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1. Introduction and main results. Let I' C C be a rectifiable
Jordan curve. For a given 0 < A < 2 and 1 < p < oo, the Morrey space
LPA(T) is defined as the set of all functions f € LY (T'), such that

loc

1 » 1/p
b = sup ————— 2)|" |dz < 00,
Wlinsay = {0 ot [ 1010 |
BN’

where |B NT'| denotes the Lebesgue measure of BNT" and the supremum
is taken over all disks B C C centered on I'. Let T := {w: |[w| =1} or
T := [0,27]. In the case of I' = T, the Morrey space LP*(T) can be
defined as the set of all functions f € L¥ (0, 2m) for which

loc

1 ; 1/p
Whirsy =l = ooy [ 7@l <o
I

where the supremum is taken over all subintervals I C (0,27). LP* (),
0 < A< 2and 1 < p < oo, becomes a Banach space equipped with
the norm |[[-[| ). If we choose A = 2, then LP2(T') coincides with the
Lebesgue space L? (T'); also, if we choose A = 0, then LP° (T) coincides
with L> (T'). Moreover, LP* (T') C LP*2 (') as soon as 0 < A\; < Ay < 2.

(© Petrozavodsk State University, 2021

[G) ev-rc |


http://creativecommons.org/licenses/by/4.0/

80 A. Testici, D. M. Israfilov

Let G C C be a bounded Jordan domain with rectifiable boundary I"
and let G~ := Eztl’. Denoting by EP (G) the classical Smirnov class of
analytic functions in G, we define the Morrey-Smirnov class EP* (G) as

EPMN(G)={feE"(G): feLP*()}.

Then EPA(G), 0 < A < 2 and 1 < p < oo, becomes a Banach space
equipped with the norm ||fHEp,A(G) = || fll ppr(ry- If we choose A = 2, then
EP? (@) coincides with the classical Smirnov class E? (G). Moreover, it
can be easily seen that EPM (G) C EP2 (G) iff 0 < A\ < Ay < 2.

If G :=D:={w:|w| <1}, then we obtain the Morrey-Hardy space
HP* (D) : = EPA (D), defined on D.

Morrey spaces were introduced by Morrey in [24] and have impor-
tant applications in differential equations. They are commonly used for
study of local behavior of solutions of the elliptic differential equations,
especially. Many authors have considered the fundamental problems of
potential theory, maximal and singular operator theory in these spaces
(see for instance: [1-3|, [25], [8], [22]). Also, problems of approxima-
tion theory in Morrey spaces have been studied; in particular, in the
papers [13], [14], [18-20], [5] the direct and inverse theorems of approxima-
tion theory in the Morrey spaces LP* (T) and also in the Morrey-Smirnov
classes EP* (G) were obtained.

In this work, we study approximation properties of matrix transforms
constructed via the Fourier and Faber series, in the subclasses of Morrey
spaces and Morrey-Smirnov classes of analytic functions, respectively. Let
us give some definitions needed to formulate the main results obtained in
this work.

Let f € L'(T) and let f (z) ~ ao/2 + E (ay, cos kx + by sin kx) be its

Fourier series representation with the Fourler coefficients

oy = % / £ (1) cos (kt) dt and by = % / F (1) sin (kt) dt.

Let also S, (f) (z) = >_ ur (f) (), n=0,1,2,... be the n-th partial
k=0

sums of the Fourier series of f, where

uo (f) (x) := % and ug (f) (x) := (ag coskx + by sinkz), k=1,2,...



Approximation in Morrey Spaces 81

Let A = (a, ) be an infinite lower-triangular regular matrix with non-
negative elements and let s = Y peo @ni be its n-th row sum for
n=0,1,2,... We say that the matrix A = (a,) has almost monotone in-
creasing (decreasing) rows, if there is a constant K (K5), depending only
on A, such that a,; < Kianm (Gnm < Kaapny), where 0 < £ < m < n.
The matrix transform of Fourier series of f € LP*(T) with respect to
A = (any) is defined as

n

T (f) (2) =Y ansSi (f) (x) .

k=0

If ang = pn_i/Pn, for a given sequence (p,) of positive numbers,
where P, = >")'_, Pk, then the matrix transform 7, A (f) coincides with
the Norlund mean

N, (f) (2) = ,% S puiSi () (1)

which reduces to the Cesaro means

on (F) (1) = —— 3 S (f) ()

n+1

in the case p, = 1 for all n = 0,1,2,... Let us define the modulus of

smoothness Q2 (f,-), , : [0,00) = [0, 00) defined as

Q(f,0),, = sup 1fC+8) = fOllpamy, >0
We use the relation f = O (g), which means that f < cg for a positive
constant ¢, independent of f and g.

