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KOEBE DOMAINS FOR THE CLASS OF TYPICALLY
REAL ODD FUNCTIONS

L. KoczaN, P. ZAPRAWA

In this paper we discuss the generalized Koebe domains for the
class T and the set D C A = {z € C : |z| < 1}, i.e. the sets of
the form ﬂfeTM f(D). The main idea we work with is the method

of the envelope. We determine the Koebe domains for H = {z €
At |2% + 1| > 2|z|} and for special sets Qa, « < 3. It appears that
the set Q4 is the largest subset of A for which one can compute
the Koebe domain with the use of this method. It means that the
set Kp(2) (Q%) U K7 (A) is the largest subset of the still unknown

set Kp(2) (A) which we are able to derive.

Introduction

Let A denote the set of all functions which are analytic in the unit
disk A = {z € C : |2z| < 1} and normalized by f(0) = f'(0) —1 = 0. The
notion of the Koebe domain was generalized in [5] as follows. For a given
class A C A and for a given domain D C A, a set

) f(D)
feEA

is called the Koebe domain for the class A and the set D. We denote this
set by K4(D).
It is easy to observe that if a compact class A has the property

feA iff e f(ze'?)c A foreach ¢€ R, (1)
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and D =A, ={z€C:|z| <r},r € (0,1], then K4(A,) is a disk with the
center in the origin. Moreover, if all functions belonging to A are univalent
in A, then the radius of this disk is equal to min{|f(z)| : f € 4, |z| = r}.

The property (1) does not hold in classes consisting of functions with
real coeflicients, for example in the class of typically real functions

T={feA:ImfIm{(}) >/, € }. (2)

We use the notation:
S ={f € A:{is univalent in A},
Ar = {f € A: f has real coefficients},
({a,b)) - a line segment connecting a,b € C,

(A) - a closure of A,
int(A) - an interior of A.
Koebe domains have a few simple properties.

THEOREM A [5]. For a fixed compact class A C A the following properties
of K4(D) are true:
1. if A satisfies (1) and A C S then K4(A,) = Ay, ry, where m(r) =
min{|f(z)|: f € A,z € A, };
2. if A C Ag and D is symmetric with respect to the real axis then
K4 (D) is symmetric with respect to the real axis;

3. ifAC Ar, f € A < —f(—z) € A, and D is symmetric with
respect to both axes then K 4(D) is symmetric with respect to both
axes;

4. if D1 C Dy then KA(Dl) - KA(DQ),'
5. if A1,As C A and A1 C Ay then KAz(D) C KAl(D)~

In [3] classes of typically real functions with n-fold symmetry were
discussed, i.e.

T = {feT: f(ez) =ef(2),z € A},

27

where e = e™» , n € N, n > 2. The main result of this paper is

THEOREM B [3]. For k € N we have

TCE=D — (. f(2) = 2’“‘{/@,9 €T},

TCM = {f: f(z) = {/9(*).9 € T}
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According to this theorem, the Koebe domains for 7 can be deter-
mined by the relation

Kpoe-n (D) = {z: 2?71 € Kp(D)},

KT(2k)(D) = {Z ke KT(z)(D)}.

Results concerning the class T' were obtained in [5]. In order to determine
the Koebe domains also for 7, while n is odd, we need to know these
domains for the class T2,

Koebe domains for 7

It is known (see for example [3]) that each function T(®) can be repre-
sented in the integral form by

o= | Mw» 3)

1+ 22)2 — 422

where p € Py q), i.e. ju is a probability measure on [0, 1].
While researching 7 it is useful to work with functions

ow) = [ Fgauto), ()

for which f(2) = g(z + 1).
Let 7(€) denote a class of functions given by (4), i.e.

