [—1, 1] function, which va-
lues are given at the points of arbitrary non-uniform grid Qn =
= {t; }] "y » where nodes t; satisfy the only condition n; <t; <nj41,
0 < j <N —1, and nodes 7; are such that —1 =n9 < m <12 <
< oo < my—1 < nny = 1. We investigate approximative properties
of the finite Fourier series for f(t) by algebraic polynomials P, n(t),

that are orthogonal on Qy = {tj N- 1 Lebesgue-type inequalities

for the partial Fourier sums by P, N(t) are obtained.
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1. Introduction. Let {77]} be a system of points, such that

—l=n<m<n<---<ny_1<nny =1 (1)
We assume Anj =nj41 — 1, 0<jJ <N =1, Ay = o ax lAn] Now, we
<J
construct a grid Q2x from the points
njgtjganrla jZO,l,...,N—l, (2)

selected on each segment [1;,7;+1]. Without loss of generality, we can
consider all the nodes {; };V:_Ol distinct, because if t; = ¢, for some j, we
can leave only one of them and denote the grid by Qy_;.

Consider the space l5(€2y) of discrete functions f : Qy — R, where
the inner product is given by

Zf Am—ANZf (3)
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By PWN(t), 0 < n < N -1, we denote polynomials that form finite
orthonormal system with respect to this inner product:

-1

(PP} = 32 Bt B (')Am:{o’ T

1, n=m.

We call polynomials PmN(t), 0 < n < N —1, the discrete orthonormal
Legendre polynomaials.

Since the system {pn,N(t)};\:Ol is complete in [5(€y), any function
f € 13(Qn) can be expanded in a finite Fourier series by this system. Let

A, n(f,t) be the partial Fourier sum of order n for the function f = f(t)
by the system {Pk N}kN:_Ol, in other words

A n (1) kaPkN where Zf ) P, () An.

The main goal of this article is to study the approximative properties
of A, n(f,t) in case when f(¢) is continuous on [—1,1] and ¢ € [—1,1].
More precisely, we want to obtain an estimate for the value

| B, v (f,0)] = [f () = A v (f50)], E € [=1,1]. (5)

Note that the value |R, n(f,t)| for the discrete Legendre polynomials
was studied in [2] for the case of ¢; = n; and was studied in [3] for the

case of t; = U+ But the results obtained there are valid only when

n = O()\;,l/ 5) and n = O()\;VQ/ 7), respectively, while we managed to get
estimates for n = O()\;Vl/ %) and for a more general case when t; is arbitrary
on the segment [1;, 7,41

To solve this problem, we need some information about discrete Le-
gendre polynomials Pk, ~ (1), as well as discrete Jacobi polynomials Pka ’Je(t),

which are a generalization of P, y(t). This information is based on the
properties of classical continuous Legendre and Jacobi polynomials.

2. Some information about Jacobi and Legendre polynomials.
The Jacobi polynomials can be written using Rodrigues’ formula (see, for
example, [4]) as follows:

P = G s i (0070,
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where a, 3 are arbitrary real numbers, k*?(t) = (1 — t)*(1 + t)°, o(t) =
— 1 —¢2. In the case when a, 3 > —1, the Jacobi polynomials form an
orthogonal system with the weight % °(¢):

1
[ PR O ) = 1,
-1

where
joB _ 20t P (p + a+ DI(n+ B+ 1)
" n2n+a+B+D)In+a+p+1)
and, therefore, h# < n=! n = 1,2,.... For the derivative of P> #(t),
the following equality holds:
o roa+B+n+1 44
(Pn ”B(t)) = fpnfﬁl B+1<t)' (6>

We will also need the following weighted estimate

1
—a—3

2

Vi |PEP (1] < ela, B) (\/1——t + %) (\/1—+t + %) - . ()

where —1 < ¢t < 1. An important particular case of Jacobi polynomials
with o = 8 = 0 is Legendre polynomials P, (), orthogonal on [—1, 1] with

~

the unit weight p(t) = 1. Denote by P,(t) = /2P, (t), n = 0,1,2,...