Definition 1. Let f € LP*M(T), 0 <A< 2, 1<p<ooand0 < a < 1.
We say that f € Lip"N(T,a) if Q(f,0), , = O (6%) for 0 < 4.

Firstly, we study the approximation properties of the matrix
transforms 7.\ (f) in the subspaces LipP*(T,a), 0 < a < 1, and then

extend the obtained results to the subclasses of EP* (G). Our main results
are following:

Theorem 1. Let 0 < A < 2and 1 < p < co. Let f € LipP* (T, a),
0 < a <1, and let A = (a,x) be a lower-triangular matrix with

‘35{4) — 1| = O (n™®). If one of the conditions:
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(i) A has almost monotone decreasing rows and (n + 1)a,o = O(1),

(ii) A has almost monotone increasing rows and (n + 1)an,r = O(1),
where k is the integer part of n/2,

holds, then
Hf - <f)HLp,A(1r) =0(n™).

Let (p,) be a sequence of positive numbers. If (p,) is almost monotone
decreasing, then the matrix A = (a,x) with @, = pn—r/P, has almost
monotone increasing rows and

(n+1)pg Kk+1)p.

n+1Da, <K =K =0 (1),
(0 + 1) < KO = g0 20 (1)

where k = [n/2]. Thus A satisfies the condition ( ii) of Theorem 1. If (p,)
is almost monotone increasing and (n+1)p, = O (F,), then A has almost
monotone decreasing rows and

n 1
(n+Dano < (n+ 1)% = 5-0(P) =0().

Therefore, A satisfies the condition (i) of Theorem 1 and, hence, we have

Corollary 1. Let 0 < A <2 and 1 < p < oo. Let also f € LipP* (T, «)
for 0 < a < 1 and let (p,) be a sequence of positive numbers. If one of
the conditions:

(i) (p,) is almost monotone increasing and (n+ 1)p, = O (P,),

(ii) (pn) is almost monotone decreasing
holds, then |[f — Ny ()l e, = O (n7).

Theorem 2. Let 0 < A < 2and 1 < p < oo. Let f € LipP* (T,1)
and let A = (a,y) be a lower-triangular matrix satisfying the relation

}85{4) - 1‘ =0 (nh).
If Yop i (n=k)|ans1—an| = O(1), then || f =T (f)|] fys gy = O 7).

Since ZZ;; (n—k)|ang—1— angl < n ZZ;} |an k-1 — anil, by Theo-
rem 1 we immediately have Corollary 2.

Corollary 1. Let 0 < A < 2 and 1 < p < oo. Let f € Lip?*(T,1)
and let A = (anx) be a lower-triangular matrix satisfying the relation

s — 1) = O(n).
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n—1
IF 3 Jango1 = ansl = O, then || f — Ts" ()| orry = O(n ).
=1

If 5000 pe—pisa| = O(Pu/n), we have Y3074 |ane-1—ans| = O(n"),
where a1, = pn_i/P, and P, = >} _ i (see, [16]). Hence, Corollary 1
implies
Corollary 2. Let 0 < A< 2 and 1 < p < oo. Let also f € Lip?* (T, 1)
and let (p,) be a sequence of positive numbers.

n—1
Ika [Pk — D1 | = O(Pa/n), then || f — No (f)|| poriry = O(n 7).
=1

Note that similar results in classical and variable Lebesgue spaces were
proved in [4], [23], [21], [11], [15]. We extend the results obtained above
to the subclasses of EP* (G). Moreover, similar results in weighted Orlicz
space were proved in [17]. Therefore, we need to give some definitions and
auxiliary results.

