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Abstract. Here we present very general iterated fractional
Bochner integral representation formulae for Banach space val-
ued functions. Based on these we derive generalized and iter-
ated left and right: fractional Poincaré type inequalities, fractional
Opial type inequalities and fractional Hilbert-Pachpatte inequali-
ties. All these inequalities are very general having in their back-
ground Bochner type integrals.
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1. Background. We need

Definition 1. [2] Let [a,b] C R, (X, || - ||) a Banach space, g € C* ([a, b])
and increasing, f € C ([a,b],X), v > 0.

We define the left Riemann-Liouville generalized fractional Bochner
integral operator

(eaf) @) = 15 [ (00) =0 ) 9 (201 )

a

V x € [a,b], where I" is the gamma function.

The last integral is of Bochner type. Since f € C([a,b],X), then
[ € L ([a, 0], X). By [2] we get that I/, f € C([a,b], X). Above we set
19,.,f = [ and see that (17, f) (a) = 0.
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When g is the identity function id, we get that I, ., = I, , the ordi-
nary left Riemann-Liouville fractional integral

T

(120) @) = 5 [ =07 1) (1)

a

V€ a,b], (12,.f) (a) =0.
We need
Theorem 1. [2| Let p,v >0 and f € C ([a,b],X). Then

. I f=I"rf=1v 1" f. (2)

a+;9-a+;g a+;g at;g-atig
We need

Definition 2. [2]| Let [a,b] C R, (X, || - ||) a Banach space, g € C* ([a, b])
and increasing, f € C([a,b], X), v > 0.

We define the right Riemann-Liouville generalized fractional Bochner
integral operator

(1-of) @) = 15 [ 02) = @) g () ),

V x € [a,b], where T is the gamma function.

The last integral is of Bochner type. Since f € C(|a,b],X), then
f € Loo([a, ], X). By [2] we get that Iy . f € C([a,b], X). Above we set
Iy f = f and see that (I} . f)(b) = 0.

When g is the identity function id, we get that Iy ,, = Iy, the ordi-
nary right Riemann-Liouville fractional integral

(1) @) = 555 [ =0 s )

V z € [a,b], with (I}_f) (b) = 0.
We need
Theorem 2. |[2| Let p,v >0 and f € C ([a,b],X). Then

[ll)i;g[g—;gf - [lgj;gf - ]g—;g]li;gf‘
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We will use

Definition 3. [2] Let a > 0, [a] = n, [-] the ceiling of the number. Let
f e C"(la,b],X), where [a,b] C R, and (X, ||-||) is a Banach space. Let
g € C' ([a,b]), strictly increasing, such that g=' € C"t([g(a), g(b)]).

We define the left generalized g-fractional derivative X-valued of f of
order o as follows:

T
1

(Diesf) @) = 5= / (9.(x) =g (1)"1g'(t) (fo.g7")™ (9(t))a.

a

V x € [a,b]. The last integral is of Bochner type.
If « ¢ N, by [2], we have that (D3, f) € C([a,b], X).
We see that

(15 ((Fog™) ™ og)) (@) = (Di) (@), Yo elat].  (3)
We set
Dl of (@)= ((fog™)™ 0 g) (x) € C(la, b, X), ne€N,

DY, f(@) = f(a), Ve lab)
When g = id, then
Dng;gf = Dg+;idf = Df:afa
the usual left X-valued Caputo fractional derivative, see [3].

We will use

Definition 4. [2]| Let a > 0, [a] = n, [-] the ceiling of the number. Let
f € C"([a,b], X), where [a,b] C R, and (X, ||-||) is a Banach space. Let
g € CY([a, b)), strictly increasing, such that g=* € C"([g(a), g(D)]).

We define the right generalized g-fractional derivative X-valued of f
of order « as follows:

(D3 u1) (@) = s [0 = gl O .07 o)t

xT

V x € [a,b]. The last integral is of Bochner type.
If o ¢ N, by [2], we have that (Dy_, f) € C([a,b], X).
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We see that
Lg(=1)"(fog )™ og)(w) = (Df_yf)(@), a<a<b.
We set
Dy_of (@) = (=1)" ((fog™")" 0g) (x) € C([a,}],X), n€N,

Dg_;gf () :=f(z), Ya€lab].