TO-(: )@= [ Sz k), 2€C\[-€ el ne P

For z # 0let z4+1 = w, |w| = p, argw = ¢. The set {g(w) : g € T(E}
is a convex hull of the curve [0,1] > ¢ — 5 (see for example [1]). It
is easy to observe that if w is a point of real or imaginary axis then the
set {g(w) : g € T(9)} coincides with a segment ((L, %)) included in
this axis. Otherwise, the boundary of the set {g(w): g € 7(€)} consists
of the arc of the circle

1 1 1 1 1 1
o M Cat ) I
40 \ cosp sin ¢ 40 \ cosp sin ¢
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having end points %efi“” and 9255%.1‘;_4 and not containing 0, and the line
segment <<%6_w, 92526%11:—4» We conclude from this fact that min{|g(w)] :
geT© arg}(3) =4}, B, Z] is achieved by functions

1 w
ge(w) = (1—e) - +e—"—

weC\[-2,2,c€[0,1. (6)

In terms of function f € T, the minimum of {|f(2)| : f € T?) arg f(z) =
B}, B € [0, 5], is achieved by functions

z €2(1—|—22)
14 22 (1—22)2 7

fo(2) = (1—e) seA,cel0,1, (7

which correspond with functions (6).

We begin with finding the Koebe domain for 7®) and the lens H =
{z € A:|22+1| > 2|z|}. The set H, as it is known, has special properties.
Firstly, H is the domain of univalence of T [2]. Secondly, it is the only
domain of univalence of T that is symmetric with respect to both axes
of the complex plane.

We know from [5] that K7(H) = A1. By Theorem A point 4, Kz (H) D

Kr(H). The boundary of Kr(H) consists of images of some points be-
longing to the boundary of H under the functions

z

(1-2)?

Since these functions are not in 7 while & # %, A% is a proper subset of

K1 (H). Furthermore, z = %i and z = —ii are the only common points

of Kr(H) and Ky (H).

f(z)=e

+(1-¢)

ar2 e €[0,1].

THEOREM 1. The set Krpe) (H) is a bounded domain, whose boundary
is the curve ¥ ((—m,w|), where

1 1.3
U(p) = 3 cos® ¢ + 25(5 —sin? @) sing , ¢ € (—, 7. (8)

PRrROOF. All functions of T® are univalent in H. Hence

Kre(H)= (] f-(H).

0<e<1
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In order to determine the set K ) (H) we will derive the envelope of the
family of segments ({fo(z), f1(2))), while z ranges over the whole boundary
of H. After that we will prove that this envelope is in fact the boundary
of Ky (H). Basing on Theorem A point 2 we can restrict determining
the envelope to the first quadrant of the complex plane.

Let z € OH N {z : Imz > 0}, which is equivalent to w = z+ 1 =
2e"? | p € (—m,0). Observe that for these z

(w) w 1
w) = =
9 w2 —4  4ising
and 1 1
go(w) = w 567“9-

Straight lines going through points go(w) and ¢;(w) for a fixed w =
2¢' | p € (—m,0) are of the form
1

- - — e teR —,0).
3¢ | 5o | teRipe(-mo. ()

These lines are pairwise symmetric with respect to the imaginary axis
(namely, for all t € R and ¢ € (—m,0) we have w_,_,(t) = —wy(t) ).
Therefore, the envelope is symmetric with respect to the imaginary axis.
This is a reason why we can restrict the set of variability of ¢ to the
interval (—3,0). The line {w_z () : t € R} coincides with the imaginary
axis.

The straight lines (9) can be written equivalently

1
xcot2<p—y—4sin<p:0 , we(—g,O).

From the system

{ a:cot2<p y— 4&1“0 =0

T2 cose

51n2 2¢ 4sin? ¢

we derive the equation of the envelope of lines (9) in the first quadrant

1.3

1
x = icos3ap, y:—5(5—51n p)sing, p € (—g70). (10)

z 0).

Let W(p) = L cos® o —il(3 —sin® p)sing, p € (-Z,

Observe that

w
arg W(e) < g4z’sin<p
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and 1
arg W(p) > arg ie*i“’,

where the argument in the above is taken from (—m,7].
The first inequality is obvious. The second one is equivalent to
% —sin’

P tan ¢ < tan g,

which is true for ¢ € (—%,0).

Hence, the curve (10) is the envelope of the family of the straight
lines (9) for ¢ € (—%,0), as well as the envelope of the family of the line
segments ((gO(Qew) g1(2¢'?))) while ¢ € (—3,0).

Putting cp = 0 into (10) we get the point 3 = fo(1) = go(2), and
putting ¢ = —% we obtain il = fi(i(v/2 = 1)) = g1(—2i).