Definition 2. Let I' be a smooth Jordan curve and let 6(s) be the angle
between the tangent and the positive real axis expressed as a function of
arclength s. If 0(s) has a modulus of continuity w(#, s) satisfying the Dini
smoothness condition fo w(f,s)/s]ds < 0o, 6 > 0, then we say that I' is
a Dini smooth curve.

We denote the set of Dini smooth curves by .
Let ¢ be the conformal mapping of G~ onto D™, normalized by the
conditions ¢ (c0) = oo and lim ¢ (2)/z > 0, and let ¥ := ¢! be its
Z—00

inverse. Since T is a rectifiable Jordan curve, the derivatives ¢ and 1’
have definite nontangential boundary values a.e. on I' and T, and the
boundary functions are integrable with respect to the Lebesgue measure
on I' and T, respectively [10, p. 419-438|. On the other hand, if ' € D,
then, by [27], there are positive constants ¢; > 0, i = 1, 2, 3, 4, such that

0<er <Y ()| <ea<oo, 0<es <@ (2)] ey < o0, (1)

a.e. on T and T, respectively. Using (1), it is easily to see that if [' € D,
then there exist some positive constants 0/2 and cj, such that for any arc
v C T the relation ¢, |y| < |p(7)] < 4 |y|, where |y| and |p(7)| are
the linear Lebesgue measures of + and its image under the conformal
mapping ¢, holds. Then, denoting fy (w) := (f o ¢) (w), w € T, we have
the implication

feLPMT) < fo € LPA(T). (2)
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For a given f € LP* (T), the Cauchy-type integral

1 fo(7)
+ ._
fo (w) == 57 | > wdT, webD
T

is analytic in D. If f € LP*(T), then, by (2) fo € LP*(T) and by Corol-
lary 1 proved in [13], we have fi" € HP* (D).

Let f € EPMG),0 < A <2, 1<p<ooand0< a < 1. Denoting
QUf, )apar = Qf",0)p0, we say that

f € LipP NG, a) it Q(F,8)gpn = O(6%) for 0 < 6.

Now let Fj,, k = 0,1,2,..., be the Faber polynomials for G, defined
by the series representation (see, [26]):

#:Ziki)’ weD and z € G. (3)
k=0

On the other hand, by the Cauchy integral formula:

_ (S 1 [ fo(w)d (w)
f(z)—r/g—zdc_Qm'T U (w) — z

dw, z € G,

for every f € EP* (G). Comparing this formula with (3), we have

f(z)~ Zaka (2),z €@, (4)
k=0
where .
ak:ak(f):ZQ—m, %dw, k=0,1,2,... (5)
T

The series (4) is called the Faber series of f € EP* (G) and the coef-
ficients ay, k = 0,1,2,..., are the Faber coefficients of f € EP* (G). For
f € EP*(G), we define the n-th partial sums of series (4) as

SY(N)(2) =) ar(f)Fr(z), n=123,...,
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and n-th matrix transform

n

T () (2) =Y anxSE () (2), n=1,23,. ..,
k=0
of the Faber series with respect to the infinite lower-triangular regular
matrix A = (a, ) with non-negative elements a, ;. If a, i = po_i/Pn
for a given sequence (p,) of positive numbers, where P, = >"}'_, px, then
the matrix transforms Tg}?z (f),n=0,1,..., coincide with the N6rlund
means

NO (1) (z) = Pi S pu kS8 (F) (2)

of Faber series. Now, let s\’ = Y peo@nk , n=0,1,... be the n-th row
sum of the matrix A.
Theorem 3. LetI'€®,0<\A<2,1<p<oo. Let fe LipP*G,a),
0 < a < 1, and let A be a lower-triangular matrix with |s${4)—1| =0O(n°),
A= (amk).
If one of the following conditions:
(i) A has almost monotone decreasing rows and (n+ 1) a,o = O (1),
(ii) A has almost monotone increasing rows and (n+1)a,, = O (1),
where k is the integer part of n/2,
holds, then
| £ —780 )]

Corollary 1. Let I' € ©, 0 < A < 2,1 < p < oo. Let also
f € LipP*G,a), 0 < a < 1, and let (p,) be a sequence of positive
numbers. If one of the following conditions:

=0 (n_a) .