When g = id, then
Dy f (x) = Dy af (2) = Dy f,

the usual right X-valued Caputo fractional derivative, see [3].

We make
Remark 1. All as in Definition 3. We have (by Theorem 2.5, p. 7, [5])

x

[CACTE ﬁ [ a9 ® | o5 glo)] at
(Fog)™oyg o)
< H F(n_&) el /(g-r) —g(t)" " dg(t) =

g(a)

)(n)
- 0 () — gla))"™e

That is

(D% (@) < H(fog_l)(m OgHOO’ < (g(x) — g(a))"
i h Fn—a+1) )

Ve lab.
If a ¢ N, then (D3, f)(a) = 0.
Similarly, by Definition 4 we derive

b
08 u D@ < s [ @O0 [(Fog™) a0 <
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o 1Y) o g(b)
< Wreg JEotllten [ (gt — g(ayy-o-tdgte) =
9(z)
I1(f 297" © glloc, ot "o
= Th—ary WO @)
That is

1(f 097 1)™ o glloo, fa
F'n—a+1)

I(Dfyf) (@[] < (g (0) = g(x))"™,

V x € [a,b].
If o ¢ N, then (Dg. f) (b) = 0.

Notation 3 We denote by

no Fp— o - (e} N
Dy, =Dy Doty Doy, (n times), n €N,
no  .__ JQ o a
[aJr;g T [a+;g[a+;g te [a+;g7
no . o « a
Do, =Dy Dy ... DY

and
no .__ JQ «a a
Ib*;g T Ib*;gfbf;g T [bf;g’

(n times), n € N.

We are motivated by the following generalized fractional Ostrowski
type inequality:

Theorem 4. [2| Let g € C*([a,b]) and strictly increasing, such that
gt e Cl(g(a),g(b)]), and 0 < a < 1, n € N, f € C([a,t],X), where
(X, || - |l) is a Banach space. Let xy € [a,b] be fixed. Assume that
FPo .= Dk f for k = 1,...,n, fulfill F* € C'(|a,x0),X) and

. ro—;9
(D f)(0) =0,i=2,...,n.
Similarly, we assume that G}° := D’;g‘ﬂgf, for k = 1,....n, fulfill

G € C'([xo,b], X) and (D, f)(x0) =0,i=2,...,n.
Then

1
G-l (nt Datl)

\ <

= [ rde= s
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+

00, [z0, ]

‘oo7 [a,mo]}.

In this work we will present several generalized fractional Bochner
integral inequalities.

We mention the following g-left generalized modified X-valued Taylor’s
formula.

Theorem 5. [2] Let0<a<1,neN, feCYa,
strictly increasing, such that g’1 e C'([g(a), g(b)]).
k=1,...,n, that fulfill Fy € C"([a,b], X).

Then

x{(9(b) = glwo)) V(b — )| | DY

+(g(o) = g(@) "+ (g — a)| | DG S

)

Oh\_/

o], X
Le

- S g,

1

CEND / (9(x) = g(#) " g/ (1) (DL F) (e,

vV x € [a,b].
Clearly here D™D f € C([a, b], X).

a+7g

We also mention the following g-right generalized modified X-valued
Taylor’s formula.

Theorem 6. [2]| Let f € C'([a,b], X), g € C'([a,b]), strictly increasing,
such that g~ € C*([g(a), g(b)]). Suppose that F}, := Dy f, k=1,...,n
fulfill Fy, € C*([a,b], X), where 0 < o < 1, n € N.

Then
o) =3 O S o o
(n+1 / )"Vl (1) (DYED £ (1),
Ve lab.

Clearly here D(n+1)af € C([a,b], X).
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For differentiation of functions from real numbers to normed linear
spaces the definition is the same as for the real valued functions, however
the limit and convergence is in the norm of linear space (X, || - ||).

