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1. Introduction. Fixed-point theory is one of the most active
research fields in modern nonlinear functional analysis. A typical fixed-
point equation is of the form Tz = x, where T is a self-mapping on
a non-empty set X. This problem can be reformulated as g(z) = 0,
where g(x) = © — Tx. Though the problem statement is simple, find-
ing a solution may be extremely difficult, and sometimes not possible.
The earliest affirmative response to this problem was announced by Ba-
nach [4] under some suitable conditions: when 7" is a contraction and
X is endowed with a norm such that the corresponding topology yields
completeness. In 1969, Kannan [13] gave an analogue sort of contractive
condition that demonstrated the existence of a fixed point. The basic dis-
tinction between the Banach fixed-point theorem (BFT) and that of the
Kannan contraction is that continuity of contraction is not needed in the
later. Analogous well-known generalizations of the BFT were established
by Chatterjea |7| and Edelstein [10]. In the last six decades, the above re-
sults have been extended in different directions. Along the way, the notion
of weak contraction was introduced by Berinde [5]. The idea generalized
the well-celebrated fixed-point theorems due to Banach [4], Chatterjea [7],
Zamfirescu [22], and many others. It is well-known that the Banach con-
traction theorem cannot characterize metric completeness. To resolve this
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problem, a generalization of the BFT was given by Suzuki [19]. Later
on, an interesting improvement of the Suzuki fixed-point theorem in the
setting of multivalued mappings was presented by Djoric and Lazovic [9].

Along the lane, the area of applied mathematics witnessed tremendous
developments as a result of the introduction of fuzzy sets by Zadeh [21].
Classically, fuzzy set is characterized by a membership function that as-
signs to each element a grade of membership between zero and one. Later,
Weiss [20] and Butnairu [6] initiated the study of fixed points of fuzzy
mappings. Whereas fixed point theorems for fuzzy set-valued mappings
have been investigated by Heilpern [11], who originated the idea of fuzzy
contractions and proved a fixed-point theorem parallel to the Banach-
Cacciopoli principle in the frame of fuzzy sets. Thereafter, several authors
have studied and applied fuzzy fixed-point results in different directions;
see, for example, [1-3], [12], [14-18], and the references therein.

In this work, motivated by the ideas of Suzuki [19], Djoric and La-
zovic |9], we define the notion of Suzuki-type («, 5)-weak contractions in
the setting of fuzzy set-valued maps. As a result, fuzzy fixed-point theorem
of Suzuki-type is proved and some consequences are obtained thereafter.
In addition, an application in homotopy result is established to highlight
the usability of one of our results.

2. Fuzzy and Multivalued Mappings. In this section, we present
some useful definitions and basic concepts from the literature, which will
be needed in the sequel. Let (X,d) be a metric space. We denote by
C'B(X) the class of all nonempty, closed, and bounded subsets of X. Let
H(-,-) be the Hausdorff metric on C'B(X) induced by d, that is,

H(A, B) = max { supd(a, B),sup d(A, b)},
acA beB
for A, B € CB(X), where d(z,A) = inf{d(z,a) : a € A}. A point u in X
is a fixed point of a multi-valued mapping 7' : X — CB(X) if u € Tu.
Recall that an ordinary subset A of X is determined by its characteristic
function y 4, defined by x4 : A — {0,1}:

(2) 1, ifzeA
xTr) =
XA 0, itz A

The value x4(z) specifies whether an element belongs to A or not. This
idea is used to define fuzzy sets by allowing an element x € A to assume
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any possible value of the interval [0, 1]. Thus, a fuzzy set A in X is a set
of ordered pairs given as

A= {(, pa(@)) : x € X},

where pg 1 X — [0,1] = I and pa(z) is called the membership function
of x, or the degree to which = € X belongs to the fuzzy set A.