AT

(i) (pn) is almost monotone increasing and (n+ 1) p, = O (P,),
(ii) (p,) is almost monotone decreasing,
holds, then || f — N5 (f) || zoary = O (n7°).
Theorem 4. Let' € ©, 0 < A < 2and 1 < p < oco. Let also
[ € LipP(G, 1) and let A = (a, ) be a lower-triangular matrix satisfying
the relation |s" — 1| = O (n™?).
If S0 (n = k) |ang—1 — ang| = O (1), then

|r-18 = 0(n™).

Lr:A(T)
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Corollary 1. LetT' € ®,0 <A< 2and1 < p < oo. Let f € LipP*(G, 1)
and let A = (any) be a lower-triangular matrix satisfying the condition

s — 1] =0 (™).
I Y00 fanset = anal = O, then || £ =T (1)

=0(n™).

Lr:A(T)

Corollary 2. Let ' € ©, 0 < A < 2 and 1 < p < o0.
Let f € LipP* (G, 1) and let (p,) be a sequence of positive numbers.

If ZZ;; |pk - pk+1| =0 (Pn/n) ) then ||f - NS (f)HLp,A(F) =0 (TL*l) .
2. Auxiliary results.

Lemma 1. Let 0 < A < 2 and 1 < p < oo. Then there exists a
constant c such that for every f € LP* (T) the inequality ||.S, (f) oy <
¢ HfHLP,/\('JI‘) holds.

Proof. Let I be any subinterval of T with the characteristic function
X7- By [7], the maximal function Mx; belongs to A; (T), i.e., almost
everywhere on T the inequality M (M) < ¢Mx; holds. Considering the
boundedness [12] of S,, (f) in the weighted Lebesgue space, we have

[ 15 (0) @ o = / 50 (F) (@) xa () dr <

/ 15, () (@) Mz () de < / @ My (2) de.

T

Then, by the equivalence (see, also: [8])

My (z) ) + Z 27 X @rrinarn) (2)

we obtain

up—— / 15, (f) ()P dr <

Il

I
1 —
< G SI}PF/V(%)VQ (X] () + Y 27 X einaen ($)>d$ <
2

k=0
/\f )P dx +

< ¢ sup
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+cg Sup |I\ / x)P Z 272 X(2k+1 0261y (1) d =

o 17T 22 sup [ varee) <

|f|1"
2k+119kT
< <||f||m +Zz—2ksup = [ vore dm)\
k=0 1 2 iy
< (IIfIW

+ 272k+(k+1)( )Su - / |f ‘P )dl‘) <
kZ:O |2"““f| 2

ey
/ @) (@ dx)\

< <HfHLp/\ )+22 2k+(k+1)(1-3) sup

< eI -

because of Y2 2#+(E+D1-3) < 50 [
k=0

Let f € L' (T) and let f be its conjugate function defined as

™

~ 1 f(t
f(z):= ;_/—2tan(t_7m)dt'

The conjugate operator fis bounded in the weighted Lebesgue space [12].
Applying the same method used in the proof of Lemma 1, we obtain

Lemma 2. Let 0 < A <2 and 1 <p < oo. Then there exists a constant
c such that for every f € LP*(T) the inequality HfHLM(T) < |l fllpprcry
holds.

Lemma 3. Let 0 < a < 1,0<A<2,1<p<oo. If fe LipP* (T, ),
T :1 2 t.hen ||f_Sn (f>||Lp*>‘(T) == O(n_a>.

Proof. Let TY , n = 1,2,..., be the best-approximation trigonometric
polynomial to f € Lip?* (T,a) in II,,, where II, is the set of trigonomet-
ric polynomials of degree not exceeding n. Then, from the direct theo-

rem proved in [13], we have || f — T;HLP,A(T) = O (n~%). Hence, applying
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Lemma 1, we have

1 = Sn ()l oy 1f =Tl ey + 1T = Sn (D)l zor(ry <

1f = Tl oy + 150 (T = Ml orery =
O (If = Tillnacey) = © ().

