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1. Background. We need

Definition 1. [2] Let [𝑎, 𝑏] ⊂ R, (𝑋, ‖ · ‖) a Banach space, 𝑔 ∈ 𝐶1 ([𝑎, 𝑏])
and increasing, 𝑓 ∈ 𝐶 ([𝑎, 𝑏] , 𝑋), 𝜈 > 0.

We define the left Riemann-Liouville generalized fractional Bochner
integral operator

(︀
𝐼𝜈𝑎+;𝑔𝑓

)︀
(𝑥) :=

1

Γ (𝜈)

𝑥∫︁
𝑎

(𝑔 (𝑥) − 𝑔 (𝑧))𝜈−1 𝑔′ (𝑧) 𝑓 (𝑧) 𝑑𝑧,

∀ 𝑥 ∈ [𝑎, 𝑏], where Γ is the gamma function.
The last integral is of Bochner type. Since 𝑓 ∈ 𝐶 ([𝑎, 𝑏] , 𝑋), then

𝑓 ∈ 𝐿∞ ([𝑎, 𝑏] , 𝑋). By [2] we get that 𝐼𝜈𝑎+;𝑔𝑓 ∈ 𝐶 ([𝑎, 𝑏] , 𝑋). Above we set
𝐼0𝑎+;𝑔𝑓 := 𝑓 and see that

(︀
𝐼𝜈𝑎+;𝑔𝑓

)︀
(𝑎) = 0.

© Petrozavodsk State University, 2020

http://creativecommons.org/licenses/by/4.0/


4 George A. Anastassiou

When 𝑔 is the identity function 𝑖𝑑, we get that 𝐼𝜈𝑎+;𝑖𝑑 = 𝐼𝜈𝑎+, the ordi-
nary left Riemann-Liouville fractional integral

(︀
𝐼𝜈𝑎+𝑓

)︀
(𝑥) =

1

Γ (𝜈)

𝑥∫︁
𝑎

(𝑥− 𝑡)𝜈−1 𝑓 (𝑡) 𝑑𝑡, (1)

∀ 𝑥 ∈ [𝑎, 𝑏],
(︀
𝐼𝜈𝑎+𝑓

)︀
(𝑎) = 0.

We need

Theorem 1. [2] Let 𝜇, 𝜈 > 0 and 𝑓 ∈ 𝐶 ([𝑎, 𝑏] , 𝑋). Then

𝐼𝜇𝑎+;𝑔𝐼
𝜈
𝑎+;𝑔𝑓 = 𝐼𝜇+𝜈

𝑎+;𝑔𝑓 = 𝐼𝜈𝑎+;𝑔𝐼
𝜇
𝑎+;𝑔𝑓. (2)

We need

Definition 2. [2] Let [𝑎, 𝑏] ⊂ R, (𝑋, ‖ · ‖) a Banach space, 𝑔 ∈ 𝐶1 ([𝑎, 𝑏])
and increasing, 𝑓 ∈ 𝐶([𝑎, 𝑏], 𝑋), 𝜈 > 0.

We define the right Riemann-Liouville generalized fractional Bochner
integral operator

(︀
𝐼𝜈𝑏−;𝑔𝑓

)︀
(𝑥) :=

1

Γ (𝜈)

𝑏∫︁
𝑥

(𝑔(𝑧) − 𝑔(𝑥))𝜈−1𝑔′(𝑧)𝑓(𝑧)𝑑𝑧,

∀ 𝑥 ∈ [𝑎, 𝑏], where Γ is the gamma function.
The last integral is of Bochner type. Since 𝑓 ∈ 𝐶([𝑎, 𝑏], 𝑋), then

𝑓 ∈ 𝐿∞([𝑎, 𝑏], 𝑋). By [2] we get that 𝐼𝜈𝑏−;𝑔𝑓 ∈ 𝐶([𝑎, 𝑏], 𝑋). Above we set
𝐼0𝑏−;𝑔𝑓 := 𝑓 and see that (𝐼𝜈𝑏−;𝑔𝑓)(𝑏) = 0.

When 𝑔 is the identity function 𝑖𝑑, we get that 𝐼𝜈𝑏−;𝑖𝑑 = 𝐼𝜈𝑏−, the ordi-
nary right Riemann-Liouville fractional integral

(︀
𝐼𝜈𝑏−𝑓

)︀
(𝑥) =

1

Γ (𝜈)

𝑏∫︁
𝑥

(𝑡− 𝑥)𝜈−1 𝑓 (𝑡) 𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏], with
(︀
𝐼𝜈𝑏−𝑓

)︀
(𝑏) = 0.

We need

Theorem 2. [2] Let 𝜇, 𝜈 > 0 and 𝑓 ∈ 𝐶 ([𝑎, 𝑏] , 𝑋). Then

𝐼𝜇𝑏−;𝑔𝐼
𝜈
𝑏−;𝑔𝑓 = 𝐼𝜇+𝜈

𝑏−;𝑔𝑓 = 𝐼𝜈𝑏−;𝑔𝐼
𝜇
𝑏−;𝑔𝑓.
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We will use

Definition 3. [2] Let 𝛼 > 0, ⌈𝛼⌉ = 𝑛, ⌈·⌉ the ceiling of the number. Let
𝑓 ∈ 𝐶𝑛 ([𝑎, 𝑏] , 𝑋), where [𝑎, 𝑏] ⊂ R, and (𝑋, ‖·‖) is a Banach space. Let
𝑔 ∈ 𝐶1 ([𝑎, 𝑏]) , strictly increasing, such that 𝑔−1 ∈ 𝐶𝑛𝑡([𝑔(𝑎), 𝑔(𝑏)]).

We define the left generalized 𝑔-fractional derivative 𝑋-valued of 𝑓 of
order 𝛼 as follows:

(︀
𝐷𝛼

𝑎+;𝑔𝑓
)︀

(𝑥) :=
1

Γ(𝑛− 𝛼)

𝑥∫︁
𝑎

(𝑔 (𝑥) − 𝑔 (𝑡))𝑛−𝛼−1𝑔′(𝑡)
(︀
𝑓 ∘ 𝑔−1

)︀(𝑛)
(𝑔(𝑡))𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏]. The last integral is of Bochner type.
If 𝛼 /∈ N, by [2], we have that

(︀
𝐷𝛼

𝑎+;𝑔𝑓
)︀
∈ 𝐶 ([𝑎, 𝑏], 𝑋).

We see that(︁
𝐼𝑛−𝛼
𝑎+;𝑔

(︁(︀
𝑓 ∘ 𝑔−1

)︀(𝑛) ∘ 𝑔)︁)︁ (𝑥) =
(︀
𝐷𝛼

𝑎+;𝑔𝑓
)︀

(𝑥) , ∀ 𝑥 ∈ [𝑎, 𝑏] . (3)

We set

𝐷𝑛
𝑎+;𝑔𝑓 (𝑥) := ((𝑓 ∘ 𝑔−1)(𝑛) ∘ 𝑔) (𝑥) ∈ 𝐶([𝑎, 𝑏], 𝑋), 𝑛 ∈ N,

𝐷0
𝑎+;𝑔𝑓(𝑥) = 𝑓(𝑥), ∀ 𝑥 ∈ [𝑎, 𝑏].

When 𝑔 = 𝑖𝑑, then
𝐷𝛼

𝑎+;𝑔𝑓 = 𝐷𝛼
𝑎+;𝑖𝑑𝑓 = 𝐷𝛼

*𝑎𝑓,

the usual left 𝑋-valued Caputo fractional derivative, see [3].

We will use

Definition 4. [2] Let 𝛼 > 0, ⌈𝛼⌉ = 𝑛, ⌈·⌉ the ceiling of the number. Let
𝑓 ∈ 𝐶𝑛([𝑎, 𝑏], 𝑋), where [𝑎, 𝑏] ⊂ R, and (𝑋, ‖·‖) is a Banach space. Let
𝑔 ∈ 𝐶1([𝑎, 𝑏]), strictly increasing, such that 𝑔−1 ∈ 𝐶𝑛([𝑔(𝑎), 𝑔(𝑏)]).