It follows from arg[gy (2e*%) — go (2¢'%)] = —2¢ 4+ 7 that this argument
is a decreasing function of ¢ € (—=7,0). Therefore, the bounded domain D
for which the curve (10) and the mtervals [0, 1] and [0, 1] are its boundary
is convex. Hence, each set {f(z) : f € T(z)} for z e OH N {z : Rez >
0,Imz > 0}, which is the same as {g(2¢'?) : g € T(&)} for ¢ € [-Z,0] is
disjoint from D (has exactly one common point with the closure of the
curve (10)). It means that D C f(H N{z : Rez > 0,Imz > 0}) for each
fer®,

Taking the interval (—, 7] instead of (=7, 0) in (10) we obtain a curve
which is closed and symmetric with respect to both axes. Let us denote
by E the set which has this curve as a boundary and which contains the
origin.

From the above argument it follows that E C f(H) for each f € T(?).

Since
Ec () fH)C () f(H)=E,
FET® e€[0,1]
we have £ = Ky (H). O

Substituting cos¢ by v/2z in (10) one can write the equation of the
boundary of Kp@)(H) in the form

7= (193 (3495
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Now, we consider some special sets €2, for which we determine Koebe
domains. After that we will be able to indicate the largest Koebe domain
for T(®) and some set D which will be possible to determine applying the
method of the envelope.

We need the following notation:

I(z)=z+1,zeA\{0}, (11)
Qo={z€A:|z+1)2-a|>4—-0a}, a<3. (12)

Do ={w: |w?*—al>4—a,Rew > 0,Imw > 0}, a < 3, (13)
Iy ={w:|w? —a|=4—a,Rew > 0,Imw > 0}, o < 3. (14)

In particular, Q9 = H and Ty is the arc of the circle |w| = 2 that is
included in the first quadrant of the complex plane.

All domains Q,, a < % are symmetric with respect to both axes and
1(Qq) N {w : Rew > 0,Imw > 0} = D,. According to [3], l_l(D%) is the
quarter of the domain of local univalence for 7® included in the fourth
quadrant of the complex plane. It was proved in [4] that

TuEOREM C. Fach function g € T'€) is univalent in Dis.

Obviously, a < 8 < % = D, C Dg. Hence, all functions g € 7
are univalent in every set D, o < %.

In order to determine Ky (€2,) we need the envelope of the family of
line segments ((go(w), g1(w))) for w ranging over I'.

For w € I', we have

(4 —a)etv, p e (0,m), (15)
where the branch of the square root is taken in such a way that v/1 = 1.

Denote
7 _{[2,2—04] a <0,
@ 2-0a,2] aec(0,%]

and
2 , 1 1,
ValP) = =G 22 =) {[p —pBa—dp+ gat)x
\/a(2+p)(p—2+a)3 (16)
—ialp? +3(3a —4)p+ Ja2ly /L2 - p)(p+2 - )?] .

where p € I, a € (—00,0) U (0, 3].
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THEOREM 2. The envelope of the straight lines going through go(w) and
g1(w), while w is of the form (15) and o € (—o0,0) U (0, 3], coincides with
the curve U, (I,).

PROOF. Let w be of the form (15) and a € (—00,0) U (0, 3]. Denote

Va+ (4 —a)ew = ge'?, (17)

where the branch of the square root is chosen as in (15).

From this we observe that 6 € (0, 5) and that the sign of o — 2 depends
on . Namely, for a € (0, 3] we have 9 — 2 < 0 and for a € (—00,0) we
have o — 2 > 0.

Applying (17) we obtain

1 1
go(w) = —cos — i—sin b
4

and
(Q—%)COSG ' (Q—i—%)sin@

= — 1 .
92+;—278c0529 92+é—§78cos29

g1(w)

The real equation of straight lines going through go(w) and g;(w) can be
written in the form

[4— 0*(1 +2cos20)]xtan 6 + [4 + 0*(1 — 2cos20)]y + 20sinf = 0. (18)

We conclude from (17) that

0?=+/(4— )2 +2a(4 - a)cosp + a2,

Cot29:a+(4—a)cosg0 (19)
(4—a)sinp
For convenience let
1
p:5\/(4—a)2+2a(4—a)cos<p+a2. (20)
Hence, if ¢ € [0, 7] then p € I,,.
From (19) we derive
0* =2p,
0% cos20 = 2(p? — 44 2a), (21)

o*sin20 = 2\/{d~ )7 — (2~ a)?),
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and then

pocosf = |(1y‘\/oz (p+2)(p—2+a)),
Qsme—l ‘\/oz p)(p+2—a)).