We state

Corollary 1. (to Theorem 5) Let 0 < a < 1, neN, feCab],X),
g € C'([a, b)), strictly increasing, such that g=' € C'([g(a), g(b)]). Assume
DFy . f e CY[a,b),X), k=1,...,n,and (D% f)(a) =0,i=0,2,3,...n

Then

x

@) = Forma | @) = g D Do
vV x € [a,b].
We state

Corollary 2. (to Theorem 6) Let f € C'([a,b], X), g € C*([a,b]), strictly
increasing, such that g=' € C*([g(a), g(b)]. Suppose that fork=1,....n
Dye,f € C'([a,b], X), where 0 < a <1, n € N. We further assume that
(Di, f)(B) =0,i=0,2,3,...,n

Then

b
fa) = / ) (1) (DD ) 1),

n+1

Ve lab.

For the Bochner integral excellent resources are [1, pp. 422-428|, [4]
and |[7].

2. Main Results. We give the following representation formula:

Theorem 7. All as in Corollary 1. Let v > 0 with [y] =m < n+ 1,
such that m < (n+ 1)« (i.e. ™/n+1 < a < 1). Then

(Dasgf) () =

= 1 [ n+1)a—y—1 1 (n+)a
~ ST [ ) = @) D e, (@)

a
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V€ la,b] and (D, f) € C([a,b], X).
Proof. By Corollary 1 we have

T

/ (9(z) — g(£)) V2L () (DL ) (1), Vi € [a, ],

a

1

flw) = C((n+1)a)

We can write

T

/ (9(z) — g(£) ™V (DEED® F) (1) dg(t) =

a

fw) = T((n+ a)

(set z:=g(t),a <t <b)

9(x)
- m /(g(x) - )(nﬂ)a 1((DC(L7-li-+gl) flog H(2)dz, Vz € la,b].
g(a)

Hence it holds (y = g(x))

(Fos™)0) = T / (DL ) 0 g ()i
g(a)
vy € [g(a), g(b)].
By assuming (n+ 1) a — 1 > 0 (equivalently, o > —15) and by [2], we
get:

(o) = TS [ =m0 ) 0 g i
g(a)

vy € [g(a), g(b)].
If (n+1)a—2>0 (equivalently, o > 2/n+1), we get
(n+1Da—-1)((n+1)a—2)
I'((n+1)a)

((fog™) ()" =

< [ =2 (D) o) (), Yy € lofa). (8

g(a)
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In general, if (n + 1)a —m > 0 (equivalently, a > ™/n+1) we get that
there exists .
[1((n+1)a—j)
=1

(f Og_l)(m)(y) = : F((n+ 1)@) X

x / (y — 2D (DI ) o Y ()dz, Wy € [g(a), g(b)].

g(a)

By [2] we get (fog™")™ € C([g(a), g()])-
By (1) we have that

(n+1Da—H)I((n+1)a—m)

n+1l)a—m n+1)a — n+1l)a—m n+1)a —
<V (D) o g™ ) = 12 (DY) 0 07) ).
That is

(Fog™)™ () =15 (D)) 0 g7") ) vy € lgla), g(b),

=T

and
() g(@)) = I (D) 0 97") (9la)). Ve € [ab]
Clearly, it holds (see [6], Lemma B.4.10, and [7], p. 158)
(Fog™)™ (g(@) = (18 (DY) F)) @), vaelad) (5)
Let v > 0 with [v] = m < n+1, such that m < (n + 1) a (equivalently,

o > m/n+ 1).
We have that (case of v < m)

(D20l) @) 2 (1257 ((Fog™) ™ 00)) (1) 2

m— n+1l)a—m n+1)a n+1l)a— n+1l)a
M (ILSJr—;"_g) (Dé;;rg) f>> (z) = (Ié: o <Dc(t+-i;_g) f)) (@),

(by (2)).
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We have proved that