We define the right generalized 𝑔-fractional derivative 𝑋-valued of 𝑓
of order 𝛼 as follows:

(︀
𝐷𝛼

𝑏−;𝑔𝑓
)︀

(𝑥) :=
(−1)𝑛

Γ(𝑛− 𝛼)

𝑏∫︁
𝑥

(𝑔(𝑡) − 𝑔(𝑥))𝑛−𝛼−1𝑔′(𝑡)(𝑓 ∘ 𝑔−1)(𝑛)(𝑔(𝑡))𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏]. The last integral is of Bochner type.
If 𝛼 /∈ N, by [2], we have that (𝐷𝛼

𝑏−;𝑔𝑓) ∈ 𝐶([𝑎, 𝑏], 𝑋).
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We see that

𝐼𝑛−𝛼
𝑏−;𝑔 ((−1)𝑛(𝑓 ∘ 𝑔−1)(𝑛) ∘ 𝑔)(𝑥) = (𝐷𝛼

𝑏−;𝑔𝑓)(𝑥), 𝑎 6 𝑥 6 𝑏.

We set

𝐷𝑛
𝑏−;𝑔𝑓 (𝑥) := (−1)𝑛

(︀(︀
𝑓 ∘ 𝑔−1

)︀𝑛 ∘ 𝑔)︀ (𝑥) ∈ 𝐶([𝑎, 𝑏], 𝑋), 𝑛 ∈ N,

𝐷0
𝑏−;𝑔𝑓 (𝑥) := 𝑓 (𝑥) , ∀ 𝑥 ∈ [𝑎, 𝑏].

When 𝑔 = 𝑖𝑑, then

𝐷𝛼
𝑏−;𝑔𝑓 (𝑥) = 𝐷𝛼

𝑏−;𝑖𝑑𝑓 (𝑥) = 𝐷𝛼
𝑏−𝑓,

the usual right 𝑋-valued Caputo fractional derivative, see [3].

We make

Remark 1. All as in Definition 3. We have (by Theorem 2.5, p. 7, [5])

⃦⃦
(𝐷𝛼

𝑎+;𝑔𝑓)(𝑥)
⃦⃦
6

1

Γ(𝑛− 𝛼)

𝑥∫︁
𝑎

(𝑔(𝑥)−𝑔(𝑡))𝑛−𝛼−1𝑔′(𝑡)
⃦⃦

(𝑓 ∘ 𝑔−1)(𝑛)(𝑔(𝑡))
⃦⃦
𝑑𝑡

6

⃦⃦⃦
(𝑓 ∘ 𝑔−1)

(𝑛) ∘ 𝑔
⃦⃦⃦
∞, [𝑎,𝑏]

Γ (𝑛− 𝛼)

𝑔(𝑥)∫︁
𝑔(𝑎)

(𝑔𝑥) − 𝑔(𝑡))𝑛−𝛼−1𝑑𝑔(𝑡) =

=

⃦⃦
(𝑓 ∘ 𝑔−1)(𝑛) ∘ 𝑔

⃦⃦
∞, [𝑎,𝑏]

Γ(𝑛− 𝛼 + 1)
(𝑔(𝑥) − 𝑔(𝑎))𝑛−𝛼.

That is

⃦⃦
(𝐷𝛼

𝑎+;𝑔𝑓)(𝑥)
⃦⃦
6

⃦⃦⃦
(𝑓 ∘ 𝑔−1)

(𝑛) ∘ 𝑔
⃦⃦⃦
∞, [𝑎,𝑏]

Γ(𝑛− 𝛼 + 1)
(𝑔(𝑥) − 𝑔(𝑎))𝑛−𝛼,

∀ 𝑥 ∈ [𝑎, 𝑏].
If 𝛼 /∈ N, then (𝐷𝛼

𝑎+;𝑔𝑓)(𝑎) = 0.
Similarly, by Definition 4 we derive

⃦⃦
(𝐷𝛼

𝑏−;𝑔𝑓)(𝑥)
⃦⃦
6

1

Γ(𝑛−𝛼)

𝑏∫︁
𝑥

(𝑔(𝑡)−𝑔(𝑥))𝑛−𝛼−1𝑔′(𝑡)
⃦⃦

(𝑓 ∘𝑔−1)(𝑛)(𝑔(𝑡))
⃦⃦
𝑑𝑡6
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6
‖(𝑓 ∘ 𝑔−1)(𝑛) ∘ 𝑔‖∞, [𝑎,𝑏]

Γ(𝑛− 𝛼

𝑔(𝑏)∫︁
𝑔(𝑥)

(𝑔(𝑡) − 𝑔(𝑥))𝑛−𝛼−1𝑑𝑔(𝑡) =

=
‖(𝑓 ∘ 𝑔−1)(𝑛) ∘ 𝑔‖∞, [𝑎,𝑏]

Γ(𝑛− 𝛼 + 1)
(𝑔(𝑏) − 𝑔(𝑥))𝑛−𝛼.

That is⃦⃦(︀
𝐷𝛼

𝑏−;𝑔𝑓
)︀

(𝑥)
⃦⃦
6

‖(𝑓 ∘ 𝑔−1)(𝑛) ∘ 𝑔‖∞, [𝑎,𝑏]

Γ (𝑛− 𝛼 + 1)
(𝑔 (𝑏) − 𝑔(𝑥))𝑛−𝛼,

∀ 𝑥 ∈ [𝑎, 𝑏].

If 𝛼 /∈ N, then
(︀
𝐷𝛼

𝑏−;𝑔𝑓
)︀

(𝑏) = 0.

Notation 3 We denote by

𝐷𝑛𝛼
𝑎+;𝑔 := 𝐷𝛼

𝑎+;𝑔𝐷
𝛼
𝑎+;𝑔 . . . 𝐷

𝛼
𝑎+;𝑔 (𝑛 times), 𝑛 ∈ N,

𝐼𝑛𝛼𝑎+;𝑔 := 𝐼𝛼𝑎+;𝑔𝐼
𝛼
𝑎+;𝑔 . . . 𝐼

𝛼
𝑎+;𝑔,

𝐷𝑛𝛼
𝑏−;𝑔 := 𝐷𝛼

𝑏−;𝑔𝐷
𝛼
𝑏−;𝑔 . . . 𝐷

𝛼
𝑏−;𝑔,

and
𝐼𝑛𝛼𝑏−;𝑔 := 𝐼𝛼𝑏−;𝑔𝐼

𝛼
𝑏−;𝑔 . . . 𝐼

𝛼
𝑏−;𝑔,

(𝑛 times), 𝑛 ∈ N.

We are motivated by the following generalized fractional Ostrowski
type inequality:

Theorem 4. [2] Let 𝑔 ∈ 𝐶1([𝑎, 𝑏]) and strictly increasing, such that
𝑔−1 ∈ 𝐶1([𝑔(𝑎), 𝑔(𝑏)]), and 0 < 𝛼 < 1, 𝑛 ∈ N, 𝑓 ∈ 𝐶1([𝑎, 𝑡], 𝑋), where
(𝑋, ‖ · ‖) is a Banach space. Let 𝑥0 ∈ [𝑎, 𝑏] be fixed. Assume that
𝐹 𝑥0
𝑘 := 𝐷𝑘𝛼

𝑥0−;𝑔𝑓 , for 𝑘 = 1, . . . , 𝑛, fulfill 𝐹 𝑥0
𝑘 ∈ 𝐶1([𝑎, 𝑥0], 𝑋) and

(𝐷𝑖𝛼
𝑥0−;𝑔𝑓)(𝑥0) = 0, 𝑖 = 2, . . . , 𝑛.

Similarly, we assume that 𝐺𝑥0
𝑘 := 𝐷𝑘𝛼

𝑥0+;𝑔𝑓 , for 𝑘 = 1, . . . ,𝑛, fulfill
𝐺𝑥0

𝑘 ∈ 𝐶1([𝑥0, 𝑏], 𝑋) and (𝐷𝑖𝛼
𝑥0+;𝑔𝑓)(𝑥0) = 0, 𝑖 = 2, . . . , 𝑛.

Then

⃦⃦⃦ 1

𝑏− 𝑎

𝑏∫︁
𝑎

𝑓 (𝑥) 𝑑𝑥− 𝑓 (𝑥0)
⃦⃦⃦
6

1

(𝑏− 𝑎) Γ ((𝑛 + 1)𝛼 + 1)
×
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×
{︁

(𝑔(𝑏) − 𝑔(𝑥0))
(𝑛+1)𝛼(𝑏− 𝑥0)

⃦⃦⃦
𝐷

(𝑛+1)𝛼
𝑥0+;𝑔 𝑓

⃦⃦⃦
∞, [𝑥0, 𝑏]

+

+(𝑔(𝑥0) − 𝑔(𝑎))(𝑛+1)𝛼(𝑥0 − 𝑎)
⃦⃦⃦
𝐷

(𝑛+1)𝛼
𝑥0−;𝑔 𝑓

⃦⃦⃦
∞, [𝑎, 𝑥0]

}︁
.