Thus, the lemma is proved. [J

Let Wf’)‘('ﬂ‘)::{f : f be absolutely continuous and f’ € LP*(T)} be the
Sobolev-Morrey space defined on T.

Lemma 4. Let 0 < A <2 and 1 < p < co. Then f € LipP* (T, 1) <
f e WPNT).

Proof. Let f € Lip?*(T,1). Since LP*(T,1) C LP(T), we have
[l zoery < cllfllppacr) and then Q(f,0),, < 2(f,4),, = O (). This
relation shows that f is an absolute continuous function on T and, more-
over, f" € LP(T). Since [f (x +1t) — f(x)] /t = f'(x),t — 0, a.e. on T,

we have s
%/ ’f@”i_f(””)’dt% ()], 6= 0",

5/2

and, then, by the Fatou Lemma in LPA(T, 1)

NN

, ) DR (0]
1oy = [ tim 2 / U ey
6/2
5 )
< lim inf“—/‘f(x+t)_f(z)‘dt <
§—0+ ) t LP:A(T)
5/2
)
< timint 5 [If o - sl <
S ™SS v N ey S
0

.4
< 0615& inf SQ (f:0),,=0(1);

hence, f' € WPMNT). Conversely, if f € WPT), then, by absolute
¢

continuity of f, we have f (x+t) — f(z) = [ f'(z + u) du. Considering
0
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the boundedness of the maximal operator in the Morrey spaces in [6], we
have

Q(f, 5)p,A =sup [[f(z+t)— f (@HLM(T) <

|h|<é
)

t
)/Iff <x+u)yduHW(T) <c5”%/\f/ (x+u)|duHW(T) <
0

0

< sup
|h|<s

< C‘SHf/HLM(T) < co.

Thus f € LipP (T, 1). O
Lemma 5. Let 0 < A < 2 and 1 < p < oo. If f € LipP* (T, 1), then
150 (f) = on (F)ll gy = O (n71).

Proof. Let f € Lip»* (T,1). By Lemma 4, we have f € Wf’)‘(T). If f

[e.9]
has the Fourier series Y wuy (f), then the Fourier series of the conjugate
k=0

function f”is 3 kug (f). After simple computations, we have

:k_oumf)—n“k_g;uym:kz_;(ukm—nﬂgu,,(f)):
- n+1—k oo
:k:()( — 1 )uk<f)_k0n+1 k(f),
and, hence,
“\ ok
Su() = ou(f) =2 g (F). (6)
k=1

Using here Lemmas 1 and 2, we obtain
—~ k
‘ LPA(T) H ; n 4+ 1uk (/)

5.(7)

Thus, the lemma is proved. [

Sn (f) = on (f)

Lr:A(T)

_ 1 ’
Cn+1

¢ -1
LPA(T) S n Hf,“L”’A(T) =0 (n).
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Lemma 6. [11] Let A = (a, ) be infinite lower-triangular matrix and
0 < a < 1. If one of the conditions:

(i) A has almost monotone decreasing rows and (n + 1) a,o = O (1),
(ii) A has almost monotone increasing rows and (n + 1)a,, = O (1),
Mol =om),

holds, then Y, _ k™ %an ), = O (n™?).

Lemma 7. [16] If A = (anx) Is an infinite lower-triangular matrix with
non-negative elements a,, i, then for every positive integer r and n such
that 1 < r < n — 1, the equality

-1

—_

<Z |anm 1 — Qn m|) = ( k) |an,k71 — Qpk

k=r m=r

3
3

B
Il
3

holds.

Let P be the set of all polynomials with no restrictions on the degree
and P (D) be the trace of all members of P on D.
We define the operator T : P (]D)) — EP* (G) as

1L [ P(p(<))
T( : 27TZ/ w 2—m/g_—zd§, z e (.

r

If P(w):= Y byw®, then, by (3), we have

k=0

(S - o [ e S

Tl e® 0< A< 2 and 1 < p < oo, then the linear operator
T :P (D) — EP*(G) is bounded (see [14]). Hence, extending the operator
Y from P (D) to HP* (D) as a linear and bounded operator, we obtain the
extended operator T : HP* (D) — EPA (G) with the representation

T(f)(z) ::%/%dw, z€G, feH (D).