Throughout this paper, we shall let (0,1] = I'™! and (0,1) = I_;. An
important notion in fuzzy set theory is that of an a-level set. If A is a
fuzzy set in X, the (crisp) set of elements in X belonging to A at least of
degree v € ™! is called the a-level set, denoted by [A],. That is,

[Ala = {z € X : pa(a) > a}.
On the other hand,
(Al ={z € X : pa(z) > o}

is called the strong a-level set or strong a-level cut. Denote by I¥ the
family of all fuzzy sets in X. Let X be an arbitrary set and Y be a metric
space. A mapping T': X — IV is called fuzzy mapping. A fuzzy mapping
T is a fuzzy subset of X x Y. The function T'(x)(y) is the membership
value of y in T'(z). An element u in X is said to be a fuzzy fixed point
of T if there exists an o € I™! such that u € [T'u],. Denote the set of all
fixed points of T by Fi,.(T).

Example 1.

Let X =[-5,5] and Y = [-5,5]. Define T': X — IY by

T(x)(y) = cos* z cos®y

forall z € X and y € Y. Then T is a fuzzy mapping. Graphical represen-
tation of the fuzzy mapping in Example 1 showing all possible membership
values of y in T'(z) is in Figure 1.

Throughout this paper, the function r: I_; — (%, 1} is defined by

1, if0<a<j;
r(a) = 1
l—a, if3<a<l

For z,y € X and a € I*!, define
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Membership values

Figure 1: Graphical representation of the fuzzy mapping in Example 1

\/(z.5) = max {d<x, ). d(x, [T]a), d(y, [Tyl

d(z, [Tyla) + d(y, [Tx]s) d(z, [Tx]a)d(y, [Tyls) }
2 ’ 1+ d(z,y)

and

A(@.y) = min {d(x, Tal,), d(y, [Ta].), 2 T 2e)dly, [Tyla) } _

1+ d(z,y)

3. Fuzzy Fixed Points of Suzuki-type (a,)-Weak Contrac-
tions. In this section, we present a fuzzy fixed-point theorem of Suzuki-
type («, §)-weak contractions. First, we give the following definition.

Definition 1. A fuzzy mapping T : X — IX is called a Suzuki-type
(o, B)-weak contraction, if for all x,y € X with x # y there exist some
a €I 4 and 8 > 0, such that

r(a)d(z, [Trla) < d(z,y)

implies

H([Ta]o, [Tyla) < a\/(z,9) + 8 \(z,1).
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Theorem 1. Let (X,d) be a complete metric space and T : X — IX
be a Suzuki-type («a, )-weak contraction. Assume that for each x € X
there exists aw € I_q, such that [Tx], is a non-empty closed and bounded
subset of X. Then F;,(T) # 0.

Proof. Let a; € I be such that 0 < o < a3 < 1,2, € X and p = \/ia
Then, by the assumption, [Tx;], is nonempty. Therefore, we can find
x9 € X such that xg € [Txq],. Since p > 1, choose x3 € [T'xs)a, such that

(w2, 23) < pH([T21]a, [T72]a).

If 21 = xq, then 2y € [T'x;], for some o € I_1, and the theorem is proved.
Assume that 1 # 5. Since r(a) < 1,

r(a)d(zy, [Tr]s) < d(xy, [Tr1]0) < d(z1,22)

implies
dlaa,y) < pH((T)o. [T2o)e) = (0 (2.) +8 A1) <

< y/amax {d(ml, T2), d(x1, [Tx1]a), d(z2, [Tx2]a),

d(ﬂ?l, [Tl’g]a) + d([L’Q, [Tl’l]a) d([L'1, [Tﬁl)l]a)d<l‘2, [T[L’Q]a) }+
2 ’ 1+ d(zy,x1)

