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GENERALIZED QUADRATIC SPECTRUM
APPROXIMATION
IN BOUNDED AND UNBOUNDED CASES

Abstract. The goal of this paper is to generalize concepts in spec-
tral theory in order to define the quadratic spectrum associated
to three bounded linear operators. This concept was initially de-
fined for three matrices. Moreover, we construct a new method
of spectral approximation to avoid the problem of spectral pollu-
tion. This problem is resolved with the obtention of property U un-
der the norm convergence or the collectively compact convergence.
Also, we make numerical tests on the quadratic pencil associated to
Schrédinger’s operator in order to validate our theoretical results
and to show the efficiency of our method.
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1. Introduction. Spectral pollution is a common phenomenon in
the field of applied mathematics. It is a major problem that appears in
the resolution of eigenvalue problems, which is occur in many models of
quantum mechanics, solid state physics and elasticity theory (see Boulton
et al [5]).

The spectral pollution makes finite elements, finite differences, and
direct projection methods meaningless when we apply them to eigenvalue
problems of an unbounded operator.

This phenomenon is represented by the appearance of eigenvalues that
do not converge to the exact values or the absence of a relationship be-
tween the approximate values and the true values. Also, we can illustrate
this problem in the non-correlation of the eigenvalues of the approximated
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operator with the spectral properties of the initial operator, like the nega-
tive eigenvalues which appear for an unbounded positive definite operator
(see Llobet et al in [15], [5], Davies et al in |7| and Rappaz et al [16]).

In recent papers of Guebbai, Khellaf et al [8], [11], [12], [13] and in
the book of Ahues et al 1], the authors have tried to limit the problem
of spectral pollution in different types of spectral problems. The standard
spectral problem is defined as follows: Find scalars A € C and non zero
vectors z € X satisfying

Ax = Az,

where, X is a Banach space and A : X — X is a bounded operator.

This problem has been treated in the context of classical spectral the-
ory which is presented in the details by Ahues et al in [1]. In [1], the
authors build a finite-rank approximation of A, which transforms the ini-
tial problem Az = Az to an eigenvalue matrix problem. Then, they show
that the various types of convergence achieve the property U which allows
them to avoid spectral pollution. Among the types of convergence pro-
posed by Ahues et al [1], we are interested in the norm convergence and
the collectively compact convergence.

In another context, the authors in [8], [11], [12], [13] dealt with the
problem of spectral pollution that appears for unbounded operators. To
obtain this, they show that the spectrum of one unbounded operator is
equal to the generalized spectrum of two bounded operators of the follow-
ing form:

Sp<A) = Sp(T, S>7

where A is an unbounded operator and 7', S are two bounded operators.

In the articles [8], [11], [13], they re-study the results of the property
U obtained in the results obtained by Ahues et al in [1], in order to study
the generalized spectral problem Tz = ASz in the case of the norm con-
vergence studied in [8] and the collectively compact convergence presented
in [11], [13].

Recently, the quadratic spectral problems have attracted a lot of at-
tention in various fields of mathematical modeling, such as the dynamic
analysis of mechanical systems in acoustics, linear flow stability in fluid
mechanics, and the generalization to the infinite dimension of the transis-
tor problem (see Huang et al [10], Tisseur et al [19]).

In this work, we study the quadratic spectral problem of three bounded
operators that can be formed as follows: find scalars A € C and nonzero
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vectors x € X satisfying
MNAz 4+ ABzx+Cx =0,

where A, B and C' : X — X are bounded operators. This type of problems
is known as the quadratic eigenvalues problem. The case of matrices has
been well studied by Chen et al |6], Huang et al [10], Tisseur et al [19].

Our aim in this paper is to push the generalization effected by |[§],
[11], [13] to give an analytical sense for the generalization of the quadratic
spectrum of three bounded linear operators, and we show some proper-
ties and characteristics of the generalized quadratic spectrum. Also, we
build a new spectral approximation method in order to approximate the
generalized quadratic spectrum and prove its convergence.

Finally, the numerical tests are applied on the quadratic pencil of
Schrodinger’s operator. This can be seen as an illustration of unbounded
quadratic spectral problem. It has been studied by Bairamov et al [4], [14].
From this quadratic spectral problem of an unbounded operator, we con-
struct an equivalent problem with three bounded operators, which makes
our numerical method applicable.