2
the corresponding orthonormal Legendre polynomials. The leading coef-
ficient of polynomial P, (t) can be written as

_(2n)! 2n+1
kn_(n!)22” 2 (8)

3. Discrete Jacobi and Legendre polynomials. We will use the
integral analogue of the Markov inequality for estimating the derivative
of an algebraic polynomial (see [5,6]), which for 7 = 1 has the following
form:

/ I (O)ldt < c(m)m? / g (8, (9)
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where ¢,,,(t) is an arbitrary algebraic polynomial of degree m. For ev-
ery m, denote by x,, the minimum of constants ¢(m) that satisfy inequal-
ity (9), i.e.,

J da(0)ldt

-1
Xm = Sup 1 Y

" m? [ gm(t)|dt
-1

where the upper bound is taken by polynomials ¢,,(t) of degree at most
m and not equal to zero identically. In work [5] by N. K. Bari, it is shown

that y = sup x,, < co. Given this fact, we derive from (9):
m>1

/ I (®)ldt < xm? / g (D). (10)

Let {Pna]\[; (t)}i::ol be polynomials that form a finite orthonormal sys-
tem with respect to the inner product

N—-1
o D« D« D« @ 0’ n7£m,
< n,b\?? m:]é\)7> = Z n,ﬁ(tﬂ')Pm:]@(tj)K 7B(tj)Anj - { 1 n=m
j=0 o

We call these polynomials discrete orthonormal Jacobi polynomaials.

In the case when the grid €2y consists of equidistant nodes
t; = -1+ %, the asymptotic properties and weighted estimates for
the polynomials orthogonal on €2y were first studied in the papers by
I. I. Sharapudinov (see [7]). Later, . I. Sharapudinov [8-10] and A. A. Nur-
magomedov [11], [12] studied the asymptotic properties of polynomials
that are orthogonal on nonuniform grids of the real axis. In particular,
in [12| the author investigated the asymptotic properties of the discrete

Jacobi polynomials Pnaj\?(t) (v and 8 are integers), orthogonal on non-
uniform grid Qy with ¢; = %, 0<j<N-1L

In our work [13], we investigated asymptotic properties of these polyno-
mials in the general case of random t; (a, [ are still integers). When

1
n = 0(\y*) and n, N — oo we obtained asymptotic formula

PoR(t) = Pl (t) + uen(t),
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here PA(t) is a normed Jacobi polynomial, and v, 5(t) is the remainder,
for which the following estimate is established:

vy ’ﬂ (COSQ)‘

3
2

1 —a—1 —
3 — Avx(2n+a+p)? )2 07" in2\/ Ay, <0<
1= 2% x2(2n+a+p5)4 a+2\/_N 0<

where Y is the smallest of the constants in the Markov integral mequahty
for estimating the derivative of an algebraic polynomial. Here and further
in the text, ¢, c(a), c(a, B), ¢(a, B, ...,7) are positive constants depend-
ing only on the specified parameters, which, generally speaking, may be
different in different places. For the sake of simplicity, these estimates are
given for the segment [0, 1]; they apply to [—1,0] in the similar way.

In the article, the indicated asymptotic formula is directly used to
study the value |R, y(f,?)|.

4. Auxiliary statements. In this section, we collect some of the
statements that will be needed in the future.

et 5

T
2’
-1
7

Lemma 1. Let f(t) be a function, absolutely continuous on [—1,1];
{n;}}Lo and {tj}jy:’ol be systems of nodes that satisfy (1) and (2), res-
pectively. Then

b
/ Fdt =S F(t) A +ra(f)

a<t;<b

for every segment [a,b] C [—1, 1], where

|7"N )\N/|f |dt

Proof of this lemma can be found in [13].
From Lemma 1 the next statement also follows:

Lemma 2. Let {n;}}_; and {t; } ! be systems of nodes that satisfy (1)
and (2), respectively. Then the fo]]owmg inequality holds for an absolutely
continuous on [—1, 1] monotonous non-negative function f(x):

b

> (tpan < [ e anlf0) - )

a<t;<b a
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Lemma 3. For the leading coefficients of the discrete Legendre polyno-

mials, the inequality
Ky,
= (11)

)

<1

kn—i—l, N
holds; here k,, y and k, 1, n are the leading coefficients of the polynomials

pn,N and PnJrLN, respectively.
Proof. Following [14], let us consider the expression

ZPn—H tPnN( )An]

kn, N

N-1

nN 2 A
= E:Pn E Qn, N () = :
1, N +1N o wts) i1, N

On the other hand,

)_n

N—

Pt v ( v ()| An; <
n+1 N ]:O
N—-1
< max [t} ) [P n(t)) N ()| An;.
j=0

0<j<N-1

Applying the Cauchy—Bunyakovsky inequality, we finally get

1
2
) .

k N-1
n, N
: <
oy <o Al ( 1,

0<j<N—-1

N-1 3

X (Z P, n(t5) A%‘) = max {[t;[} <

§=0

This completes the proof. [J
The following lemma establishes the relation between polynomials of

degrees n and n + 1.

kn—’N the following equalities hold:

Lemma 4. For A, =
n+1, N
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_ : P (D) 2 P, n(1)
— An (Pn N(t) ]5” N 1) Pn—l—l,N(t) pn+1 N<1)> ) (12>

N(t) =
(Bt [P g [Pan(CD
_ A (Pn,N(t) ﬁnyN(—l) P n(t) ﬁ’n+1,N(—1)>.