Applying (19) and (22) in (18) we obtain the equation equivalent to (18):

a(p + 2) | (2 — p
—(4 - 4 ()z—|—2 +a=0. 23
D) ( 9 D)y (23)

The envelope of the family of these lines is obtained as the solution of the

system
2 2
%(4—&—21))1‘ ‘/g—(s-onz( —a+2p)y+a=0
p—2+a 4p2+2(3a—4)p+a p+2— a —4p®42(3a—4)p—a’ 0
a(p+2) (p—2+a)? a(2—p) p+2 @)? - Y

In this way we get the curve given by (16). O

(22)

REMARK. 1. In the limit case, taking into account lim,_o ¥, (I,), we
obtain the curve ¥ ((—m,7]) defined in Theorem 1. One can calculate this
limit putting s = 2= into the equation of U, (in this case s € [0, 1]).
2. The curve ¥, (I,) has one singularity for

Po =

%\/3(7112 + 80 — 902 + 1/ (3a — 4) (2723 — 5082 + 3280a — 4672)
(24)

while o < —12 (if « = —12 then py = 2). It can be concluded from

(@/(p))? + (y/(p))* =
p[24p* + (9% — 80 + 112)p* — 2(2 — a)(a? — 16a + 16)]
8a(4 — a)(4 —p?)(3p? +4 —2a)*

and the fact that pg is the only zero of this expression in (2,2 — «).
3. Using (22) one can obtain a new complex parametric equation of T',,

w) = 7 (Vo + 2 =2+ a) +iva@-p)p+2-a) . pe L

(25)
which is useful in the following consideration.

First we need
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LEMMA 1. Let h(p) = arg|g1(w(p)) — go(w(p))], where go, g1 are given
by (6), the argument is taken from the interval (—2m,0], and let w(p)

be given by (25). Then the range of h is [-3F, —Z). Moreover, if & < 0
then h is decreasing in (2,2 — «), and if a € (0, 3] then h is increasing in
(2—-a,2).

PROOF. Let w be defined by (15) and let k(p) = arg[g1(w) — go(w)]. The
function k is decreasing for ¢ € (0,7) because

k(p) = —[% arg(a + (4 — a)e’®) + arg(e’? — 1)].

Furthermore, by (20) for o € (0, 3], p is a decreasing function of ¢.
Hence, there exists its inverse function ¢ = ¢(p) and it is decreasing for
p € [2 — «,2]. Combining these facts, we conclude that h(p) = k(p(p)) is
an increasing function for p € (2 — a;, 2).

In the second case, for a < 0, it follows from (20) that p is an increasing
function of ¢, and consequently, h(p) = k(¢(p)) is a decreasing function
forpe (2-a,2). O

THEOREM 3. The envelope of the line segments ((go(w), g1(w))), where
go, g1 are given by (6) and w is given by (15), is a convex curve of the
form

1L U,((2-2) for ac(0,3],
2. U, ((2,dy)) for a€[-2,0),

3. U,((ca,dy)) for a€ (—o0,—2),
where ¥, is given by (16) and
1 1
Cq = —5(2—a)a, do = §(a2—8a+8).

In this theorem and further on, the convexity of a curve means that
the tangent line to this curve lies below the curve.

PROOF. According to Theorem 2, ¥, (I,) , o € (—00,0) U (0, 3] is the
envelope of straight lines going through go(w) and g1 (w), w € T'y,.
This curve (whole or only a part of it) is also the envelope of line

segments ((go(w), g1(w))), but only for these p which satisfy the inequality

arg g1(w(p)) < arg Wa(p) < arggo(w(p)) , p € lo- (26)
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For w € T, (w is of the form (15)) we have

arg g1(w) = arg[(¢® — 4) cos 0 — i(¢® + 4) sin 6], (27)
arg go(w) = arg[cos @ — isin 6] = —0.