Numerical tests show that our vision allows us to solve the spectral
pollution problem for the quadratic eigenvalue problem of an unbounded
operator.

2. Generalized quadratic spectrum. Let (X, | - ||x) be a Banach
space, BL(X') be the Banach space of all linear bounded operators defined
on X to itself. Its norm is described as follows:

VA e BL(X): ||A|l = sup |Az|x.

lzllx=1

For A, B, and C in BL(X'), we define the generalized quadratic spectral
problem as follows: find A € C and z € X —{0}, such that

Q(\)x := NAx + A\Bx + Cz = 0.

In the case when A, B, and C are matrices, this type of problems is known
as the quadratic eigenvalue problem. It was treated by Tisseur et al,
Huang al, Chen et al in [6], [10], [19].

Our aim is to generalize the different results obtained in [8], [11], [13]
and the studies of the matrix problem in [6], [10], [19].
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For that, we define:
e The generalized quadratic resolvent set by

re(A, B,C) ={\ € C: Q()) is invertible and bounded}
e The generalized quadratic point spectrum set by
spp(A,B,C)={ e C,Tzecx\{0}:Q(Nz=0}
e The generalized quadratic essential spectrum set by
SPess (A, B, C) = {\ € C : Q(A) is injective, not surjective}
e The generalized quadratic spectrum set by
sp(A, B,C) =sp,(A, B,C) Usp, (A, B,C) = C\re(A, B,C).

Also, we define the generalized quadratic resolvent operator associated
to A, B, and C by the following function:

Rq(+) :re(A,B,C) C C — BL(X),
z = Rq(z)=Q '(2) = (A+ 2B+ C’)fl.

And, we define the radius k() as follows: For all A € re(A, B, C)

\/(H RoWIICIIAN+ 1BID)* + 4l ReW) Il Al
2[RaMIIA

[ R IIAIA[ -+ 1B]])
2| R[]

K(A) =

Theorem 1. If A €re(A, B,C) and \y € C, such that |A\ — \g| < k()\),
then \g € re(A, B,C) .

Proof. We show that Q71()\g) exists and is bounded; we have
NA+XMB+C=(NA+AB+C) = [N = )A+ (A= X)B] =
= (NA+AB+C) [I —Rq(\) (N = N)A+ (A= X)B)].
Using the condition |A — A\g| < k(\), we obtain

IRq(A) (A2 = A)A+ (A —A)B) || < 1.
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By Neumann’s theorem (see [1]) [I — Rg(A) (A2 = A2)A+ (A — X\o)B)]
exists and it is bounded, i.e.,
1[I = Raq(N) (A2 = 2A)A+ (A= X)B)] || <
< (L= [Rq) (W =2)A+ (= 20)B) )"

This gives
Ro(Mo) = [ = Rq(A) (A2 = A)A + (A= X)B)] " Ro(N),
and
IRq(Mo)ll < (1= [IRq(A) (A = A)A+ (A= X)B) ) RN

[
Corollary. sp(A, B,C) is closed in C.

Proof. Using the fact that re(A, B, C') is the complementary of sp(A4, B, C)
in C, and according to the previous theorem, we see that re(A, B,C) is
open in C. [

Theorem 2. Rq(-) is analytic in re(A, B, C') and for all A € re(A, B, C)

we have
dRq

dA
Proof. For all \,\g € re(A,B,C) such that |\ — \g| < k(\g), we have

() = — Ro(\)(2MA + B) Ro(\).

1

Ro(A) —Ro(ho) = (MA+AB+C) " = (MA+AB+C) ' =
= Rq(\) (A = A)A+ (Ao — A)B) Rg(Mo)-
Our goal is to show that

Rq(A) — Ro(Mo)
A — o

lim
A—))\O

+Ro(\)(2M\A + B) Rg(N) H ~0.