Proof. Consider the polynomial @Q,(t), given by the equality

A ~

(1 = )Qn(t) = Posr,n(1) Py n(t) — P N (1) P, N (2). (14)

From its definition, we have

=z

~

Il
o

J

Let Ml(t) be an arbitrary polynomial of degree [ < n—1. Since each poly-
nomial P, n(t) has degree k, it is obvious that M;(t) can be represented
as their linear combination:

Then, from (15) we get

N-1

3" Qult) Milt)(1 — t;)An, = 0,

j=0

i. e., polynomials Qo(t),...,Qn_1(t) form an orthogonal system with the
weight £50(¢) =1 — ¢ on the grid Qy. Hence,

Qn(t) = 1Py (1), 7> 0. (16)
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To find ~,, taking into account (14), consider the expression

N—1
H, =Y Qi(t;)(1—t;)An; = (17)
=0
N-1 ]NC
= Py, n(1) P, n(t)Qn(tj)An; = n+1,N(1>l% =, (18)
=0 n, N

where k,, /%n ~ are the leading coefficients of polynomials @, (t) and I5n ~(t),
respectively. 3 R R
In addition, notice that k, = P, y(1)kn41, v from (14), and, therefore

~

A kn—l—l,N

Hy = Putx (1) Py (1) (19)
kn,N
On the other hand, we get, from (16) and (17),
N-1 o )
Hy= 923 (B() (1= ;)20 =42 (20)
=0
Comparing (19) with (20), we derive
~ A ]%n+1,N
Yn = Pn-i—l,N(l)Pn,N(l) < . (21)
kn,N
Returning to equality (14) and using (16), we have
(1= )Py (1) = Post, (1) Po, 5 (1) = B (1) Py, v (8).
This equality, together with (21), gives us (12).
Similarly, we derive equality (13). O
Next, let us agree on the following notation:
K, n(2,y) ZPkN N (). (22)

Then, using the Christoffel-Darboux formula and Lemma 4, we can also
prove the following assertion.
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Lemma 5. The following equality holds:

where

C = \/]%n’an+1>N(1)
n,N — ~ ~ .
knJrl,NPn,N(l)

The weighted estimate for the discrete Legendre polynomials, obtained
by the author in [13], takes the following form:

2

Theorem A. Let us put 4A\yxn~ < 1; then there is a constant a > 0,

such that

ﬁn,N(t)( < ¢(a) (1 + B\/n3)\N) (VI—12+ %)‘ <

=

/

—1<t< —1+an?
—1+an_2<t<0,
0<t<1—an‘2,
1—an_2<t<1,

3 — 4y xn? 2
B=\—""757] -
1 — 163, x2n?
5. Approximative properties of the Fourier sums by Pn“]\f(t)

Suppose we are given the values of some continuous on [—1, 1] function
f(t) at the points of the grid Q. Our main goal is to estimate the value

|B, v (f, ) = () = Au N (Fi )] € [=11].

S

< c(a) <1 + B\/M) (L+e)

(1-1) 2y

[SIE = N [N

S

where

Denote by P, the Hilbert space of all polynomials of degree n and by

E.(f) = min max [f(t) = pa(t)]

Pr€Py te[—1,1]

the best approximation for the function f(¢) by polynomials of degree at
most n.
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It is easy to show that A, n(pn,t) = p,(t) for any polynomial p,, € P,.
Hence, using the Lebesgue-type inequality, we get

[Ro v (0] = f(#) = A, (O] < El(f) 1+ Lo, n ()], (25)
where Nl
Lo n(t) = ' | K, w(t5, 1) An; (26)

. N-1
is the Lebesgue function for {PmN} and K, y(t;,t) is the kernel

n=0
from (22).
Thus, it is necessary to study the Lebesgue function L,, y(t).