Let o € (0, 4] and let ¥, be given by (16).
It follows from (27) that argg;(w) € (—m,—7%) and arg go(w) € (=7%,0).
Moreover, arg V,(p) € (=%,0) for p € (2 — «,2). Since the left hand
side of (26) is fulfilled, it is sufficient to discuss only the right hand side
inequality. We rewrite it as follows

+ 3 (Ba—4)p+ 30? 2-p)p+2-0a) _ [2-pp+2-0a)
1Ba—4p+ia2\ 2+pp-2+aP ~\ 2+pp-2+0a)

p2 —

and equivalently
[p* + @a ®p+4a]@+2 a)>@2—*@a ®p+4a]@ 2+a),

and further on
5 1
P +§a(2—a)20,

which holds for a € (0, 3] and p € [2 — o, 2].
Therefore, the 1nequahty(26) is true for o € (0, 3] and w € I'y. We con-
clude from this that the curve ¥, (I,) is really the envelope of line seg-
ments ((go(w), g1(w))) for a € (0, 3].

Let now « € (—00,0) and w € T',,.
From (27) we obtain argg;(w) € (—=%,0) and arg go(w) € (—=5,0). The
left hand side of (26) is equivalent to

p®+
_pz_

<

Ba—4)p+30° [2-p)p+2— )
2+p)(p—2+a)® ~

(3 —4)p + 102

SIS

p+2 [(2-p)(p+2—a)
p=2\ 2+p(p—-2+a)

and then

L Ba—p+ Sa?)[p* +ap - 22— a)]

_ 2
@-+2 1
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> [p? — (30— Op+ 1o’ +ap - 22— )]

After simple calculations it takes form
1
(4 — a)p[p® — 5(012 —8a+8)] > 0. (28)

The inequality (28), and in consequence, the inequality arg g, (w) < arg ¥, (p)
holds only for p € [2, /4 (a2 — 8a + 8)] because of 2 <
\/3(a? —8a+8)<2—a.

The right hand side of (26) turns to

p2+;<3a—4>p+ia2\/<2p><p+za>3<_¢<2p><p+2a)
P2 —iBa—4p+ia2\ 2+p)p—2+a)P® ~ | 2+pp—-2+a)

(29)
Hence

[+ 5 (30— p+ 10?)(p+2 - a) < P~ 5 Ba—A)p+ ;a%l(p—2+a),

and then )
P’ + 5(2—a) >0, (30)

It is easy to check that if & € (—2,0) and p € [2,2 — «], then (30) holds.
It means that (29) is fulfilled. If « € (—o0, —2) then (30) is satisfied only

forp € [\/—1a(2—a),2 —al.
Our next goal is to prove the convexity of the above derived envelope

of the line segments.

In view of Remark 2 the envelope of the straight lines going through go(w)

and g1 (w) has no singularities for o € [~12,0) U (0, 3]. If @ < —12 then

this envelope has the only singularity corresponding to pg given by(24),

but pg < ¢n. Indeed,

—112 4 80 — 9a° + 1/(3a — 4)(27a® — 50802 + 3280cr — 4672) <

—24(2 — o)«

and then
(a—=2)(Ta+4)(a—4) >0,
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which is true for o < —12.
Therefore, the envelope of the line segments ({go(w), g1(w))) has no sin-
gularities, and, by Lemma 1, is convex. O

Let a < 0 and
1 p—2+a .| p+2-a
@a(p):2(4_a) [\/04 pt2 _l\/az_p] , PE(2,2—ql,
(31)
Yalp) = 5o Vol D=2 0) — iVal - Pl 2-a)], (32)

p € [2,2 — a]. For ®, and T, we have
D, ((2,2—0a))={g1(w) :weT,}and Ty ((2,2 — @) = {go(w) : w € Ty }.
Let E, be a bounded domain whose boundary is of the form:

¢ 0,1)UT,(2-a,2)U (—i(O, V;*_;ia)) for ac (0,4,

o [0.3) U W ([2.da]) U B ((d2 — ) U (=0, {525)) for a €
L_270%
o [0, U0 ([2,02)) V¥4 (o, da]) UPa ((da, 2 — a])U(—i(0, S522))

7 8—2a
for a€ (—o0,—-2).

THEOREM 4. For each w € Ty and a € (—00,0) U (0, 3]:

E,N{g(w): geTE} =9, (33)

cl(Ey) N{g(w) : g € T }lisaone — pointset. (34)
We need four lemmas to prove Theorem 4.