+ i min {d(ml, [T'21]a), d(z2, [T21]a),

Va

<

d(ay, [T1]a)d(zs, [To]a )}
1+d( T1,T9

d(z1, x3)+d(z2, 21, T2)d(xs, T
< \/amax{d(:zcl,x2)7d(x?’xg)7 (71 3)2 (72 2)7 (11+;2$( 2 3)}+
. d(xy,x9)d(xe,
+ %mm{d(ml,xg),d(xg,xg), (11+; 371,5262 3 }
)

d d
< \/amax{d(gjh552)@(962@3)7 ($1,x2) + (x27x3 }

< Vamax {d(fﬁlaﬂfz)ud(mws)}' (1)
If d(x1,29) < d(xs,23), then from (1) we have
d(zo, x3) < Vad(wg, x3) < d(z,73)
a contradiction. Hence, d(z1,z5) > d(x2,23) and (1) becomes

d(l’Q,fL‘g) S \/ad(l‘l,l'z) S \/Oé_ld(l’l,l‘g).
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Continuing in this way, we generate a sequence {z, }nen in X, such that
Tpt1 € [Txp]o and

d(l’n, xn—l—l) S vV a1d<xn—17 xn)u
from which we have
o
Zd xnaxn+1 S Z x17m2) < Q.
n=1

By standard argument, we conclude that {x,},en is a Cauchy sequence
in X. The completeness of X implies that there exists u € X, such that
Tp —> U a8 N — 00.

Claim: for all u # z, we have

d(u,[Tz]s) < amax{d(u,z),d(z,[Tz]a)} - (2)

Since x, — u as n — 00, there exists a positive integer m, such that

d(zn,u) < =d(u, z), for all n > m.

Wl =

Given that x, 1 € [Tz,]a, we get

r(@)d(zy, [Trh)o) < d(zg, [Trh)a) < d(Th, Trg1) <

< d<xna U’) + d(U,, xn—i—l) < d(u7 Z)

Wl Do

Thus, for n > m we have

r(a@)d(xy,, [Tr,)a) < %d( z) =d(u,z) — %d(u, z) <
< d(u,z) — d(u,z,) < d(x,,z). (3)
Hence,
r(Q)d(,, [Trne) < d(x,, 2) (4)
implies

d(Tni1, [T2]a) < H([T2p)a, [T2]a) <

< amax {d(xn, 2),d(xn, [Try]a), d(2, [T2]a),
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d(xy, [TZ]o) +d(z, [Trp]a) d(zg, [Tx,]a)d(z, [T2]s) }+
2 ’ 1+ d(zp,2)

+ Bmin {d(xn, Tn]a), d(z, [Tn).), 2 L 2nla)d(z, [T2]a) } )

1+d(zp,2)

From (5), we have

d(xps1, [T2]0) < amax {d(xn, 2), d(Tp, Tpi1), d(z,[T2]a),

d(z,[Tz2)0) + d(z, 2pe1) d(Tn, [T2h]a)d(z, [T2]a) }

2 ’ 1+ d(zy, 2)
+ [ min {d(mn, Tnt1), (2, Tpt), d(xn’lxiJr;zif’Z[)Tz]a) } . (6)

As n — oo in (6), we obtain

d(u,[Tz]s) < amax {d(% 2),d(z, [T2]a), d(u, [Tz]s) + d(u, 2) } N

2
+ fmin{0,d(u, 2)} < amax{d(u,z),d(z,[Tz],)}

Now, to show that u € [T'ul, for some o € I_;, we consider the following
two possible cases:

Case(i): 0 < a < 1.
Suppose that for all « € Iy, u # p, u ¢ [Tu], and p € [Tu], such that
d(p,u) < d(u, [Tul],). Setting z = p in (2), we have

d(u, [Tpla) < amax {d(u,p),d(p,[Tpla)} - (7)

Now,
r(a)d(u, [Tula) < d(u, [Tu]a) < d(u,p)

implies

d(p, [Tpla) < H([Tua, [Tpla) < amax {d(u,p% d(u, [Tu]a), d(p, [Tpla),

d(u, [Tpla) + d(p, [Tula) d(u, [Tu]s)d(p, [Tpa) }+
2 ’ 1+ d(u, p)