In this work we will present several generalized fractional Bochner
integral inequalities.

We mention the following 𝑔-left generalized modified𝑋-valued Taylor’s
formula.

Theorem 5. [2] Let 0 < 𝛼 6 1, 𝑛 ∈ N, 𝑓 ∈ 𝐶1([𝑎, 𝑏], 𝑋), 𝑔 ∈ 𝐶1([𝑎, 𝑏]),
strictly increasing, such that 𝑔−1 ∈ 𝐶1([𝑔(𝑎), 𝑔(𝑏)]). Let 𝐹𝑘 := 𝐷𝑘𝛼

𝑎+;𝑔𝑓 ,
𝑘 = 1, . . . , 𝑛, that fulfill 𝐹𝑘 ∈ 𝐶1([𝑎, 𝑏], 𝑋).

Then

𝑓(𝑥) =
𝑛∑︁

𝑖=0

(𝑔(𝑥) − 𝑔(𝑎))𝑖𝛼

Γ(𝑖𝛼 + 1)
(𝐷𝑖𝛼

𝑎+;𝑔𝑓)(𝑎)+

+
1

Γ((𝑛 + 1)𝛼)

𝑥∫︁
𝑎

(𝑔(𝑥) − 𝑔(𝑡))(𝑛+1)𝛼−1𝑔′(𝑡)(𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓)(𝑡)𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏].

Clearly here 𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓 ∈ 𝐶([𝑎, 𝑏], 𝑋).

We also mention the following 𝑔-right generalized modified 𝑋-valued
Taylor’s formula.

Theorem 6. [2] Let 𝑓 ∈ 𝐶1([𝑎, 𝑏], 𝑋), 𝑔 ∈ 𝐶1([𝑎, 𝑏]), strictly increasing,
such that 𝑔−1 ∈ 𝐶1([𝑔(𝑎), 𝑔(𝑏)]). Suppose that 𝐹𝑘 := 𝐷𝑘𝛼

𝑏−;𝑔𝑓 , 𝑘 = 1, . . . , 𝑛,
fulfill 𝐹𝑘 ∈ 𝐶1([𝑎, 𝑏], 𝑋), where 0 < 𝛼 6 1, 𝑛 ∈ N.

Then

𝑓(𝑥) =
𝑛∑︁

𝑖=0

(𝑔(𝑏) − 𝑔(𝑥))𝑖𝛼

Γ(𝑖𝛼 + 1)
(𝐷𝑖𝛼

𝑏−;𝑔𝑓)(𝑏)+

+
1

Γ((𝑛 + 1)𝛼)

𝑏∫︁
𝑥

(𝑔(𝑡) − 𝑔(𝑥))(𝑛+1)𝛼−1𝑔′(𝑡)(𝐷
(𝑛+1)𝛼
𝑏−;𝑔 𝑓)(𝑡)𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏].

Clearly here 𝐷
(𝑛+1)𝛼
𝑏−;𝑔 𝑓 ∈ 𝐶([𝑎, 𝑏], 𝑋).
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For differentiation of functions from real numbers to normed linear
spaces the definition is the same as for the real valued functions, however
the limit and convergence is in the norm of linear space (𝑋, ‖ · ‖).

We state

Corollary 1. (to Theorem 5) Let 0 < 𝛼 < 1, 𝑛 ∈ N, 𝑓 ∈ 𝐶1([𝑎, 𝑏], 𝑋),
𝑔 ∈ 𝐶1([𝑎, 𝑏]), strictly increasing, such that 𝑔−1 ∈ 𝐶1([𝑔(𝑎), 𝑔(𝑏)]). Assume
𝐷𝑘𝛼

𝑎+;𝑔𝑓 ∈ 𝐶1([𝑎, 𝑏], 𝑋), 𝑘 = 1, . . . ,𝑛, and (𝐷𝑖𝛼
𝑎+;𝑔𝑓)(𝑎) = 0, 𝑖 = 0, 2, 3, . . . ,𝑛.

Then

𝑓(𝑥) =
1

Γ((𝑛 + 1)𝛼)

𝑥∫︁
𝑎

(𝑔(𝑥) − 𝑔(𝑡))(𝑛+1)𝛼−1𝑔′(𝑡)(𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓)(𝑡)𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏].

We state

Corollary 2. (to Theorem 6) Let 𝑓 ∈ 𝐶1([𝑎, 𝑏], 𝑋), 𝑔 ∈ 𝐶1([𝑎, 𝑏]), strictly
increasing, such that 𝑔−1 ∈ 𝐶1([𝑔(𝑎), 𝑔(𝑏)]. Suppose that for 𝑘 = 1, . . . , 𝑛
𝐷𝑘𝛼

𝑏−;𝑔𝑓 ∈ 𝐶1([𝑎, 𝑏], 𝑋), where 0 < 𝛼 < 1, 𝑛 ∈ N. We further assume that
(𝐷𝑖𝛼

𝑏−;𝑔𝑓)(𝑏) = 0, 𝑖 = 0, 2, 3, . . . , 𝑛.

Then

𝑓(𝑥) =
1

Γ((𝑛 + 1)𝛼)

𝑏∫︁
𝑥

(𝑔(𝑡) − 𝑔(𝑥))(𝑛+1)𝛼−1𝑔′(𝑡)(𝐷
(𝑛+1)𝛼
𝑏−;𝑔 𝑓)(𝑡)𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏].

For the Bochner integral excellent resources are [1, pp. 422 – 428], [4]
and [7].

2. Main Results. We give the following representation formula:

Theorem 7. All as in Corollary 1. Let 𝛾 > 0 with ⌈𝛾⌉ = 𝑚 < 𝑛 + 1,
such that 𝑚 < (𝑛 + 1)𝛼 (i. e. 𝑚/𝑛+ 1 < 𝛼 < 1). Then

(𝐷𝛾
𝑎+;𝑔𝑓)(𝑥) =

=
1

Γ((𝑛 + 1)𝛼− 𝛾)

𝑥∫︁
𝑎

(𝑔(𝑥) − 𝑔(𝑡))(𝑛+1)𝛼−𝛾−1𝑔′(𝑡)(𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓)𝑡)𝑑𝑡, (4)



10 George A. Anastassiou

∀ 𝑥 ∈ [𝑎, 𝑏] and (𝐷𝛾
𝑎+;𝑔𝑓) ∈ 𝐶([𝑎, 𝑏], 𝑋).

Proof. By Corollary 1 we have

𝑓(𝑥) =
1

Γ((𝑛 + 1)𝛼)

𝑥∫︁
𝑎

(𝑔(𝑥)−𝑔(𝑡))(𝑛+1)𝛼−1𝑔′(𝑡)(𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓)(𝑡)𝑑𝑡,∀𝑥 ∈ [𝑎, 𝑏].

We can write

𝑓(𝑥) =
1

Γ((𝑛 + 1)𝛼)

𝑥∫︁
𝑎

(𝑔(𝑥) − 𝑔(𝑡))(𝑛+1)𝛼−1(𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓)(𝑡)𝑑𝑔(𝑡) =

(set 𝑧 := 𝑔 (𝑡), 𝑎 6 𝑡 6 𝑏)

=
1

Γ((𝑛 + 1)𝛼)

𝑔(𝑥)∫︁
𝑔(𝑎)

(𝑔(𝑥) − 𝑧)(𝑛+1)𝛼−1((𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓) ∘ 𝑔−1)(𝑧)𝑑𝑧, ∀𝑥 ∈ [𝑎, 𝑏].