LEMMA 2. For a < —2 and p € (2,¢,) we have arg [®,(p) — To(p)] —
arg Y7 (p) > 0, where the arguments of ®,(p) — To(p) and Y/ (p) are

taken from the interval (—3%, —T) .

PROOF. Let a < —2. Firstly, we are going to prove that w(c,) is the only

point, given by w(p), p € (2,2— ), for which the tangent line to the curve

Y. (I,) coincides with the straight line going through go(w) and g1 (w).
Let us discuss the equation

Re [®4(p) — Ta(p)] - Im Yy, (p) = Im [@4(p) — Ta(p)] - ReTy(p) -



64 L. Koczan, P. Zaprawa

This equation, by (31) and (32), is equivalent to
[—ap +4(2 — a)][4p* — 2ap — 2(4 — a)(2 — a)] =

[ap +4(2 — @)][4p* + 20p + 2(4 — @) (2 — a)]

and hence p? = —1a(2 — o).
Thus the expression arg [P, (p) — Yo (p)] — arg Y/, (p) does not change the
sign for all p € (2, ¢q).

Moreover,

2p+(4-a)\ (p—2)2—a—p)

and for p € (2,4) we have ReY’,(p) < 0 and ImY’, (p) < 0. Thus

ap+4<2—a>\/<p+2><2—a—p>> |

ap—42—-a)\ (p—-2)p+2-aq)

axg [Ba(p) — Ya(p)] = —7—arctan <2p —(-a) ¢ (p+2)(p+2- a)) |

arg Y (p) = —m — arctan (

For p € (2,4) the inequality
arg [Pa(p) — Ta(p)] —arg Yo (p) > 0 (35)

is equivalent to

ap+4(2—a) <p+2><2—a—p>>2p—<4—a>\/<p+2><p+2—a>
ap—42—-a) | p-2)p+2-0a)  Pp+@A-0a)| (P-2)2-a-p)’

and, in consequence, to p? < f%a(Q — «). Therefore, (35) holds for p €
(2,4) N (2, ¢q)-

The function arg[®,(p) — Yo(p)] — arg Y., (p) is continuous for p €
(2,2 — ), positive for p € (2,4) N (2,¢q) and its only zero is ¢,. Thus,
(35) holds for p € (2,¢4). O

Proofs of next three lemmas will be omitted.
LEMMA 3. For « < 0 the function arg Y, (p) is decreasing in (2,2 — «).
LEMMA 4. The function arg Y/ (p) is

1. increasing in (2,2 — «) for « € [—4,0),

2. decreasing in (2,b,,) and increasing in (by,2 — a) for a < —4,
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where b, = 1/6(2 — ).
LEMMA 5. For o < 0 the function arg ®/ (p) is increasing in (2,2 — «).
PROOF OF THEOREM 4.

We will prove this theorem only for a < —4. For other « the proof
is easier, because we need only some elements of the argument presented
below. Let w = w(p) be given by (25). Denote by B, a closed and convex
set whose boundary consists of a ray I, with the end point in go(w(p))
and going through 2g¢(w(p)), a ray k, with the end point in g; (w(p)) and

going through 2g; (w(p)), and a segment ({go(w(p)), g1(w(p)))).

The set {g(w(p)) : g € T}, p € (2,2 — a) is a segment of the
disk whose boundary is given by (5). Moreover, 0 ¢ {g(w(p)) : g € T(E)}.
From it and from the fact that w = 0 belongs to the circle (5) we conclude
that for p € (2,2 — )

{g(w(p)): g€ T} C B,

Let p € (2,b4].
From Lemmas 1 - 4 it yields that B, C

{u € C:arggi(w(p)) — go(w(p))] < arg[u — go(w(p))] < arg go(w(p))}
C {u € C:arg[gi(w(ba)) — go(w(ba))] <
arg [u — go(w(p))] < arg go(w(p))}
C{ueC:arg g go(w(p))lp=s, <arglu—go(w(p))] < arggo(w(p))}.