Theorem 1. There exists a real number v > 0, such that for 2 < n <
< 'y)\]_vl/?’ and 0 < ¢ < 1 the following estimates hold:

1
< (o
max Ly n(f) < e(y)n,

L,n({t) <c(y)lnn, —-14+e<t<l—c

Proof. We consider only the case t € [0,1], because for ¢t € [—1,0] the
proof is quite similar.

Let us start with ¢ € [0,1—4n"2]. We divide the sum on the right-hand
side of (26) according to the following scheme:

RIPVIRIPVED VED I) TR

—1<t]\—§ %<tj<q1 <ti<ge qest;<1

= A + Ay + Az + Ay,
where ¢ =t — Vln_tz, g =t + Y=

1. To estimate A;, we use the Christoffel-Darboux formula and
Lemma 3, as well as the fact that [t — ¢;| > L for ¢ € [0,1 — 4n™?] and
tj € [-1,—1]. We have

A, <2 Z (

A

Pn+1,N(t)pn,N(tj) + pn,N(t)anrl,N(tj)

) Anj.

1
2

Again, we divide the sum into two parts: denote by A;; the sum over
—1<t; < —1+4n"2, and by Aj, that over —1 +4n~? <t; < —3.
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Using the weighted estimate (24) and Lemma 2, we obtain

PN

AH < cn_l, A12 < C(l - t)_ s (27)

which means that )
Ay <ce(l—t) 7. (28)
2.  We proceed to the estimation of Ay, for which we again use the
Christoffel-Darboux formula and the transformation (23) from Lemma 5
We have

A

Pi,’z()v(tj)Pn,N(t)‘ Anj+

Aﬁj] = Cp, N [Ao1 + Al

Consider, firstly, As:

1 1—1,
A21 < C(l — t)iz Z ﬁ
J

—3<t;<q

= $ ¢ 2

——<tj <0 0<stixq

Anj = c(1 - t)fiAzn,

51,0
Pri(t;)

N( )| An; <

1
4

Sc[ Z ]A77J+ Z An]]

—%gt]—<0 0<tj<q
1
(1 - 1)}
<c Z t_—;Am-
J

— % <ti<qr

Due to the obvious inequality (1 —¢;)3 < (1 — )i + (t — ;)7, we can
rewrite

B 1—8)i  (t—t;)i
Ay <c(l—t)7% > [(t_t)' +(t_;) }Am:
J J

—i<t;<q

:c[ Z tA_nij+(1—t)—i Z —(thj)i]:
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—c[AD (19 ‘ZAzl] (29)

Using Lemma 2, the theorem condition of Ayn® < 43 and the fact that
(1—t*)"2<nattel0,1—4n"?), we get the estimates

AY <elnn, AR <«

wherefrom

-

Aoy < (1nn+(1—t) z) (30)

We proceed to studying Ass.  Applying the weighted estimate for

A;:R,(t), we derive

1 P, v (t;)
A22 § C(l - t)Z Z ?AT]J
J

—%gt]‘@h

Before applying the weighted estimate for PA’n ~(tj), note that (141¢;)~ 1<

< 31(1 — tj)_% and (1 — tj)_% < (1—1t)"4 for — —1 < t; <0. Then

(L=t
An; <
Z t—t 77]

—3<tj<q

It

A22 < C(l — t)

An;
<c Z ﬁ < c(a)Inn. (31)

—i<ti<q

Substituting (30)—(31) in (29), we finally get
Ay < Cp y [Agy + Ag] < ¢ ((1 iy lnn> . (32)

3. To estimate Az, we do not apply any transformations, but substi-
tute the weighted estimates directly in (26):

1 An;
143@("_+)l D
(1—1t)a Q<t;<qo (1—t;)1

(n+

1
(1-1)

Sc

) Q2 —q1
T 1 qz)i < c(a). (33)
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4. The study of the last part of the sum is similar to the study of As:

1—¢t:| =~ A
As < Cn,N[ ; ; Pﬁ,’%(tj)Pn,N(t)‘Aﬁﬁ
p<t;<1 T
L=t 2510, 4
+ Y = [P P )| An| = Cun [An + An]. (39)
p<t;<1 7

In turn, A4 can also be represented in the form of several sums

A41 < C(l — t)_i X

IS S S P

e<t<E Higy<i-n—2 1-n72<¢<d

51,0
Pn,N(tj)

Anj; =

= (1= )7H AR + AR + AR (35)

Using Lemma 2 and the weighted estimates, we can obtain the following
estimates for these terms:

AR <e|=niaf + AR =c|a-pimn+1],  (36)
A ez, AR <ene, (37)