(Dlegf) (@) = (17 (DY) ) (@), Vo€ [a,0),
which is continuous, by [2]|. O

We continue with

Theorem 8. All as in Corollary 1 and let v > 0 with [y] = m. When

Z:’T"f < a < 1, we get that

1
(n+1)a—2y

(Dg;yr;gf) (ZL’) = T )X

< [(gte) = o)ty o) (D75 ) (0,
V2 € [a,b] and (D71, f) € C([a,b], X).
Proof. Call A\ := (n+1)a—v—1,ie. A\+1=(n+1)a—, and call
d:=(n+1)a. Then we can rewrite (4) as

(Peaf) @) = 5y [ @@90)5/0) (D) (), V€ a1

That is (z = g(t), a <t < b)
9(z)
(Drvaf) @) = 7y [ 0@~ (Dlnf) 0 07") (. ¥ € a1
g(a)
Hence it holds (y = g(x))
(DLuf) o0V ) = gy [ 0= (D) 007) (i
g(a)

vy € [g(a),g(b)].
If A > 0, then

((D?wr;gf) © 9_1)/ (y) = ﬁ /(y - Z)/\_l ((Dng;gf) © 9_1) (2)dz,
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Vy € [g(a), g()].
If A\—1>0, then

" AN — f 2 -1
(Dhaf) o5™) ) = Sy h z (=2 (Dl ) o57) ()
vy € lg(a), g(b)].
If \—2>0, then
(Dhaayor ") =2 IO f s (02, pyeg e,

g(a)

Vy € [g(a), g(b)], ete.
In general, if A\ —m + 1 > 0, then

N\ (m AA=1)(A=2)...\—m
(Diaf) 7)) = AR O D,

% /(y _ Z)()\—m+1)—1 ((D§+;gf) Og_1) (Z> ds —
(
A=) =2 = m ) LT (DL ) e g™ ()
F'(A+1) N

= I (Dhyy ) o g™ (), Vy € lg(a), g(b):

That is, if A —m 4+ 1 > 0, we have

(Do) 097) ™ () = 15T (D2sgf) 0 97) (W), Vy € [g(a). g(b).

Hence

(D2 f)og™) ™ (gle) =10 (DL )og™") (9l)), Vo € [0, 1]

(Clearly, it holds by change of variables

(Dregf) o g™) ™ (o)) = (127 (D7) ) @), (6)

V x € [a,b], under A\ —m+1 > 0.
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We see that

(D2%gf) (@) = (DYisy (Dl ))
( (D )< Yog)) (@) ©
Q (e (19 (Dl 1)) () =
([,\ 7+1( n+<1 +3>< +g_ < ((n+1)zg7 1>’y>+2 (D(n+1)af)> () =
a+;g a+;g a+;g a+;g
= () (7)) @) Vo€ o)
We have derived that
(D) (@) = (1,7 (DI f) ) (@),

Y z € [a,b], under the condition L% < o < 1. O
Similarly to the last two theorems, it holds
Theorem 9. All as in Corollary 1 and let v > 0 with [v] = m. When

mt2) < o < 1, we obtain that
n+1

! X
(n+1)a—3v)

(Dglgf) (z) = T

xT

< [(gla) = g 0) " g 0) (DL ) 0,
V x € [a,b] and (Dzlgf) € C([a,b], X).

In general, we derive the iterated left fractional derivative representa-
tion formula:

Theorem 10. All as in Corollary 1 and let -y > 0 with [v] = m. When

W <a <1, k€N, we obtain that

<D§19f> (z) = F<<n+11)a—k7)x

T

< @@ =g @) g ) (04 Wd @)

a
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vz € [a,b] and (D§19f> e O([a, b], X).

Similarly, it holds the iterated right fractional derivative representation
formula:

Theorem 11. All as in Corollary 2 and let v > 0 with [vy] = m. Here

Weassumew<a<l k € N. Then

(sz;gf) (z) = T ((n+ 11) a—ky) g

b
< [ () =)™ g @) (D7) (0
ky
Yz € [a,b] and (Dbf;g f) e O([a,b], X).
It follows a left generalized and iterated fractional Poincaré type in-
equality:

Theorem 12. Here all as in Theorem 10. Let p, ¢ > 1 :
further assume that (k € N)

—1—521. We

1
p

1>04>max<m+<k_1)7 kvq—i-l).