Hence it holds (𝑦 = 𝑔(𝑥))

(𝑓 ∘ 𝑔−1)(𝑦) =
1

Γ((𝑛 + 1)𝛼)

𝑦∫︁
𝑔(𝑎)

(𝑦 − 𝑧)(𝑛+1)𝛼−1((𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓) ∘ 𝑔−1)(𝑧)𝑑𝑧,

∀ 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].
By assuming (𝑛 + 1)𝛼 − 1 > 0 (equivalently, 𝛼 > 1

𝑛+1
) and by [2], we

get:

((𝑓 ∘ 𝑔−1)(𝑦))′ =
(𝑛 + 1)𝛼− 1

Γ((𝑛 + 1)𝛼)

𝑦∫︁
𝑔(𝑎)

(𝑦 − 𝑧)(𝑛+1)𝛼−2((𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓) ∘ 𝑔−1)(𝑧)𝑑𝑧,

∀ 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].
If (𝑛 + 1)𝛼− 2 > 0 (equivalently, 𝛼 > 2/𝑛+ 1), we get(︀(︀

𝑓 ∘ 𝑔−1
)︀

(𝑦)
)︀′′

=
((𝑛 + 1)𝛼− 1)((𝑛 + 1)𝛼− 2)

Γ((𝑛 + 1)𝛼)
×

×
𝑦∫︁

𝑔(𝑎)

(𝑦 − 𝑧)(𝑛+1)𝛼−3
(︁(︁

𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑧)𝑑𝑧, ∀𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].
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In general, if (𝑛 + 1)𝛼−𝑚 > 0 (equivalently, 𝛼 > 𝑚/𝑛+ 1) we get that
there exists

(𝑓 ∘ 𝑔−1)(𝑚)(𝑦) =

𝑚∏︀
𝑗=1

((𝑛 + 1)𝛼− 𝑗)

Γ((𝑛 + 1)𝛼)
×

×
𝑦∫︁

𝑔(𝑎)

(𝑦 − 𝑧)(𝑛+1)𝛼−𝑚−1((𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓) ∘ 𝑔−1)(𝑧)𝑑𝑧, ∀𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].

By [2] we get (𝑓 ∘ 𝑔−1)(𝑚) ∈ 𝐶([𝑔(𝑎), 𝑔(𝑏)]).
By (1) we have that

(𝑓 ∘ 𝑔−1)(𝑚)(𝑦) =

𝑚∏︀
𝑗=1

((𝑛 + 1)𝛼− 𝑗)Γ((𝑛 + 1)𝛼−𝑚)

Γ((𝑛 + 1)𝛼)
×

×𝐼
(𝑛+1)𝛼−𝑚
𝑔(𝑎)+

(︁(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑦) = 𝐼

(𝑛+1)𝛼−𝑚
𝑔(𝑎)+

(︁(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑦) .

That is(︀
𝑓 ∘ 𝑔−1

)︀(𝑚)
(𝑦) = 𝐼

(𝑛+1)𝛼−𝑚
𝑔(𝑎)+

(︁(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑦), ∀𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)],

and

(𝑓𝑔−1)(𝑚)(𝑔(𝑥)) = 𝐼
(𝑛+1)𝛼−𝑚
𝑔(𝑎)+

(︁(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑔(𝑥)), ∀𝑥 ∈ [𝑎, 𝑏].

Clearly, it holds (see [6], Lemma B.4.10, and [7], p. 158)(︀
𝑓 ∘ 𝑔−1

)︀(𝑚)
(𝑔 (𝑥)) =

(︁
𝐼
(𝑛+1)𝛼−𝑚
𝑎+;𝑔

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥), ∀𝑥 ∈ [𝑎, 𝑏]. (5)

Let 𝛾 > 0 with ⌈𝛾⌉ = 𝑚 < 𝑛+1, such that𝑚 < (𝑛 + 1)𝛼 (equivalently,
𝛼 > 𝑚/𝑛+ 1).

We have that (case of 𝛾 < 𝑚)(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀

(𝑥)
(3)
=
(︁
𝐼𝑚−𝛾
𝑎+;𝑔

(︁(︀
𝑓 ∘ 𝑔−1

)︀(𝑚) ∘ 𝑔
)︁)︁

(𝑥)
(5)
=

= 𝐼𝑚−𝛾
𝑎+;𝑔

(︁
𝐼
(𝑛+1)𝛼−𝑚
𝑎+;𝑔

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥) =

(︁
𝐼
(𝑛+1)𝛼−𝛾
𝑎+

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥),

(by (2)).
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We have proved that(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀

(𝑥) =
(︁
𝐼
(𝑛+1)𝛼−𝛾
𝑎+

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥), ∀𝑥 ∈ [𝑎, 𝑏],

which is continuous, by [2]. �

We continue with

Theorem 8. All as in Corollary 1 and let 𝛾 > 0 with ⌈𝛾⌉ = 𝑚. When
𝛾+𝑚
𝑛+1

< 𝛼 < 1, we get that(︀
𝐷2𝛾

𝑎+;𝑔𝑓
)︀

(𝑥) =
1

Γ((𝑛 + 1)𝛼− 2𝛾)
×

×
𝑥∫︁

𝑎

(𝑔(𝑥) − 𝑔(𝑡))(𝑛+1)𝛼−2𝛾−1𝑔′(𝑡)
(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
(𝑡)𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏] and
(︀
𝐷2𝛾

𝑎+;𝑔𝑓
)︀
∈ 𝐶([𝑎, 𝑏], 𝑋).

Proof. Call 𝜆 := (𝑛 + 1)𝛼 − 𝛾 − 1, i.e. 𝜆 + 1 = (𝑛 + 1)𝛼 − 𝛾, and call
𝛿 := (𝑛 + 1)𝛼. Then we can rewrite (4) as

(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀

(𝑥) =
1

Γ (𝜆 + 1)

𝑥∫︁
𝑎

(𝑔(𝑥)𝑔(𝑡))𝜆𝑔′(𝑡)
(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀

(𝑡)𝑑𝑡, ∀𝑥 ∈ [𝑎, 𝑏].

That is (𝑧 = 𝑔(𝑡), 𝑎 6 𝑡 6 𝑏)

(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀

(𝑥) =
1

Γ(𝜆 + 1)

𝑔(𝑥)∫︁
𝑔(𝑎)

(𝑔(𝑥)−𝑧)𝜆
(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑧)𝑑𝑧, ∀𝑥 ∈ [𝑎, 𝑏].

Hence it holds (𝑦 = 𝑔(𝑥))

(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑦) =

1

Γ (𝜆 + 1)

𝑦∫︁
𝑔(𝑎)

(𝑦 − 𝑧)𝜆
(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑧)𝑑𝑧,

∀ 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].
If 𝜆 > 0, then

(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀′
(𝑦) =

𝜆

Γ (𝜆 + 1)

𝑦∫︁
𝑔(𝑎)

(𝑦 − 𝑧)𝜆−1
(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑧)𝑑𝑧,
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∀ 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].
If 𝜆− 1 > 0, then

(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀′′
(𝑦) =

𝜆(𝜆− 1)

Γ𝑡(𝜆 + 1)

𝑦∫︁
𝑔(𝑎)

(𝑦 − 𝑧)𝜆−2
(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑧)𝑑𝑧,

∀ 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].
If 𝜆− 2 > 0, then

(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘𝑔−1

)︀′′′
(𝑦)=

𝜆(𝜆− 1)(𝜆− 2)

Γ(𝜆 + 1)

𝑦∫︁
𝑔(𝑎)

(𝑦−𝑧)𝜆−3
(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘𝑔−1

)︀
(𝑧)𝑑𝑧,

∀ 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)], etc.
In general, if 𝜆−𝑚 + 1 > 0, then

(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀(𝑚)
(𝑦) =

𝜆 (𝜆− 1) (𝜆− 2) . . . (𝜆−𝑚 + 1)

Γ (𝜆 + 1)
×

×
𝑦∫︁

𝑔(𝑎)

(𝑦 − 𝑧)(𝜆−𝑚+1)−1
(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑧) 𝑑𝑧 =

=
𝜆 (𝜆− 1) (𝜆− 2) . . . (𝜆−𝑚 + 1) 𝐼

(𝜆−𝑚+1)
𝑔(𝛼)+

(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑦)

Γ (𝜆 + 1)
=

= 𝐼
(𝜆−𝑚+1)
𝑔(𝑎)+

(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑦) , ∀𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].

That is, if 𝜆−𝑚 + 1 > 0, we have(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀(𝑚)
(𝑦) = 𝐼

(𝜆−𝑚+1)
𝑔(𝑎)+

(︀(︀
𝐷𝛿

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀
(𝑦), ∀𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].

Hence(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘𝑔−1

)︀(𝑚)
(𝑔(𝑥)=𝐼

(𝜆−𝑚+1)
𝑔(𝑎)+

(︁(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘𝑔−1

)︁
(𝑔(𝑥)),∀𝑥 ∈ [𝑎, 𝑏].