Let p € (ba, ¢a). From Lemmas 1 - 4 we have B), C

{u e C:arglgi(w(p)) — go(w(p))] < argu— go(w(p))] < arggo(w(p))}
C {u € Crarg 7 go(w(p)) < arg[u— go(w(p))] < arggo(w(p))}-

It means that for p € (2, ¢,) there is B,NE, = (. Therefore, {g(w(p)) :
g€ TO}NE =0 and {g(w(p)): g€ TN [](Ea) = {}/(3(\/))}

Let p € (cq,do). From Lemma 1, from the inequalities arg go(w(cq)) <
arg go(w(p)) and arggi(w(p)) < arggi(w(dy)) and from the fact that
the segment ((go(w(p)), g1(w(p)))) is tangent to OE, (or equivalently to
U([ca,da])) we obtain B,NE, =, and thus {g(w(p)) : g € TE}INE, =
(. Furthermore, the only common point of {g(w(p)) : g € T(€)} and
cl(Ey) is a point of tangency.
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Let p € (do,2 — ). From Lemma 1, Lemma 4 and Lemma 5 we have

B, C{ueC:arggi(w(p)) <argu— gi(w(p))] <
< arg[go(w(p)) — g1 (w(p))]}
C{ueC:argg(w ())<arg[ufgl( (p)] <
<arg[go(w(da)) — g1(w(da))]}

— {ueC:argg(w(p) < arg[u— g (w(p))] < arg% 01(0(p)) [pa. }-

Hence B, N E, = 0 and {g(w(p)) : g € TE}NE, = 0. Moreover,
{g(w(p)): g€ TEOYN(Ea) = {}00(2(\/))}-

Let Ay, =17Y(Dy), ie. Ay = QyN{z € A:Rez > 0,Imz < 0}.
COROLARY. K@) (As) = Eq.

PROOF. For each f € T and z € A there are Imz = 0 = Imf(z) = 0
and Rez = 0 = Ref(z) = 0. Hence

E,n{f(z): feT?®, 2e€8A,, z#1, Rezlmz=0}=0.
This and Theorem 4 leads to
Eoan{f(2): feT®, €044, z2#1} =0

Moreover, if z =1 is a regular point of f € T® then f(1) > % (because
for x € (O 1) there is f(z) > 557). It means that E, C f(Aq,) for each

f € T®?). Therefore, E, C Ky (Ay). By the definition of the Koebe
domain, KT(2) (A()é) C 056[071] fE(AOé)'
The univalence of f. in A, (by Theorem C) and (33) leads to ﬂ fe(Ay) =

e€[0,1]
E,. From the above argument E, C Ky (A4s) C E,. O

THEOREM 5. The set Kpe (Q4), o € (—00,0) U (0, 3] is a bounded do-
main, symmetric with respect to both axes of the complex plane. The
boundary of this domain in the fourth quadrant coincides with:

1. U, (2-2]) for ac€(0,3],

2. U,([2,da]) UP, ((day2 — a]) for «€[-2,0),

3. YTa([2,¢a))UTy ([ca,da]) UDy ((do,2 — ]) for o€ (—o0,—2),
where U, ®,, T, are given by (15), (29), (30) respectively, and ¢, =

—12-a)a, dy=4/3(a® —8a+38).
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PROOF. Let us denote G, = int((E, U E, U (—E,) U (—E,)).
L Let a € (0,3]. For each f € T® the set f(Q,) is symmetric with
respect to both axes of the complex plane. Therefore, by Corollary 1,

EoUE.U(—Ea)U(=Ea) C f(Qa),
S0
Go\{z € C: Rezlmz =0} C f(Q0).

If 0 <z <1then f(x) > 1755 and if —1 < 2 < 0 then f(z) < .
Hence for each f € T

f((—l,l))D(—%,%)ZGQQ{ZE(C: Imz =0}, (36)

and then
Go\{z€C: Rez=0} C f(Qa)-

This leads to
G \{z€C: Rez=0} C Kp»(Q4) -

Our next goal is to prove that the line segment G,N{z € C: Rez = 0}
is also included in Kre)(Q4).

Let us suppose that there exists a point iy such that iyg ¢ Kpe (Qq).
It means there exists a function f, € T such that f,(Q4) % iyo.

Let ap be taken in such a way that 0 < ap < « and iyg € Gy,
(existence of such «aq follows from the definition of G, and from the fact
that 4yo is an interior point of this segment). We have §2,,, C §2,,. Moreover,
these sets have only two common points z = —1 and z = 1.