Returning to inequality (35) and using (36)—(37), we derive
Ay <ec [lnn +(1- t)*% <n*% + 1)} <c [(1 — t)*i + lnn} ) (38)

Similarly, the second term from (34) is estimated as

P, n(t5)
X An; =
[ Z + T Z t;—t i
e<t<E Higy<i-n—?2 1-n72<<d
— (1= t)F |Af) + 4G + AP (39)

Applying Lemma 2 and a series of transformations, we obtain estimates
for these parts:

I
5=
/AN
Q
e
I
S
/AN
Q
S
I
:S/-\
/AN
Q
T
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Then .
Ay < c[An + Ap] < ¢ [(1 T lnn} . (40)

Finally, all the estimates (28), (32), (33) and (40) in total allow us to
display for t € [0,1 — 4n 2]
Ln,N(t):A1+A2+A3+A4gc[(1—t)%+1nn]. (41)

Now we consider the behavior of the Lebesgue function L, y(t) for
t € [1 —4n=2,1]. Let us represent the Lebesgue function in the following
form:

=] X+ 3+ X K -

—1<t;<—%3  —i<ti<q stsl

1. The estimation of I; is similar to the estimation of A;:

el ¥ vy

1<t <—1+4n72 —144n 2Kt <—

~

Poyr, n () P w ()| +

1
2

+

Py n(t)Poyr, n(t)) ) An; = 2(I1y + ©h2).

Using the weighted estimates for the discrete Legendre polynomials, we
get for I1; and I3 the following inequalities:

~

iy

)
l\J\»—-

—1
Iy <en,

Therefore, .
I < enz. (43)

2. To estimate I, we use Lemma 5 and the Christoffel — Darboux
formula again:

P (1) P ()] A+

AT]J] = Cp,n [I21 + L] .
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Consider, firstly, Io;:

. 1t
121<cn2[ 12 + 21: ]t—tj

H1,0
Pn,N(tj)

An; <

. (1—@ﬁA
<e ) T

8
<tj 1,7172

N

1
2

Due to the obvious inequality (1 —¢;)3 < (1 — )3 + (t — ¢;)4, we can
rewrite

]21 gcn% [(l—t)% Z ﬂ_*_ Z ﬂ =

3
t—1t,; t—1t:)2
1 8 J 1 8

—igtjgl—n—Q _§<tj<1_ﬁ ( j>

= cn? [(1 — t)%lzq) + Ig)} : (44)
Using Lemma 1, we obtain for these new parts the estimates
]2(1) < clnn, Ig) <ec,
and finally
Iy < cn? <n’% Inn + 1) < en?. (45)

Let us start with I5,. Using the weighted estimates and the fact that
1 1 1 1
(1+t;)"1 <31(1—1t;)"1 < cnz for —1 <t; <0, we derive

I <cn” ey
_%gtjgl 5 ’
1 1 A ;
<cn zn? Z % < clnn. (46)
—3<t<1—5 !

Combining (45) and (46), we finally get

N

I <Oy N[+ In]<c (n% + lnn) <cn2. (47)

3. For the last part, we just use (24):

I; < Z Z ‘pk;,N(t)pk,N(tj)

1-n—2<t;<1 k=0

An; <
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<e Y zn:k%k%mjgcn? > An<cla).  (48)

1-n—2<t;<1 k=0 1-n—2<t;<1

Combining estimates (43), (47) and (48), we finally get
Lon@®) =L+ L+l <c (n% + 1nn> L tel—4n 21, (49)

Note that for ¢ € [1 — 4n~2,1] the expressions (1 — ¢2)i and n2 are of
the same order. Hence, from (41) and (49) we deduce the assertion of the
theorem. [

Returning to (25), we also get the following statement from Theorem 1:

Theorem 2. The estimate
1\
|R,. v ()| < c(y) En(f) [lnn + (,/1 24 ﬁ) }

holds for the remainder R, n(t), where 2 < n < 7)\;/3, v > 0, and E,(f)
is the best approximation for the function f(t) by polynomials of degree
at most n.