Clearly, it holds by change of variables(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀(𝑚)
(𝑔 (𝑥)) =

(︁
𝐼
(𝜆−𝑚+1)
𝑎+

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥) , (6)

∀ 𝑥 ∈ [𝑎, 𝑏], under 𝜆−𝑚 + 1 > 0.
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We see that(︀
𝐷2𝛾

𝑎+;𝑔𝑓
)︀

(𝑥) =
(︀
𝐷𝛾

𝑎+;𝑔

(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀)︀

(𝑥) =

=
(︁
𝐼𝑚−𝛾
𝑎+;𝑔

(︁(︀(︀
𝐷𝛾

𝑎+;𝑔𝑓
)︀
∘ 𝑔−1

)︀(𝑚) ∘ 𝑔
)︁)︁

(𝑥)
(6)
=

(6)
=
(︁
𝐼𝑚−𝛾
𝑎+;𝑔

(︁
𝐼
(𝜆−𝑚+1)
𝑎+;𝑔

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁)︁
(𝑥) =

=
(︁
𝐼𝜆−𝛾+1
𝑎+;𝑔

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥) =

(︁
𝐼
(𝑛+1)𝛼−𝛾−1−𝛾+1
𝑎+;𝑔

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥) =

=
(︁
𝐼
(𝑛+1)𝛼−2𝛾
𝑎+;𝑔

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥) , ∀𝑥 ∈ [𝑎, 𝑏].

We have derived that(︀
𝐷2𝛾

𝑎+;𝑔𝑓
)︀

(𝑥) =
(︁
𝐼
(𝑛+1)𝛼−2𝛾
𝑎+;𝑔

(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁)︁
(𝑥) ,

∀ 𝑥 ∈ [𝑎, 𝑏], under the condition 𝛾+𝑚
𝑛+1

< 𝛼 < 1. �

Similarly to the last two theorems, it holds

Theorem 9. All as in Corollary 1 and let 𝛾 > 0 with ⌈𝛾⌉ = 𝑚. When
𝑚+2𝛾
𝑛+1

< 𝛼 < 1, we obtain that

(︀
𝐷3𝛾

𝑎+;𝑔𝑓
)︀

(𝑥) =
1

Γ((𝑛 + 1)𝛼− 3𝛾)
×

×
𝑥∫︁

𝑎

(𝑔 (𝑥) − 𝑔 (𝑡))(𝑛+1)𝛼−3𝛾−1 𝑔′(𝑡)
(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
(𝑡)𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏] and
(︀
𝐷3𝛾

𝑎+;𝑔𝑓
)︀
∈ 𝐶([𝑎, 𝑏], 𝑋).

In general, we derive the iterated left fractional derivative representa-
tion formula:

Theorem 10. All as in Corollary 1 and let 𝛾 > 0 with ⌈𝛾⌉ = 𝑚. When
𝑚+(𝑘−1)𝛾

𝑛+1
< 𝛼 < 1, 𝑘 ∈ N, we obtain that(︁

𝐷𝑘𝛾
𝑎+;𝑔𝑓

)︁
(𝑥) =

1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)
×

×
𝑥∫︁

𝑎

(𝑔 (𝑥) − 𝑔 (𝑡))(𝑛+1)𝛼−𝑘𝛾−1 𝑔′ (𝑡)
(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
(𝑡) 𝑑𝑡, (7)
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∀ 𝑥 ∈ [𝑎, 𝑏] and
(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁
∈ 𝐶([𝑎, 𝑏], 𝑋).

Similarly, it holds the iterated right fractional derivative representation
formula:

Theorem 11. All as in Corollary 2 and let 𝛾 > 0 with ⌈𝛾⌉ = 𝑚. Here
we assume 𝑚+(𝑘−1)𝛾

𝑛+1
< 𝛼 < 1, 𝑘 ∈ N. Then(︁
𝐷𝑘𝛾

𝑏−;𝑔𝑓
)︁

(𝑥) =
1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)
×

×
𝑏∫︁

𝑥

(𝑔 (𝑡) − 𝑔 (𝑥))(𝑛+1)𝛼−𝑘𝛾−1 𝑔′ (𝑡)
(︁
𝐷

(𝑛+1)𝛼
𝑏−;𝑔 𝑓

)︁
(𝑡)𝑑𝑡,

∀ 𝑥 ∈ [𝑎, 𝑏] and
(︁
𝐷𝑘𝛾

𝑏−;𝑔𝑓
)︁
∈ 𝐶([𝑎, 𝑏], 𝑋).

It follows a left generalized and iterated fractional Poincaré type in-
equality:

Theorem 12. Here all as in Theorem 10. Let 𝑝, 𝑞 > 1 : 1
𝑝

+ 1
𝑞

= 1. We
further assume that (𝑘 ∈ N)

1 > 𝛼 > max

(︂
𝑚 + (𝑘 − 1) 𝛾

𝑛 + 1
,
𝑘𝛾𝑞 + 1

(𝑛 + 1)𝑞

)︂
.

Then ⃦⃦⃦
𝐷𝑘𝛾

𝑎+;𝑔𝑓
⃦⃦⃦
𝑞,[𝑎,𝑏]

6

6
(𝑔((𝑏)−𝑔(𝑎))((𝑛+1)𝛼−𝑘𝛾−1)+ 1

𝑝 (𝑏−𝑎)
1
𝑞

Γ((𝑛+1)𝛼− 𝑘𝛾)(𝑝((𝑛+1)𝛼−𝑘𝛾 − 1)+1)
1
𝑝

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘𝑔−1

⃦⃦⃦
𝑞, [𝑔(𝑎),𝑔(𝑏)]

.

Proof. We use (7). We observe that⃦⃦⃦(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁

(𝑥)
⃦⃦⃦
6

1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)
×

×
𝑥∫︁

𝑎

(𝑔 (𝑥) − 𝑔 (𝑡))(𝑛+1)𝛼−𝑘𝛾−1 𝑔′ (𝑡)
⃦⃦⃦(︁

𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
(𝑡)
⃦⃦⃦
𝑑𝑡 =

=
1

Γ((𝑛 + 1)𝛼− 𝑘𝛾)

𝑔(𝑥)∫︁
𝑔(𝑎)

(𝑔(𝑥)−𝑧)(𝑛+1)𝛼−𝑘𝛾−1
⃦⃦⃦(︁

𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
(𝑔−1(𝑧))

⃦⃦⃦
𝑑𝑧 6
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6
1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)

(︃ 𝑔(𝑥)∫︁
𝑔(𝑎)

(𝑔 (𝑥) − 𝑧)𝑝((𝑛+1)𝛼−𝑘𝛾−1) 𝑑𝑧

)︃ 1
𝑝

×

×

(︃ 𝑔(𝑏)∫︁
𝑔(𝑎)

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1(𝑧)

)︀⃦⃦⃦𝑞
𝑑𝑧

)︃ 1
𝑞

=

=
(𝑔 (𝑥) − 𝑔 (𝑎))

𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1
𝑝

Γ((𝑛+1)𝛼− 𝑘𝛾)(𝑝((𝑛+1)𝛼−𝑘𝛾 − 1)+1)
1
𝑝

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘𝑔−1

⃦⃦⃦
𝑞, [𝑔(𝑎),𝑔(𝑏)]

.

Thus we have

⃦⃦⃦(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁

(𝑥)
⃦⃦⃦𝑞
6

(𝑔 (𝑥) − 𝑔 (𝑎))(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1) 𝑞
𝑝

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)𝑞 (𝑝 ((𝑛 + 1)𝛼− 𝑘𝛾 − 1) + 1)
𝑞
𝑝

×

×
⃦⃦⃦(︁

𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

⃦⃦⃦𝑞
𝑞, [𝑔(𝑎),𝑔(𝑏)]

.

Therefore it holds

𝑏∫︁
𝑎

⃦⃦⃦(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁

(𝑥)
⃦⃦⃦𝑞
𝑑𝑥 6

6
(𝑔(𝑥) − 𝑔(𝑎))(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1) 𝑞

𝑝 (𝑏− 𝑎)

Γ((𝑛+1)𝛼− 𝑘𝛾)(𝑝((𝑛+1)𝛼−𝑘𝛾 − 1)+1)
1
𝑝

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘𝑔−1

⃦⃦⃦
𝑞, [𝑔(𝑎),𝑔(𝑏)]

,

proving the claim. �

It follows a right generalized and iterated fractional Poincaré type in-
equality:

Theorem 13. Here all as in Theorem 11. Let 𝑝,𝑞 > 1 : 1
𝑝

+ 1
𝑞

= 1. We
further assume that (𝑘 ∈ N)

1 > 𝛼 > max

(︂
𝑚 + (𝑘 − 1) 𝛾

𝑛 + 1
,
𝑘𝛾𝑞 + 1

(𝑛 + 1) 𝑞

)︂
.