n+1 7 (n+1)g

Then

Ky
atig

) <
Q:[avb]

n+1)a— 1 1
_ (@) —g(a)" T (b—a)s
I'((n+Da —ky)(p((n+1)a—ky —1)+1)
Proof. We use (7). We observe that

(Dt )eg™

¢, [9(a).g(b)]

=

H(Dﬁgﬁ (x)H S F((n+11)04—k‘7)x

T

< [t = g™ g ) | (Dlss) ] e -

a

9(x)
n+1 Ya—ky—1

dz <

F((n+1 a — k)

(D) (57 ()]

g(a)
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g(x) 1
1 p
< ) — 2 p((n+1)a—kvy—1) dz X
F((n+1)a—k’y)< (9(@) = =)
g(a)
g(b)
(Sl e e) -
a+ 5g
g(a)

p((nt+Da—ky—1)+1
_ (9 (z) —g(a)) P
I'((n+1)a — ky)(p(n+1)a—ky — 1)+1)

(D s )og™

¢, 9(a).g(®)]
Thus we have

| (Pizar) @

"< (9(2) g a)™OTINE
F(n+Da—ky)!(p((n+l)a—ky—1)+1)r

p
H (D(nJrl)a ) -1

a+;g

X

q

a,[9(a),g(®)]

Therefore it holds

b

[(etar) @ <

a

< (9(@) = gla) "IV (b~ )
C((n+1)a —ky)(p((n+1)a—ky — 1)+1)%

(sz"fg),a f) og~!

a,[9(a),g(®)]

proving the claim. [

It follows a right generalized and iterated fractional Poincaré type in-
equality:

Theorem 13. Here all as in Theorem 11. Let p,q > 1 :
further assume that (k € N)

1
p

—1 1
1>0z>max(m+<k )7 kg + )

n+1l T (n+1)q

Then
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(9.(6) = g (@) (b — )
“lofl T ((n+1)a—ky) (p((n+1)a —ky—1)+1)>

H <D(n+1)a > g—l

Proof. As similar to Theorem 12 is omitted. [J

X

Ky
HDbﬁg

alg(at).g(®)]

Next comes a left generalized and iterated fractional Opial type in-
equality:

Theorem 14. AIl here as in Theorem 10. Let p, ¢ > 1 : =1. We

further assume that (k € N)

1 1
p+q

k—1 k 1
1>a>max<m+( )7 ke >

n+1 7 (n+1)gq

Then

1(eR) o0y Wl |((2275) 207 ] o

_ ((n+1)a—ky—1)+2
. (v~ 9(@)) p y

2T ((n+1)a—ky)[(p((n+1)a—ky—1)+1)(p((n+1)a—ky—1)+2)]

(/H Jﬁgl g*1> (w)quw> . Yy € lga),g(b)].

g(a)
Proof. We use (7). We observe that

Qo

H (Dslgf> (x)H S I'((n+ 11) a— k) 8

T

< [to@ - g @) g )| (D) 0 ae -

g(z)
1

_ )—z (n+1)a—ky—1
=t e ] 0@

g(a)

dz <

(DY) (o7 ()]
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p((n+1)a—ky—1)+1

_ 1 @ -g@) T

F((n+Da=kY) (p(n+1)a—ky—1)+1)»
(Jiwszmyorore)’

G@—g@)
. g(x)—gla v
[(25e) @ < o s e

That is

X ( / H (DC(LT,F;) f) (97" (2)) qdz) q, Va € [a,b].
g(a)
Call
y=yg(z)
then
z=g"(y)
Hence it holds
p((nt+Da—ky—1)+1
[(Pi.7) (a7 @) < wosw) ! -

D((n + Lya—ky) (p((n + La—ky—1) + 1)5

) " vy e loa) 9]

o [l
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Call
(n q
0= [ (o) o e
g(a)
and
n(g(a)) =0
Thus ¢
o) = |[(PF) (o )| =0
and

vy € lg(a), g(b)].
Consequently, we get

[ (Prar) o on [ (257s) (o7 )] <

( (@) p((n+)a—ky—1)+1
w — g a p / .
< w w))a,
L((n+1a—ky)(p((n+1)a—ky—1)+1) (n ()’ (w))
Vw € [g(a), g(b)].