We have

H RQ(A;:APZQ(AO) +Rq(A)(2AA + B)Rg()) H —

_ HRQ(/\)<>‘%_)‘2)A+()\0—>\)B) Ro(Ao)
a A— o

+ Rq(\)(2AA+B) RQ(A)H _
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= [[=Rq(\) (Ao + M)A+ B) Rq(Ao) + Rq(M)(2AA + B) Ro(M)[| <
< Ao + AR ARQ(A) —Rq(Ro) | + [Rq(A) Bl [[Rq(A)Rq (o)
+ A = Aol [ Re(A) A Rq(A)

+

Using Neumann’s theorem, we obtain

IRa(A) = Ro (o)l =

= [ = D RaO)" (A = 20)" (A + 20)A + B)" Ra()|| <

<D IRQA(A = 20) (A +20) A+ B)|" [Ra(W)I| <

/ [RoI[TAA = A)HI(A + Ao)A + B)[| RV
T I =20+ A0)A + B[R]

Then

lim [Ra(Y) ~ Ra(Ao)]| =0.

We conclude that

Rq(M) — Ro(Mo)
X —Xo

lim
)\—))\()

+ Ro(\)(2AA + B) Ro(\) H — 0.

O

3. Generalized quadratic spectrum approximation. In this
section, we show that the spectral pollution does not appear when we
use the generalized quadratic spectrum approximation in our problem. In
previous works, Ahues et al in [1] used the v-convergence of {A,}

A e,

neN to

e sup ||A,|| < +oo,
e lim [(A— A,)Al = lim [[(A— A,)A,|| = 0.
n—oo n—oo

To get rid of the spectral pollution problem, we prove the property U,
which means:
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If {An}, oy converges to A in v — convergence sense, A, € sp(4,) and

An — A, then A € sp(A), we use the collectively compact convergence,

i.e., forall z € x, lim [[(A — A,)z||x = 0, and for some positive integer
n—oo

ng, the set

U {An(E—AZL':L'EX,HI'HXZI}

n=no

is a relatively compact subset of X' . Or, the norm convergence, which
means li_>m |A— Al = 0.

We mugt tO;ke into consideration that the collectively compact convergence
and the norm convergence imply the v — convergence but not vice versa:
this was proved by Ahues et al in [1].

Also, Guebbai in [8] shows the convergence of the generalized spectrum
in the property U sense, when the sequence of operators T,,, S,, converges
in norm to 7', S, respectively, and if A\, € sp(7,,S,) and A\, — A then
A € sp(T,S). Therefore, Khellaf et al [11], [13] treated the same problem
presented in [8] in the sense of property U using the collectively compact
convergence of T,, and S,,.

Our interest to those two convergence forms results from numerical
methods developed to approximate integral operators, such as the projec-
tion method, which generally converges in the norm sense for compact op-
erators, and the collectively compact convergence is obtained for Nystom
(see Atkinson et al [3|, Ahues et al [1]).

We rewrite the property U for our problem as follows:

If A,, B,, and C,, converge to A, B, and C, respectively, in a given sense,
A € 8p(A,, B, Cy), and A\, — A, then \ € sp(A, B, C).
Let A, A, B, B,C and C be in BL(X); define Q()\) as follows:

Q) =NA+\B+C.

Theorem 3. Let A € re(A,B,C) be such that

< 1.

[ - Q] rath)| < Lo

(o - @) o)’

Then X € re(A, B,C), and

Q<A>||
- H( ) Ra¥)

IRq(A)

J
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|

IR {1+ [(@) - Q) Ro]
= [ [(@) - @) Rat)]

IRl <

respectively.
Proof. We can write
QM) = Q) - QN +Q(\) =
QW) 1= (@) = Q) Ra(V)] .
Using Neumann’s theorem under the first condition in Theorem 3, we see
- —1
that [I - (Q()\) — Q(A)) RQ(A)} exists and is bounded, i.e.,

-1

|7 (@ = @) ra] ™ | < (1= || (@ — @) Rav)])
It follows that
Rg() = [T - (@)~ Q)R] Ro(M.