Then
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⃦⃦⃦
𝐷𝑘𝛾

𝑏−;𝑔𝑓
⃦⃦⃦
𝑞,[𝑎,𝑏]

6
(𝑔 (𝑏) − 𝑔 (𝑎))((𝑛+1)𝛼−𝑘𝛾−1)+ 1

𝑝 (𝑏− 𝑎)
1
𝑞

Γ ((𝑛 + 1)𝛼− 𝑘𝛾) (𝑝 ((𝑛 + 1)𝛼− 𝑘𝛾 − 1) + 1)
1
𝑝

×

×
⃦⃦⃦(︁

𝐷
(𝑛+1)𝛼
𝑏−;𝑔 𝑓

)︁
∘ 𝑔−1

⃦⃦⃦
𝑞,[𝑔(𝑎𝑡),𝑔(𝑏)]

.

Proof. As similar to Theorem 12 is omitted. �

Next comes a left generalized and iterated fractional Opial type in-
equality:

Theorem 14. All here as in Theorem 10. Let 𝑝, 𝑞 > 1 : 1
𝑝

+ 1
𝑞

= 1. We
further assume that (𝑘 ∈ N)

1 > 𝛼 > max

(︂
𝑚 + (𝑘 − 1) 𝛾

𝑛 + 1
,
𝑘𝛾𝑞 + 1

(𝑛 + 1) 𝑞

)︂
.

Then
𝑦∫︁

𝑔(𝑎)

⃦⃦⃦(︁(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁
∘ 𝑔−1

)︁
(𝑤)
⃦⃦⃦ ⃦⃦⃦(︁(︁

𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑤)
⃦⃦⃦
𝑑𝑤 6

6
(𝑦 − 𝑔(𝑎))((𝑛+1)𝛼−𝑘𝛾−1)+ 2

𝑝

2
1
𝑞 Γ((𝑛+1)𝛼−𝑘𝛾)[(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1)(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+2)]

1
𝑝

×

×

(︃ 𝑦∫︁
𝑔(𝑎)

⃦⃦⃦(︁(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑤)
⃦⃦⃦𝑞

𝑑𝑤

)︃ 2
𝑞

, ∀𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].

Proof. We use (7). We observe that⃦⃦⃦(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁

(𝑥)
⃦⃦⃦
6

1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)
×

×
𝑥∫︁

𝑎

(𝑔 (𝑥) − 𝑔 (𝑡))(𝑛+1)𝛼−𝑘𝛾−1 𝑔′ (𝑡)
⃦⃦⃦(︁

𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
(𝑡)
⃦⃦⃦
𝑑𝑡 =

=
1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)

𝑔(𝑥)∫︁
𝑔(𝑎)

(𝑔(𝑥)−𝑧)(𝑛+1)𝛼−𝑘𝛾−1
⃦⃦⃦(︁

𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑧)

)︀⃦⃦⃦
𝑑𝑧 6
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6
1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)

(︃ 𝑔(𝑥)∫︁
𝑔(𝑎)

(𝑔 (𝑥) − 𝑧)𝑝((𝑛+1)𝛼−𝑘𝛾−1) 𝑑𝑧

)︃ 1
𝑝

×

×

(︃ 𝑔(𝑥)∫︁
𝑔(𝑎)

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑧)

)︀⃦⃦⃦𝑞
𝑑𝑧

)︃ 1
𝑞

=

=
1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾)
· (𝑔(𝑥) − 𝑔(𝑎))

𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1
𝑝

(𝑝 ((𝑛 + 1)𝛼− 𝑘𝛾 − 1) + 1)
1
𝑝

×

×

(︃ 𝑔(𝑥)∫︁
𝑔(𝑎)

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑧)

)︀⃦⃦⃦𝑞
𝑑𝑧

)︃ 1
𝑞

.

That is

⃦⃦⃦(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁

(𝑥)
⃦⃦⃦
6

(𝑔 (𝑥) − 𝑔 (𝑎))
𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1

𝑝

Γ ((𝑛 + 1)𝛼− 𝑘𝛾) (𝑝 ((𝑛 + 1)𝛼− 𝑘𝛾 − 1) + 1)
1
𝑝

×

×

(︃ 𝑔(𝑥)∫︁
𝑔(𝑎)

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑧)

)︀⃦⃦⃦𝑞
𝑑𝑧

)︃ 1
𝑞

, ∀𝑥 ∈ [𝑎, 𝑏] .

Call
𝑦 = 𝑔 (𝑥) ,

then
𝑥 = 𝑔−1 (𝑦) .

Hence it holds

⃦⃦⃦(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁ (︀

𝑔−1 (𝑦)
)︀⃦⃦⃦
6

(𝑦 − 𝑔(𝑎))
𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1

𝑝

Γ((𝑛 + 1)𝛼−𝑘𝛾) (𝑝((𝑛 + 1)𝛼−𝑘𝛾−1) + 1)
1
𝑝

×

×

(︃ 𝑦∫︁
𝑔(𝑎)

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1(𝑧)

)︀⃦⃦⃦𝑞
𝑑𝑧

)︃ 1
𝑞

, ∀𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].
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Call

𝜂 (𝑦) :=

𝑦∫︁
𝑔(𝑎)

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑧)

)︀⃦⃦⃦𝑞
𝑑𝑧,

and
𝜂 (𝑔 (𝑎)) = 0.

Thus
𝜂′ (𝑦) =

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑦)

)︀⃦⃦⃦𝑞
> 0,

and
(𝜂′ (𝑦))

1
𝑞 =

⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑦)

)︀⃦⃦⃦
> 0,

∀ 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].
Consequently, we get⃦⃦⃦(︁

𝐷𝑘𝛾
𝑎+;𝑔𝑓

)︁ (︀
𝑔−1 (𝑤)

)︀⃦⃦⃦ ⃦⃦⃦(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑤)

)︀⃦⃦⃦
6

6
(𝑤 − 𝑔 (𝑎))

𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1
𝑝

Γ ((𝑛 + 1)𝛼− 𝑘𝛾) (𝑝 ((𝑛 + 1)𝛼− 𝑘𝛾 − 1) + 1)
1
𝑝

(𝜂 (𝑤) 𝜂′ (𝑤))
1
𝑞 ,

∀ 𝑤 ∈ [𝑔(𝑎), 𝑔(𝑏)].

Then it holds
𝑦∫︁

𝑔(𝑎)

⃦⃦⃦(︁
𝐷𝑘𝛾

𝑎+;𝑔𝑓
)︁ (︀

𝑔−1 (𝑤)
)︀⃦⃦⃦ ⃦⃦⃦(︁

𝐷
(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁ (︀
𝑔−1 (𝑤)

)︀⃦⃦⃦
𝑑𝑤 6

6
1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾) (𝑝 ((𝑛 + 1)𝛼− 𝑘𝛾 − 1) + 1)
1
𝑝

×

×
𝑦∫︁

𝑔(𝑎)

(𝑤 − 𝑔(𝑎))
𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1

𝑝 (𝜂 (𝑤) 𝜂′ (𝑤))
1
𝑞 𝑑𝑤×

6
1

Γ ((𝑛 + 1)𝛼− 𝑘𝛾) (𝑝 ((𝑛 + 1)𝛼− 𝑘𝛾 − 1) + 1)
1
𝑝

×

×
(︁ 𝑦∫︁
𝑔(𝑎)

(𝑤 − 𝑔(𝑎))(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1)𝑑𝑤
)︁ 1

𝑝
(︁ 𝑦∫︁
𝑔(𝑎)

𝜂(𝑤)𝜂′(𝑤)𝑑𝑤
)︁ 1

𝑞
=
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=
(𝑦 − 𝑔(𝑎))

𝑝((𝑛+1)𝛼−𝑘𝛾−1)+2
𝑝

Γ((𝑛+1)𝛼−𝑘𝛾)[(𝑝((𝑛 + 1)𝛼−𝑘𝛾−1) +1)(𝑝((𝑛+1)𝛼−𝑘𝛾 − 1)+2)]
1
𝑝

×

×
(︂
𝜂2 (𝑦)

2

)︂ 1
𝑞

=

=
(𝑦 − 𝑔(𝑎))((𝑛+1)𝛼−𝑘𝛾−1)+ 2

𝑝

2
1
𝑞 Γ(𝑛+1)𝛼−𝑘𝛾)[(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1)(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+2)]

1
𝑝

×

×

(︃ 𝑦∫︁
𝑔(𝑎)

⃦⃦⃦(︁(︁
𝐷

(𝑛+1)𝛼
𝑎+;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑤)
⃦⃦⃦𝑞

𝑑𝑤

)︃ 2
𝑞

,

∀ 𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)], proving the claim. �

Also we give a right generalized and iterated fractional Opial type
inequality:

Theorem 15. All here as in Theorem 11. Let 𝑝, 𝑞 > 1 : 1
𝑝

+ 1
𝑞

= 1. We
further assume that (𝑘 ∈ N)

1 > 𝛼 > max

(︂
𝑚 + (𝑘 − 1) 𝛾

𝑛 + 1
,
𝑘𝛾𝑞 + 1

(𝑛 + 1) 𝑞

)︂
.