Theorem 5. [14] Let ' € ©, 0 < A < 2 and 1 < p < co. Then the
operator Y (P) : H?* (D) — EP* (G) is linear, bounded, one to one, and
onto. Moreover, Y (fyf) = f for every f € EP*(G).
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3. Proofs of the Main Results.

Proof of Theorem 1. Let f € Lip?P(T, a), 0 < a < 1,0 <\ <2
1 < p < oo and let A = (a,x) be a lower-triangular matrix with
|S$LA) — 1] = O(n™®). Suppose that one of the conditions (i) and (ii)
holds. By definition of T,\"" (f) and sV we have

= " auiSu()@) — flo) + s f(x) — s f ()
= > ik [Se(f) (x) = f(@)] + (s = 1) £ (x)

Since |si) — 1| = O (n™%), by Lemmas 3 and 6 we obtain
15 =T (D) g ry < @m0 180 (F) = Fll oy +

+ 3 ang 15k (F) = Flliwacr + 155 = 1 1F 1l oy <

< O(n—lkl) +cian,kk_a+0(n_a> = O(n‘"‘). O
k=1

Proof of Theorem 2. Let f € szp ( 1), 0<A<2,pe€(1,00),

A = (anx) be alower-triangular matrix, |sn —1/=0(n""'). By Lemma 3,

we have:
Hf - quA) <f)HLPv\(T) < ”Sn( (A) f HLP)\ +Hf S ( )HLPQ\(T) =
= ”Sn - Tng) HLM(T) +0 (n_l) - (1)

If Ay g = " 4 Gnm, then

T () (@) = 3 aneSi (1) (@) = 3 anp( D wn () () ) =

— Z (Z anyk)uk (f)(z) = iz‘ln,kuk (f) (z)

k=0 m=k
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On the other hand, since s\ = Y po (n ks We get:

So(£) (@) = D un(f)(z)=
= Ao D ue (f) (@) + (1= A0) Y (f) () =

k=0

= > Anour (f) (2) + (1= s9) S, (f) ().

By Lemma 1 and by the condition IS%A) —1=0(mn1):

S (f) = T <X A - a4, O (n7).

‘ (f) =T (f) o S 12 (An o) uk (f) oy T (n7)
L (8)

Setting by, := ===, k =1,2,...,n and applying the Abel transform,

we have

n

k=1 m=1

k=1

—_

n—

£ 37 (Bo= ) ( Z mit, (f) ).

1

B
Il

and, then:

|3 (o = v (8)

; e U)o

n—1 k
+ Z bk — bn et | (H Z My, (f)
k=1 m=1

<
LrA(T) X | bn,n |

LM(T))' 9)
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Now, using (6) and applying Lemma 5, we have

| imum (f)

= (n+ D150 (f) = on (Nl oy =

= (n+1)0O (n_l) =0(1); (10)

Lp:A(T)

later, by the condition

s — 1‘ =0 (n™):

B (A)
|bn,n| = ‘An,n An’0’ = |ann on ‘ =
n n
1 1
_ L Ly _ ot
= <sn ann> < ns (’)(n ) (11)

Since, by the relations (8)—(11),

n—1
HSn (f) - TT(LA) (f)HLp)\(’I[‘) < O(n_l + Z |bn,k - bn,k+1| )7 (12>
k=1

n—1
to complete the proof it remains to prove that > [b,x — bygy1| = O (n71).
k=1
After simple calculations, we have
1 k
bn - bn = 77 1N [ n, n m] 13
K k41 Kk + 1) ) Ak — mz::oa (13)
and, later, iteration easily shows that for k =1,2,... n,

k
)Zan,m—(k ank Zm’anm 1 anm’ (14>
m=0

If the condition S°7—1 (n — k) a1 — @ni| = O (1) of Theorem 2 holds,
then by (13) and (14) we get