6. Some applications. Once again, let f(¢) be a continuous on
[—1,1] function, which is measured at the nodes of some arbitrary grid
Qy = {t;})", satisfying (1)-(2). We denote these measurements by
y; = f(t;) + &, 0<j <N —1. Here ¢ are observation errors, which are
independent random variables satisfying the following conditions:

Elg] =0, E[&&] =026, 0<j<N-—1, (50)

where E[X] is the expected value of a random variable X. It is required to
approximately restore f(¢) at the point ¢ € [—1, 1] using discrete informa-
tion {y; };V:’Ol. To solve this problem, we introduce an algebraic polynomial
S, n(t) that minimizes the sum

i

J(ag, ... ,a,) = ' (y; — pn(tj))ZPj

Il
o

on the set of all polynomials p,(t) = ag+ait+. . .+a,t" of degreen < N—1,
where p; are positive weight factors.
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The question is, how precise S, y(t) approximates the original function
f(t)att € [~1,1],i.e., it is required to estimate the value (f() — S, v (t))*.
Since this value depends on random errors &, ...,&y_1, a more accurate
formulation of the problem is to estimate its average value

Jan (1) = E[(f(t) = San ()] (51)
In [1] this problem was studied for the uniform grid ¢; = —1 + 2L,
p; = 1,0 <5 <N —1. In this article, we consider a more general case

when the nodes ¢; form a non-uniform grid Qy = {t;}3" € [~1,1], and
weights p; satisfy certain natural conditions.

More precisely, the values of o, appearing in (50), and corresponding
weights p; are defined for a given real o using equalities

An;
AN

A
0} =0? 2 py=(0)oy)’ =

(52)

It is well-known (see [15]) that polynomials S, n(f) minimizing the
value (51), can be represented as

t) = ZQ;CI%N(IS), where g = Zy]Pk ~(t;)An;.

Let A, n(f,t) be the partial Fourier sum of order n for the original (noise-
R N-1
less) function f = f(¢) by the system {Pk,N} e,
k=0

Ao, n(fit) = kaPkN ), where fi = Zf )Pe, () An.

&5
&5
Nad
-
-~
=

I
&5
<
Kl
-
2
=

where
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=

E[f(t;) + &) Pen(t;)An; = fr.

I
o

J

In addition, it can be shown that

To(,1) = (F0) = M (0P + 02w S (Bun(h) =

k=0

= Ry v(f.1) + Dun (). (53)

To do this, consider the expression

Ap n(fit) = Sun(f,1) = Ap n(fit) = (yk - fk) P n(t) =

=Y &P n(t) = § P, n(t) P () An.
k=0 k=0 j=0

We will need the expected value of this value:

E[Ann(f,0] = 3 [&] Pon(t) =
k=0

and its square:

E[A, ()] =E

I
oy
| |
78S
ol
oy
| I—
f
=
—
~
SN——
v
=
~
~
N—
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?

- (o5 Any) Py n (1)) B, n (1) An; = 0” A, (55)

<.
Il
o

wherefrom
" 2
E [Ai,N(fa t)] =0’y Z (Pk,N(t)> .
k=0
Then, taking into account (54) and (55), we have
Jn,N(fa t) =F [(f(t) - Sn,N(f7 t))ﬂ -

= E[(f(t) = Ao (£, 1) + A v (£, 1)°] = (F(E) — A (f,1)° +
2 (f(t) — A v (1) B [An n(f, )] + E[AZ p(f,1)] =

" 2
= (f(8) = AN (1) + 02An 3 (Pen(®) = B2 y(f,) + Do (1)
k=0
Thus, the original objective of estimating the deviation of partial sums
by discrete Legendre polynomials P, n(t) from the desired function f(t)
comes to estimating these two values: R% y(f,t) and Dy n(t).
The estimate for R, ny(f,t) is given in Theorem 2. Let us consider
n R 2
the value D, y(t) = 0?Ax > (Pk,N(t)) . Using weighted estimates (24)

k=0
obtained in Theorem A, we have

t) < UQANER: (C(a) <1 + BM) k:§>2 <

< cla)o (n*hy) (1+B\/n3>\N) o2 (n3An)?.

So, the value D,, n(t) tends to zero when n = O()\;/g).

Finally, we conclude with the following statement.

Theorem 3. Let f(t) be a continuous on [—1,1] function given by its
measurements y; = f(t;)+¢;, 7 =0,1,..., N —1, in the nodes of the grid
Qy, which satisfy (1)—(2), where &; are independent random mistakes of
observation that satisfy (50)—(52). Then, for 2 < n < 'y)\;\,l/g, ~ >0, the
following estimate holds:

_1
2

Jn,N(f7 t) < c(a,%a) (En(f>

1
Inn + (vl—t2—|——)
n
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where E,(f) is the best approximation for the function f(t) by polyno-
mials of degree at most n.
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