Then

𝑔(𝑏)∫︁
𝑦

⃦⃦⃦(︁(︁
𝐷𝑘𝛾

𝑏−;𝑔𝑓
)︁
∘ 𝑔−1

)︁
(𝑤)
⃦⃦⃦ ⃦⃦⃦(︁(︁

𝐷
(𝑛+1)𝛼
𝑏−;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑤)
⃦⃦⃦
𝑑𝑤 6

6
(𝑔 (𝑏) − 𝑦)((𝑛+1)𝛼−𝑘𝛾−1)+ 2

𝑝

2
1
𝑞 Γ(𝑛+1)𝛼−𝑘𝛾)[(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+1)(𝑝((𝑛+1)𝛼−𝑘𝛾−1)+2)]

1
𝑝

×

×

(︃ 𝑔(𝑏)∫︁
𝑦

⃦⃦⃦(︁(︁
𝐷

(𝑛+1)𝛼
𝑏−;𝑔 𝑓

)︁
∘ 𝑔−1

)︁
(𝑤)
⃦⃦⃦𝑞

𝑑𝑤

)︃ 2
𝑞

, ∀𝑦 ∈ [𝑔(𝑎), 𝑔(𝑏)].

Proof. It is omitted as similar to Theorem 14. �

Next we present a left generalized and iterated fractional Hilbert-
Pachpatte type inequality:
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Theorem 16. Here 𝑖 = 1, 2. Let 𝑎𝑖, 𝑏𝑖 ∈ R, 𝑎𝑖 < 𝑏𝑖, 0 < 𝛼𝑖 < 1, as in (8),
(9), and 𝑔𝑖 ∈ 𝐶1([𝑎𝑖, 𝑏𝑖]) that are strictly increasing, 𝑓𝑖 ∈ 𝐶1([𝑎𝑖, 𝑏𝑖], 𝑋),
𝑔−1
𝑖 ∈ 𝐶1([𝑔𝑖(𝑎𝑖), 𝑔𝑖(𝑏𝑖)]). Assume that 𝐷𝑘𝑖𝛼𝑖

𝑎𝑖+;𝑔𝑖𝑓𝑖 ∈ 𝐶1([𝑎𝑖, 𝑏𝑖], 𝑋),
𝑘𝑖 = 1, . . . , 𝑛𝑖, and

(︀
𝐷𝜆𝑖𝛼𝑖

𝑎𝑖+;𝑔𝑖𝑓𝑖
)︀

(𝑎𝑖) = 0, 𝜆𝑖 = 0, 2, 3, . . . , 𝑛𝑖, where 𝑛𝑖 ∈ N.
Let 𝛾𝑖 > 0 with ⌈𝛾𝑖⌉ = 𝑚𝑖, 𝑘𝑖 ∈ N, 𝑝, 𝑞 > 1 : 1

𝑝
+ 1

𝑞
= 1. We further

assume:
1 > 𝛼1 > max

(︂
𝑚1 + (𝑘1 − 1) 𝛾1

𝑛1 + 1
,
𝑘1𝛾1𝑞 + 1

(𝑛1 + 1) 𝑞

)︂
, (8)

and
1 > 𝛼2 > max

(︂
𝑚2 + (𝑘2 − 1) 𝛾2

𝑛2 + 1
,
𝑘2𝛾2𝑝 + 1

(𝑛2 + 1) 𝑝

)︂
. (9)

Then

𝑔1(𝑏1)∫︁
𝑔1(𝑎1)

𝑔2(𝑏2)∫︁
𝑔2(𝑎2)

(︂⃦⃦(︀
𝐷𝑘1𝛾1

𝑎1+;𝑔1𝑓1
)︀
(𝑔−1

1 (𝑦1))
⃦⃦⃦⃦(︀

𝐷𝑘2𝛾2
𝑎2+;𝑔2𝑓2

)︀
(𝑔−1

2 (𝑦2)
)︀⃦⃦⧸︁

⧸︁[︁(𝑦1−𝑔1(𝑎1))
𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1

𝑝(𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1)
+

(𝑦2−𝑔2(𝑎2))
𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1

𝑞(𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1)

]︁)︂
𝑑𝑦1𝑑𝑦2

6
(𝑔1 (𝑏1) − 𝑔1 (𝑎1)) (𝑔2 (𝑏2) − 𝑔2 (𝑎2))

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2)
×

×

(︃ 𝑔1(𝑏1)∫︁
𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑎1+;𝑔1 𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︃ 1
𝑞

×

×

(︃ 𝑔2(𝑏2)∫︁
𝑔2(𝑎2)

⃦⃦⃦
(𝐷

(𝑛2+1)𝛼2

𝑎2+;𝑔2 𝑓2)
(︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︃ 1
𝑝

.

Proof. As in the proof of Theorem 14, we obtain:⃦⃦⃦(︁
𝐷𝑘1𝛾1

𝑎1+;𝑔1𝑓1

)︁ (︀
𝑔−1
1 (𝑦1)

)︀⃦⃦⃦
6

6
(𝑦1 − 𝑔1(𝑎1))

𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1
𝑝

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) (𝑝 ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1 − 1) + 1)
1
𝑝

× (10)

×

(︃ 𝑦1∫︁
𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑎1+;𝑔1 𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︃ 1
𝑞

,
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∀ 𝑦1 ∈ [𝑔1(𝑎1), 𝑔1(𝑏1)].
Also we obtain: ⃦⃦⃦(︁

𝐷𝑘2𝛾2
𝑎2+;𝑔2𝑓2

)︁ (︀
𝑔−1
2 (𝑦2)

)︀⃦⃦⃦
6

6
(𝑦2 − 𝑔2 (𝑎2))

𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1
𝑞

Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2) (𝑞 ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2 − 1) + 1)
1
𝑞

×

×

(︃ 𝑦2∫︁
𝑔2(𝑎2)

⃦⃦⃦(︁
𝐷

(𝑛2+1)𝛼2

𝑎2+;𝑔2 𝑓2

)︁ (︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︃ 1
𝑝

, (11)

∀ 𝑦2 ∈ [𝑔2(𝑎2), 𝑔2(𝑏2)].
Multiplying (10) and (11), we get:⃦⃦⃦(︁

𝐷𝑘1𝛾1
𝑎1+;𝑔1𝑓1

)︁ (︀
𝑔−1
1 (𝑦1)

)︀⃦⃦⃦ ⃦⃦⃦(︁
𝐷𝑘2𝛾2

𝑎2+;𝑔2𝑓2

)︁ (︀
𝑔−1
2 (𝑦2)

)︀⃦⃦⃦
6

6
1

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2)
×

×

(︃
(𝑦1−𝑔1(𝑎1))

𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1

(𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1)

)︃1
𝑝
(︃

(𝑦2−𝑔2(𝑎2))
𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1

(𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1)

)︃1
𝑞

×

×

(︃ 𝑦1∫︁
𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑎1+;𝑔1 𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︃ 1
𝑞

×

×

(︃ 𝑦2∫︁
𝑔2(𝑎2)

⃦⃦⃦(︁
𝐷

(𝑛2+1)𝛼2

𝑎2+;𝑔2 𝑓2

)︁ (︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︃ 1
𝑝

6

(using Young’s inequality for 𝑎, 𝑏 > 0, 𝑎
1
𝑝 𝑏

1
𝑞 6 𝑎

𝑝
+ 𝑏

𝑞
)

6
1

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2)
×

×

[︃(︃
(𝑦1−𝑔1(𝑎1))

𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1

(𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1)

)︃
+

(︃
(𝑦2−𝑔2(𝑎2))

𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1

(𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1)

)︃]︃
×
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×

(︃ 𝑦1∫︁
𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑎1+;𝑔1 𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︃1
𝑞

×

×

(︃ 𝑦2∫︁
𝑔2(𝑎2)

⃦⃦⃦(︁
𝐷

(𝑛2+1)𝛼2

𝑎2+;𝑔2 𝑓2

)︁ (︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︃1
𝑝

.