+ fmin {d(u, Tul,), d(p, [Tul,), LT ¥e)dp, [Tpl) } <

1+ d(u,p)
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< amax {d(u,]o)7 d(p, [Tpla), d(u, [Tpla) d(u,p)d(p, [Tpla) } n

2 " 14d(u,p)

d(u, p)d(p, [T'pla)
1+ d(u, p) } =

< amax {d(mp), d(p, [Tpla), . p) + g(p, 7)) } <
< amax {d(u,p),d(p, [Tpla)}- (8)
Assume that d(u, p) < d(p, [Tpla); then from (8) we have
d(p, [Tpla) < ad(p, [Tpla) < d(p, [Tpa) :
a contradiction. Hence, d(u, p) > d(p, [T'pla), and
d(p, [Tpla) < ad(u,p) < d(u, p). (9)

Therefore, (7) becomes d(u, [T'p|o) < ad(u,p). Consequently,

. {d<u7p>,o,

d(u, [Tula) < d(u, [Tpla) + H([TPla, [Tula) <
< d(u, [Tpla) + amax {d(u,p), d(p, [Tpla)} < ad(u,p) + ad(u,p) =
= 2ad(u,p) < d(u,p) < d(u, [Tu],), (in view of assumption)
yields a contradiction. Therefore, u € [T'ul, for some a € I_;.

Case(ii): 3 <a < 1.
For this, we shall prove that

H ([Tz]a, [Tuls) < amax {d(u, 2),d(z,[Tz]a), d(u, [Tul,),

d(z,[Tuls) + d(u,[Tz]s) d(z,[Tz]a)d(u, [Tu],) }—I—
2 ’ 1+d(u, 2)

+ @mm{d(z, T2, d(u, [T2],), A [?ﬂ 3 (li ;)[Tz]a>}, (10)

holds for allz € X with z # u. Now, for each m € N, there exists
€ [T'z]a, such that

d(u,vp) < d(u,[Tz]a) + 5imd(u, 2).

Thus, we have
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d(z,[Tz]a) < d(z,vm) < d(z,u) + d(u,v,) <
<d(z,u) + d(u,[Tz]s) + 5Lmd(z, w).

Using (2), we have

d(z[T2) < duwz) + amax{d(uz2),d(z [T=.)} + 5im (11)
If d(z,u) > d(z,[Tz]a), then from (11) we get

d(=, [T=].) < d(u, =) + ad(u, 2) + 5imd(u, 2= [+a)+ 5im] d(u, 2),

from which we have

E i (e 174 < 14 m} d(u, ).
Using (o) = 1 — «, we get
r(a)d(z,[Tz]a) = (1 — a)d(z,[Tz]a) < . _il_ a)d(z’ [Tz]a) <
<[i+ 5(1+1a)m}d(u, 2). (12)

As m — oo in (12), we have
r(a)d(z, [Tzo) < d(u, 2).
On the other hand, if d(u, z) < d(z, [T'z],), then (11) gives

d(=, [T=]a) < d(u, 2) + ad(z, [T=]) + 5imd(u, 2,

which yields

(1 - a)d(z [12]) < (1+ %)d(u, 2). (13)

As m — oo in (13), we have
(1 —a)d(z,[Tz]s) < d(u, z).

This shows that r(a)d(z,[Tz]s) < d(u,z), which, by Definition 1, im-
plies (10). Moreover, since x,+1 # x, for all n € N, then u # x,.;.
Therefore, setting z,, = z in (10), we have
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d(wny1, [Tula) < H ([Try]a, [Tulo) <
< amax {d(xn, w), d(zy, [TTh]a), d(u, [Tu],),

d(zp, [Tu]y) + d(u, [Tx,le) d(zn, [Tr)e)d(u, [Tu]s) }

2 ’ 1+ d(zp,u) *

d(xp, [Txy)e)d(u, [Tuls)
B

ki {dlen, [T2,).). d [73,),), ST 0

< amax{d(azn,u),d(xn,an) d(u, [Tul,)

d(xN7 [Tu]a) + d(“v xn—&—l) d(xn7 xn—i—l +
2 ’ 1+ d(zp,u

n B min {d(xn7 xn+1)7 d(u7 xn+1)7 d(xn’1x1+cll)( (Uau[)Tu } (14>

As n — oo in (14), we have

d(u, [Tu]a)

d(u, [Tuls) < amax {d(u, [Tu]a), ( ,O} < ad(u, [Tul,). (15)