Then it holds

[ 1(e5) o (o0 o ] e

1
S X

D((n+1)a—ky) (p((n+1)a—ky=1)+1)

((n+1)a—ky—1)+1 .
X /(w—g(a)) p (n (w)n" (w))7 dwx

g(a)

3=

1
T((n+1)a—ky)(p((n+1)a—Fky—1)+1)

<

X

A

Y 1

Yy . .
([ = gl ) ([ pt w)dw)” -
(a)

g g(a)
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p((nt1)a—ky—1)+2

_ (y — g(a)) »

- T((n+1)a—ky)[(p((n + Da—ky—1) +1)(p((n+)a—ky — 1)+2)]7 X
W)\
< ( 2 ) B
(y — g(a))(ratr=D+5 x

2T a—k)[(p((n+a—ky— ) +1) (p((n+Da—ky—1) +2)]

7’L — q E
(/ |((Pr ) eg™) (w) dw> ,
g(a)

vV y € [g(a), g(b)], proving the claim. OJ

Also we give a right generalized and iterated fractional Opial type
inequality:

Theorem 15. All here as in Theorem 11. Let p, ¢ > 1 :
further assume that (k € N)

1>a>max(m+<k_1)7, k'yq—|—1>‘
n+1 (n+1)q

1 1 _
54—6—1. We

T 1) o) @l () o) ]

(g (b) — g)((r+Da—k—D+
21T (n+1)a—ky)[(p(n+1)a—ky—1)+ 1) (p((n+1)a—ky—1)+2)]»

g(b) .
(/H n+1 g—1> (w) qdw> , Yy €lg(a),g(d)].

Proof. It is omitted as similar to Theorem 14. [J

N

X

Next we present a left generalized and iterated fractional Hilbert-
Pachpatte type inequality:
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Theorem 16. Herei =1,2. Let a;,b; € R, a; < b;, 0 < o; < 1, as in (8),
(9), and g; € C([a;, b;]) that are strictly increasing, f; € C'([a;, bi], X),
gt € CYlgi(as), gi(b;)]). Assume that DFiei £ e CY[as, b, X),

a;+;9;

ki=1,...,n;, and (D;\f_lg fz) (a;) =0, \; =0,2,3,...,n;, where n; € N.

Let v; > 0 with [v;] = m;, ki € N, p,g > 1 : %—i—% = 1. We further

assume: " . " |
1>O{1>maX(m1+<1_ )’71, 171q+ ) (8)
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and k 1 k 1
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ng + 1 (ng+1)p
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Proof. As in the proof of Theorem 14, we obtain:
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Vo € [g1(ar),91(b1))]
Also we obtain:
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Multiplying (10) and (11), we get:
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1
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So far we have
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The denominator in (12) can be zero only when y; = g1(a;) and yo = go(as).

Therefore we obtain
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Finally we present a right generalized and iterated fractional Hilbert-
Pachpatte type inequality:

Theorem 17. Herei =1,2. Let a;,b; € R, a; < b;,0 < a; < 1, asin (13),
(14), and g; € C*([ay, b;]) that are strictly increasing, f; € C([a;, bi], X),
gt € CYgi(a;), 9:(b;)]). Assume that Df}f‘fgifi e COY|as;, by, X),
ki=1,...,n;, and (D fi) (b)) =0, A\; = 0,2,3,...,n;, where n; € N.
Let ~; > 0 with [v;] = my, k; € N, p,g > 1: %4—% = 1. We further
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The theorem is proved. [
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Then
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Proof. It is similar to Theorem 16, thus it is omitted. [
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Remark 2. Some examples for g follow:

glx) = €°, z€la,b CR,
g(x) = sinx,
g(x) = tanz,
7T 7r
where v € [—= +¢,—= —¢|, where € > 0 small.

Indeed, the above examples of g are strictly increasing and continous func-
tions.

One can apply all of our results here for the above specific choices of
g. We choose to omit this job.
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