Since f, is a typically real function, we can see that f,(—1) # iy and
fx(1) # iyo. Hence there exists a neighborhood U of the point iyy such
that U N fi(Qa,) = 0.

This gives U N Gy, = 0, a contradiction, because

Gay \{z€C: Rez =0} C f(Qayp) -

The above given argument leads to G, C K@) (Q4)-

From Corollary 1 and the symmetry of f(£2,) with respect to both
axes of the complex plane we deduce (.c(p ) f-(€2a) = Ga and then
K@) () C Go. Hence Kpi) (Q4) = Gq.
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II. Let o < 0. We will prove that
GaN{f(z): fETW, 2€ 00, z#=£1}=0. (37)
According to Theorem 4,
Eon{f(2): feT?, z€dA,, Rezlmz £0} = 0.

All functions belonging to 7?) are univalent in the lens H [1,3], and then
in , (now Q, C H). From this we obtain

f(Ay) € {z € C: Rez > 0lmz < 0},
and, as a consequence,
GoN{f(z): feT@®, 2€00,, Rezlmz #0} = 0. (38)

Observe that

N, N{zeC: RezO}{j:;(\/SQQ\/ZLQa)i}

and
0G.N{:€C: Rez =0} = {jzv;__;jz} .

Since 1 f (3 (V8 —2a — V4 —2a) i) > L1222 we have

{f(;(\/8—2a—\/4—2a)i>: feT®ING, =0. (39)

The inclusion (36) also holds for o« < 0. Combining (38), (39) and (36) we
can write that for each f € T(®

Go C f(Q)-

Hence

Go C K72 (o) C ﬂ fe(Qa) -

e€0,1]
From the univalence of f. in €, it follows that mge[o,u fe(Qn) =G,. O

The specific significance of the set Q% is presented in Theorem 6.
We know that the equation ¢.(w) = 0, where g, is defined by (6) and ¢ €
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(0, %), has four different solutions. From the univalence of z — z+ %, while
z € A, we conclude that the equation f/(z) = 0, where f. is defined by (7)
and ¢ € (0, %), has also four different solutions in A: z., zz, —z., —Zz (we

choose z. to satisfy Rez. > 0, Imz. > 0). Moreover, zo = 1, zg /9 = f
are the only solutions of fj(z) = 0 and f /9( 2)=0 respectlvely, in the Set
{z € A:Rez. >0, Imz. > 0}.

THEOREM 6. K7 (Qa)N{z € C: Rez 20, Imz > 0} = {fo(z) :
eel0, 8]}

PROOF. By definition of f. and g., fL(z) = 0 if and only if g/ (2 + 1) = 0.
Let w =z + L. For £ € [0, §] we have g/(w) = 0 iff

w=+ <\/(\/1 e DBV - D) k(1 - VI=2)(1 43V —5)) .
Since Rez. > 0, Imz, > 0, z. satisfies the equation
2 % —JWT=e+ )BT - 1) — i1 - VI— )1 +3VI—e).

From this f.(z.) =

9e <\/(\/ﬁ+1)(3\/ﬁ—1)—1\/(1—\/ﬁ)(1+3\/ﬁ)> =
(4—3s+i\/W) (\/2—35+2m+z\/ 2+3e+2m)
16v/1—¢ '

Substituting p = 2y/1—¢ (then ¢ € [0,5] iff p € [3,2]) in the above
we obtain

3V3

fs(zs) = 39

Y

Jerne-2pife-ne 2y

which completes the proof. O

One can define €2, also for a € (3, 2]. Tt is easily seen that if a; <
ag < 2 then Q,, C Q,,. Let Ga, o € (3,2] be defined analogously as for
o € (0, 3]. Certainly, for a < 3 we have

Go=Kre(Qa) C KT<2>(Q§) =G

[



70

L. Koczan, P. Zaprawa

From Theorem 6 we know for « € (3, 2] that

Go CG%,GQ#G%,

which means

Gs C Kre) (Qa), Gy # Kpe (QQ)

The above presented argument shows that the set Krpe) (9 %) is the
largest subset of Kp2)(A) (the set Kpe) (A) is still unknown) which one
can compute applying the method of the envelope.
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