Since 1 — a > 0, (15) implies that d(u,[Tu],) = 0, and, consequently,
u € [Tu), for some av € 1_4. O

Example 2. Let X = {1,2,3}, {1},{2},{3} be crisp sets. Define
d: X x X — R as follows:

0, ifzx=y
i .

dy) = 15 ifx #yand 2,y € X \ {2}
1, ififz#yandz,ye X\ {3}

ifif x #yand z,y € X \ {1}.

e
187

Define a fuzzy mapping T : X — I as follows:

L, ift=1,
T =TE)) =4, ift=2,
0, ift=3,

0, ift=1,

TR)(t) =43, ift=2

[~

if t = 3.

—_
)
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7

15, We have

Then, for a =

(1}, ifx#2

[Tx]a:{tEX:T(x)(t) Za}: {{3} if v =92,

Consider the following cases:
Case I: For z € X \ {2},

d(z,[Tz)s) = inf{d(z,y):y € [Tz|.} =0.
Hence, for x = y we have
r(a)d(z, [Tz]s) < d(x,y).

Case II: For z € X \ {1, 3},

d(z,[Tal,) = int{d(z,y):y € [Tal.} = %

Therefore, for x # y we get
7
r(a)d(z, [Tr],) = 36 < d(z,y).
Thus, from the two cases, it follows that for any 8 > 0 there exists

a = 1—72 € [I_q, such that

r(a)d(z, [Trla) < d(z,y)

implies
H([Tx]a, [TY]a <a\/ x,y +6/\ z,Y).
Consequently, all the hypotheses of Theorem 1 are satisfied to obtain
le [T
Next we present a local fuzzy fixed point theorem for Suzuki-type

(c, B)-weak contractions. First, recall that an open ball with radius r > 0,
centered at o in a metric space X, is given by

B (zg) ={z € X : d(x,z0) <r}.

Theorem 2. Let (X,d) be a complete metric space, T : B,(xy) — I
be a Suzuki-type (o, 5)-weak contraction. Assume that for each x € X
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there exists aw € I_y such that [Tz, is a nonempty closed and bounded
subset of X and

d(zg, [Tzola) < (1 — a)r.
Then Fix(T) # 0.

Proof. Let 0 <7 <r be such that 0 < (1-a)(1+v/a) < 15, B (w0) C B, (20),
and d(zo, [Tx0]a) < (1 —a)n. Then (1 — a)n — d(zo, [Tx]a) > 0. Choose

= (1 — a)n — d(xg, [Txo]a) > 0; then there exists z1 € [Tzola, such
that d(zg, 1) < d(xg, [Tx0]a) + . Thus, d(zg,z1) < (1 — a)n. Now, for
p= \/L& and z, € [T'xgl,, there exists x9 € [T'71]4, such that d(zy,x2) <
< pH([T'zola, [Tx1]s). Note that

r(a)d(xo, [Txola) < r(a)d(zo, 1) < d(x0, 1),

we have

d(z1,22) < pH([T0)a, [T71]a) = ([Tzola, [Tr1]a) <

%H
< \/a\/(fb’(),ld \/— /\ To, T1)
< v/amax {d(:vo, x1), d(xo, [Txola), d(x1, [TT1]a),

d(wo, [T1]a) + d(21, [T0]a) d(zo, [T0]a)d(T1, [T1]a) }+
2 ’ 1+ d(zg,x1)

g .
+ ﬁ min {d(zo, [Txola), d(z1, [Txoa),

d(xo, [Tzola)d(z1, [Tx1]0)
1 + d(l’o, 1‘1) } S

< y/amax {d(a:o, 1), d(z0, 1), d(21, 2),

d(xg,x2) + d(z1,21) d(zo,x1)d(21,22)
2 ’ 1 + d(l’o, .%'1)

d d
m{amn s )
< y/amax {d(mo, 1), d(@1, ), d(o, 1) ‘g d(x1, 22) } .