—_

n—

|bn,k nk—l—l‘ Zk’ ]{?—f—l Zm|anm 1~ anm|+

1

i

1
T E—— 1 — 1
+; k(k—i- 1) mz_lm‘an,m 1 an,m‘a ( 5)
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for r := [n/2]. For the first term of the right-hand side, applying the Abel
transform we have

r k
1
Z T 71 1)\ Z m ’an,m—l - an,m’ <
k=1 k (k T 1> m=1
r T 1
< Z ‘an,k—l - an,k| = Z m (n - k?) ’an,k—l - an,k| <
k=1 k=1

T

(n - k) |an,k71 - an,k| <

For the second term, we can write

3
H

k Zm’a’nm 1~ anm’
1
< ; mmzlm |an,m—1 - an,m| +

— 1

b
Il
3

Since Y. |ank—1 — ani| = O (n~!), based on (16) we have

k=1
n—1 1
[n ;]ﬂ-}— Z’anm 1~ anm’_

_1)Z%H:O(n_l)(n—r)ri1 —o(m).

k=r
Now we estimate [,,. By Lemma 7

n—1 k

[n Zki1;|an,ml _an,m| <

k=r =r
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1 n—1 k 9 n—1 k
< r+1 (Z |an,m—1 - an,m|) < E <Z |an,m—1 - an,m|> <
k=r m=r k=r m=r
9 n—1 9 n—1
<= (n—k)|anp-1—ank] < =) (n—k)|ani-1—anx| = O (n7").
n k=r n k=1
Thus
n—1 1 k
_ -1
£ m WLz:lm |an,m—1 — an,m| < Inl + -[ng = 0 (’I’L ) . (17)

Hence, by the relations (15)—(17) we have

n—1
Z ‘bn,kz — bn,k+1| = O (n_l) . (18)
k=1

Now, the relations (7), (12), and (18) imply the desired inequality. [J
Proof of Theorem 3. Let ' € ©, 0 < A < 2,1 < p < o0,
and f € LipP* (G,a) for 0 < a < 1. Let A = (a,x) be a lower-
triangular matrix with |s\” — 1| = O (n=*). Since f € EP* (G), we have
fif € HP* (D) C H! (D), which implies that the boundary function of f;
belongs to LP* (T). Let > By (f;7) w*, w € D, be the Taylor-series expan-
k=0

sion of the function f; on the unit disk D. By Theorem 3.4 in |9, p. 38|,
we get:

a (ff) = {

0, k<0,
where > ¢, (fif) €™ is the Fourier series of the boundary function of
k=—00
fo € LP*(T) C L*(T). Therefore, we have fy (w) = > ¢ (fg) w".
k=—o0

Assuming that fo (w) = fi" (w) — fy (w) a.e. on T, we get:
1 hw, 1@, 1 [ fw)

ar (f) = - = — W — —
(f) 274 wktl 21 wk+1 21 wktl
T T T

1 fof
= o [ ().

T

dw =
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which shows that the Faber coefficients ay (f), k£ = 0,1,2,..., are the
Taylor coefficients of f;~ at the origin, that is

o0

I (w):Zak(f)wk,we]D. (19)
k=0
If Z ar (f) Fy. (z) is the Faber-series expansion of f € EP* (@), then, by
(19) and (3), we get
T(Y e () wh) = S5 () () and T (T (f) = TE) (). (20)
k=0

Taking into account the conditions of Theorem 3, we have fi € LipP* (T, «).
Now, applying Theorem 1 for f;" and Theorem 5, we have:

| =762, = 1T G =T @D D ey =

= [0 =T U D ooy < el =T ()| oy = 0 (7). B

Proof of Theorem 4. Let ' € ©,0 < A < 2,1 < p < 0o. The condition
f € LipP?* (G, 1) of Theorem 4, by definition of classes LipP* (G, 1), means
that f- € LipP* (T, 1). Then, applying Theorem 2 for f;", by (20) and
Theorem 5, we have

| -7 H o =T ) =@ ) oy =
— T (55 - <>>>|W <ellfd =T (fi) | onmy = © (n71) .0
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