So far we have⃦⃦⃦(︁
𝐷𝑘1𝛾1

𝑎1+;𝑔1𝑓1

)︁ (︀
𝑔−1
1 (𝑦1)

)︀⃦⃦⃦ ⃦⃦⃦(︁
𝐷𝑘2𝛾2

𝑎2+;𝑔2𝑓2

)︁
(𝑔−1

2 (𝑦2))
⃦⃦⃦⧸︁

[︃(︃
(𝑦1−𝑔1(𝑎1))

𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1

(𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1)

)︃
+

(︃
(𝑦2−𝑔2(𝑎2))

𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1

(𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1)

)︃]︃
6

(12)

6
1

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2)
×

×

(︃ 𝑦1∫︁
𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑎1+;𝑔1 𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︃ 1
𝑞

×

×

(︃ 𝑦2∫︁
𝑔2(𝑎2)

⃦⃦⃦(︁
𝐷

(𝑛2+1)𝛼2

𝑎2+;𝑔2 𝑓2

)︁ (︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︃ 1
𝑝

.

The denominator in (12) can be zero only when 𝑦1 = 𝑔1(𝑎1) and 𝑦2 = 𝑔2(𝑎2).
Therefore we obtain

𝑔1(𝑏1)∫︁
𝑔1(𝑎1)

𝑔2(𝑏2)∫︁
𝑔2(𝑎2)

(︂⃦⃦(︀
𝐷𝑘1𝛾1

𝑎1+;𝑔1𝑓1
)︀
(𝑔−1

1 (𝑦1))
⃦⃦⃦⃦(︀

𝐷𝑘2𝛾2
𝑎2+;𝑔2𝑓2

)︀
(𝑔−1

2 (𝑦2)
)︀⃦⃦⧸︁

⧸︁[︁(𝑦1−𝑔1(𝑎1))
𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1

𝑝(𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1)
+

(𝑦2−𝑔2(𝑎2))
𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1

𝑞(𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1)

]︁)︂
𝑑𝑦1𝑑𝑦2

6
1

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2)
×

×
(︂ 𝑔1(𝑏1)∫︁

𝑔1(𝑎1)

(︂ 𝑦1∫︁
𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑎1+;𝑔1 𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︂ 1
𝑞

𝑑𝑦1

)︂
×
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×
(︂ 𝑔2(𝑏2)∫︁

𝑔2(𝑎2)

(︂ 𝑦2∫︁
𝑔2(𝑎2)

⃦⃦⃦(︁
𝐷

(𝑛2+1)𝛼2

𝑎2+;𝑔2 𝑓2

)︁ (︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︂ 1
𝑝

𝑑𝑦2

)︂
6

6
1

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2)
×

×
(︂ 𝑔1(𝑏1)∫︁

𝑔1(𝑎1)

(︂ 𝑔1(𝑏1)∫︁
𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑎1+;𝑔1 𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︂ 1
𝑞

𝑑𝑦1

)︂
×

×
(︂ 𝑔2(𝑏2)∫︁

𝑔2(𝑎2)

(︂ 𝑔2(𝑏2)∫︁
𝑔2(𝑎2)

⃦⃦⃦(︁
𝐷

(𝑛2+1)𝛼2

𝑎2+;𝑔2 𝑓2

)︁ (︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︂ 1
𝑝

𝑑𝑦2

)︂
=

=
(𝑔1 (𝑏1) − 𝑔1 (𝑎1)) (𝑔2 (𝑏2) − 𝑔2 (𝑎2))

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2)
×

×
(︂ 𝑔1(𝑏1)∫︁

𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑎1+;𝑔1 𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︂ 1
𝑞

×

×
(︂ 𝑔2(𝑏2)∫︁

𝑔2(𝑎2)

⃦⃦⃦(︁
𝐷

(𝑛2+1)𝛼2

𝑎2+;𝑔2 𝑓2

)︁ (︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︂ 1
𝑝

.

The theorem is proved. �

Finally we present a right generalized and iterated fractional Hilbert-
Pachpatte type inequality:

Theorem 17. Here 𝑖 = 1, 2. Let 𝑎𝑖, 𝑏𝑖 ∈ R, 𝑎𝑖 < 𝑏𝑖, 0 < 𝛼𝑖 < 1, as in (13),
(14), and 𝑔𝑖 ∈ 𝐶1([𝑎𝑖, 𝑏𝑖]) that are strictly increasing, 𝑓𝑖 ∈ 𝐶1([𝑎𝑖, 𝑏𝑖], 𝑋),
𝑔−1
𝑖 ∈ 𝐶1([𝑔𝑖(𝑎𝑖), 𝑔𝑖(𝑏𝑖)]). Assume that 𝐷𝑘𝑖𝛼𝑖

𝑏𝑖−;𝑔𝑖
𝑓𝑖 ∈ 𝐶1([𝑎𝑖, 𝑏𝑖], 𝑋),

𝑘𝑖 = 1, . . . , 𝑛𝑖, and
(︀
𝐷𝜆𝑖𝛼𝑖

𝑏𝑖−;𝑔𝑖
𝑓𝑖
)︀

(𝑏𝑖) = 0, 𝜆𝑖 = 0, 2, 3, . . . , 𝑛𝑖, where 𝑛𝑖 ∈ N.
Let 𝛾𝑖 > 0 with ⌈𝛾𝑖⌉ = 𝑚𝑖, 𝑘𝑖 ∈ N, 𝑝, 𝑞 > 1 : 1

𝑝
+ 1

𝑞
= 1. We further

assume:
1 > 𝛼1 > max

(︂
𝑚1 + (𝑘1 − 1) 𝛾1

𝑛1 + 1
,
𝑘1𝛾1𝑞 + 1

(𝑛1 + 1) 𝑞

)︂
. (13)

and
1 > 𝛼2 > max

(︂
𝑚2 + (𝑘2 − 1) 𝛾2

𝑛2 + 1
,
𝑘2𝛾2𝑝 + 1

(𝑛2 + 1) 𝑝

)︂
. (14)
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Then

𝑔1(𝑏1)∫︁
𝑔1(𝑎1)

𝑔2(𝑏2)∫︁
𝑔2(𝑎2)

(︂⃦⃦(︀
𝐷𝑘1𝛾1

𝑏1−;𝑔1
𝑓1
)︀
(𝑔−1

1 (𝑦1))
⃦⃦⃦⃦(︀

𝐷𝑘2𝛾2
𝑏2−;𝑔2

𝑓2
)︀
(𝑔−1

2 (𝑦2)
)︀⃦⃦⧸︁

⧸︁[︁ (𝑔1(𝑏1)−𝑦1)
𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1

𝑝(𝑝((𝑛1+1)𝛼1−𝑘1𝛾1−1)+1)
+

(𝑔2(𝑏2)−𝑦2)
𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1

𝑞(𝑞((𝑛2+1)𝛼2−𝑘2𝛾2−1)+1)

]︁)︂
𝑑𝑦1𝑑𝑦2

6
(𝑔1 (𝑏1) − 𝑔1 (𝑎1)) (𝑔2 (𝑏2) − 𝑔2 (𝑎2))

Γ ((𝑛1 + 1)𝛼1 − 𝑘1𝛾1) Γ ((𝑛2 + 1)𝛼2 − 𝑘2𝛾2)
×

×
(︂ 𝑔1(𝑏1)∫︁

𝑔1(𝑎1)

⃦⃦⃦(︁
𝐷

(𝑛1+1)𝛼1

𝑏1−;𝑔1
𝑓1

)︁ (︀
𝑔−1
1 (𝑧1)

)︀⃦⃦⃦𝑞
𝑑𝑧1

)︂ 1
𝑞

×

×
(︂ 𝑔2(𝑏2)∫︁

𝑔2(𝑎2)

⃦⃦⃦(︁
𝐷

(𝑛2+1)𝛼2

𝑏2−;𝑔2
𝑓2

)︁ (︀
𝑔−1
2 (𝑧2)

)︀⃦⃦⃦𝑝
𝑑𝑧2

)︂ 1
𝑝

.

Proof. It is similar to Theorem 16, thus it is omitted. �

Remark 2. Some examples for 𝑔 follow:

𝑔(𝑥) = 𝑒𝑥, 𝑥 ∈ [𝑎, 𝑏] ⊂ R,
𝑔(𝑥) = sin𝑥,

𝑔(𝑥) = tan𝑥,

where 𝑥 ∈ [−𝜋

2
+ 𝜀,

𝜋

2
− 𝜀], where 𝜀 > 0 small.

Indeed, the above examples of 𝑔 are strictly increasing and continous func-
tions.

One can apply all of our results here for the above specific choices of
𝑔. We choose to omit this job.
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