+ % min {d(zg, 71),0,d(z1,72)} < vamax {d(zy,x1),d(z1,72)}. (16)
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If d(xg, 1) < d(xy1,22), then (16) gives
d(fﬂl,xg) < \/ad(l'l,xg) < d(l’l,l'g) :

a contradiction. Hence, d(zg, 1) > d(z1,22) and

d(z1,22) < Vad(zg, z1) < Va(l —a)n.

Note that by the assumption and the triangle inequality, we have

e, 23) < dan, ) +d(or,22) < (1= )+ Va1 =)y < T <y

Hence, zo € B,(x). Continuing this process recursively, we generate a
sequence {x, }nen, such that

(a) x, € By(xo) for all n € N;

(b) z, € [Tx,], for each n € N;

(c) d(xn,xnt1) < (V)" (1 —a)n for all n € N.

From (c), it follows, by usual arguments, that {z,},cn is a Cauchy se-
quence and converges to some u € B,.(zg). From here, following the steps
in the proof of Theorem 1, we conclude that Fix(T) # 0. O

Corollary 1. Let (X,d) be a complete metric space andT: X — CB(X)
be a multi-valued mapping. Assume that there exists an o € I_; and some
constants > 0, such that for all x,y € X,

r(a)d(z, Tr) < d(z,y)
implies
H(Tz,Ty) < a\/(z,y) + B \(z,v),
where the mapping r : I_; — I is defined by

Then Fix(T) # 0.

Proof. Let Iy = (0,1) and a € I_; be arbitrary. Consider a mapping
w: X — I_; and a fuzzy mapping f : X — I defined by

{w(:v), ifteTx

F@m =1, ittdTe.
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Then

Fz],={te X F(z)(t) >w(x)} =T
Therefore,

d(z,y) > r(a)d(x, Tx) = r(a)d(z, [F z],,).

Thus, Theorem 1 can be applied to finding u € X, such that u € Tu. [J

In the following, we provide an example to highlight the generality of
Corollary 1.
Example 3. Let X = {a,b,¢,p,q} and d: X x X — [0, 00) be defined by

d(a,b) = d(a,c) =9,
d(b,q) = d(c,p) = d(c,q) = d(b, c) = 14,
d(a,p) = d(a,q) = 18,
d(b,p) = 16,d(p, q) = 10,
d(u,u) =0 and d(u,v) =d(v,u) forall w,ve X.
Define T': X — CB(X) by

{c}, ifue X \{a,b,c,p}
Tu= < {a,b}, ifueX\{ab,cq}
{a}, ifue X\ {p, q}.

Now, it is easy to verify that all the assumptions of Corollary 1 are
satisfied with a = % and 8 = 6. In fact,

r(a)d(p, Tp) = 9.85 < d(p, q)
implies
H(Tp,Tq) = H ({a,b},{c}) = 14 <a\/(p.a) + B \(p, @) <
< % max{10, 14, 14, 14, 18} + 6 min{14, 14, 18} < 95.

Further, we see that there exists u = a € X, such that v € Tu. On the
other hand, observe that if we set u = p and v = ¢, then
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\/ (1. q) = max {d(p, q),d(p,Tp),d(q,Tq),

d(p,Tq) +d(q,Tp) d(p,Tp)d(q,Tq) }
2 T 1+d(p.q)
= max{10, 14, 14, 14, 18} = 18,

and
H(Tp,Tq) =14 > 11.08 = a \/(p,q).

Therefore, the main results in [8,9] cannot be applied in this case to find
a fixed point of T

5. Application in Homotopy. In this section, we apply Theorem 2
to prove a homotopy result. First, for convenience, we recall the following
familiar definitions.

Definition 2. A relation < is a total order on a set U if for all s,t,u € U,
the following conditions hold:
(i) Reflexivity: s < s;
(ii)) Antisymmetry: if s <t and t < s, then s = t;
(iii) Transitivity: if s <t and t < u, then s < u;
(iv) Comparability: for every s,t € U, either s <t ort < s.
Recall that if the set U satisfies only the axioms (i) — (i), then it

is said to be partially ordered. In what follows, we shall call a totally
ordered set a chain.

Lemma 1. (Kuratowski-Zorn’s Lemma ) If U is any nonempty partially
ordered set in which every chain has an upper bound, U has a maximal
element.

Definition 3. Let X; and X5 be any two topological spaces and 7, w :
X1 — X, be continuous functions. A function H : X; x [0,1] — X,
such that for any u € X, H(u,0) = 7n(u) and H(u,1) = w(u), is called a
homotopy between m and w.

We shall denote the boundary of a set U by Bd(U).

Theorem 3. Let (_X, d) be a complete metric space and U be an open
subset of X. If M : U x [0,1] — IX satisfies the following conditions:

(h1) w ¢ M(u,t) for every u € Bd(U) and t € [0, 1];
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(h2) M(-,t) : U — I* is a Suzuki-type (o, 3)-weak contraction for all
t€0,1];

(h3) there exist a nondecreasing function f : [0,1] — R, such that
H(M(u,t),M(u,s)) < |f(t)— f(s)| for all s,t € [0,1] and each

ueU;
(h4) M : U x [0,1] — IX is closed and bounded;

then M (-,0) has a fixed point.

Proof. Assume that p is a fixed point of M(-,0). Then, by condition (h1),
p € U. Consider the set A", given by

*

N ={tu) €[0,1]x U :ue M(u,t)}.

Note that (0,p) € A"; hence A* # 0. Let a € I_; = (0,1) and define a
partial order < on A" as follows:

(t,u) < (s,v) if and only if t < s and d(u,v) <

Suppose € is a chain of A* and t* := sup{t : (t,u) € Q}. Assume that
{tn,un} is a sequence in Q, such that (t,,u,) < (tp11, Un+1) and ¢, — t*
as n — 0o. Then, for all positive integers m,n(m > n),

2

l—«

d(tm, un) < | (tm) = f(tn)] - (17)
As m,n — oo in (17), we get d(um,,u,) — 0. Hence, {u,}nen is a
Cauchy sequence and converges to some u* € X. Since M is closed
and u, € M(uy,t,), therefore, u* € M(u*,t*). From condition (hl),
u* € U. Thus, (t*,u*) € A\". Since Q is a chain, hence (t,u) < (¢*,u*)
for all (t,u) € Q. In other words, (t*,u*) is an upper bound of Q. Thus,
by Kuratowski-Zorn Lemma, A" has a maximal element (o, ug). Next,
we show that tg = 1. Suppose on the contrary: that t5 < 1. Let
r = 2| f(t) = f(to)| > 0 with t € (o, 1], such that B,(uo) C U. Note
that by condition (h3)

d(ug, M(ug,t)) < d(ug, M(ug,to)) + H(M (ug, to), M (uog,t)) <

(1—a)r

<1A(0) = flto) = =52 < (1=
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Therefore, M(-,t) : B.(ug) — I satisfies all the assumptions of Theo-
rem 2 for every t € [0, 1]. Consequently, there exists u € B,.(ug), such that
u € M(u,t), which implies that (t,u) € A" for all ¢t € [0,1]. Now,

(o, u) < v = | (1) ~ F(to)],

yields (to,up) < (t,u), which is a contradiction to the fact that (¢o,u) is
maximal. Conversely, assume that M(-,1) has a fixed point; then, using
similar steps as above, one can show that M(-,0) has a fixed point. (J
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