R

< ]

On the other hand, we have

oo

Ro(\) = Ra(N) 3 (@) — Q)R] +

+Ra() Y [(Q) = Q) Re)] T =

— R [+ (@0 - G00) Re(W] 3 [((@(A) - QW) RQ<A>)2] .
This gives
IRl 1+ [(@) - Q) ra]”|

IRl <
T | [(@) = @) Ra)]
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The proof of Theorem 3 is complete. [

Lemma 1. Let {Ny}, o {Mn},cny € BL(X), and N, M, K € BL(X).
If N,, and M,, converge to N and M, respectively, in the collectively com-
pact sense; then

lim [[(N = NJ)JK(M - M,)|| = lim [|(M — M)K(N - N,)|| =0.

n—oo

Proof. Using the collectively compact convergence of { Ny}, o s {Mn}en
we have

For all x € x, lim [|[(N — N,)z||x = 0 and there is an integer ny € N
n—oo
such that

Sy = U {N,x — Nz 12z € X, ||z||x =1}
n=ni

is relatively compact.
For all z € X, lim ||[(M — M,)xz||» = 0 and there is an integer ny € N
n—oo
such that

So=|J Moz — Mz :z€X, ||zfly =1}

n=no

has a compact closure in X.

Also, K(S7) and K (S,) are relatively compact; therefore, we obtain

(N = No)K(M = M,)|| = Sup (N = N K (M — M)z x =
= S (N = No) K (Mz — Myzx)||x =
= (N = No)yllx — 0.
O

Let {An},cn s 1Bntney > and {Ch}, oy C BL(X). We define the fol-
lowing hypothesis

(H1) A,, B,, and C,, converge to A, B, and C, respectively, in the norm
sense.

(H2) A,, B,, and C,, converge in the collectively compact sense to A, B,
and C', respectively.
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Theorem 4. Under the assumptions (H1) or (H2) and for all n € N, if
An € sp(A,, By, Cy,) and \,, — X then X\ € sp(A, B,C).

Proof. In the first part, we suppose that A € re(A, B,C) and {A,}, oy
{Bn} ey and {Cy}, o satisfy (H1). We know that re( , B, (') is an open
set in C, i.e., there is 6 > 0 such that

Q:={ X €C:|N— A <} Cre(4,B,0C).
But, Rq(-) is analytic on re(A, B, C); so, we can define § as follows:
B = sup{||Ro(Mo)| : Ao € Q} < 0.

For all \y € €2, there are nq,ny and nz, such that

1
A-Al < ———, = Ny,
1B - Bl ! >
- n ~ 9 n = n ]
B0+ A i
1
||C Cn” A @7 n = ns;

then, for all n > max(ny, ng, n3), we obtain

[[Q() = @u(M)] Ra(ho)l| =
= [[P3(A = A0) +20(B = B.) + (C = C)] Ro(o) || <
< (MoPllA = Aull + ol | B = Ball + [1C = Cull) B <
11 1 1

g — 5
6 6 6 2
using Theorem 3 with the first condition. So, Rg, (o) exists and it is
bounded; therefore, Q2 C re(A,, B,,C,,) for all n large enough. As though
An — A, we have A\, € Q C re(A,, B,,C,) for all n; this contradicts to the
assumption that A, € sp(A,, By, C,) for each n. Therefore, A must be in
sp(A, B, C).
In the second part, we suppose that {A,}, .\, {Bn},cy a0d {Cn},cn
satisfy (H2). We follow the same reasoning as in the previous part. For
all \g € Q, there are ny, ng, n3, ng,ns, ng, N7, ng, and ng, such that

1

(A = An) Ro(Ao) (A — An)[| < [ICEANDL

n)”la
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I(B ~ B.) Ro(ho)(A - A, < m n>
14— 4,) Ro(A) (B — B, < m n > ns,
|(B ~ B.)Rq(A)(B — By < m 0>,
I(A— 4,) Ro(h0)(C — G| < m n>ns,
1(C — C) Ro(M)(A — A,)]| < m n > ne,
I(B = B) Ral()(€ = C)Il < 15557+ ™ 2 ™

I(C = ) RaMa)(B = BIl < 17557+ ™ 2 ™

(€ = C)Ra()(C ~ Gl < g5 7>y

Then, for all n > max(ny, ne, ng, ng, ns, ng, N7, Ng, Ng), We obtain

Q%) = Qu(X0) Bo(Ao)I*[| < B(IC = Cr) Ra(R0)(C — Co)I+
+ Aol [I(A = An) Ro(A0) (A = An) || + Ao’ [ (B = By) Ro(Ao) (A — An)|[+
+ [Mol*1(A = An) Ro(X0) (B = Bu)ll + [Aof*[|(B = Bn) Ra(X)(B — Ba)|l+
+ Aol l(A = An) Ro(A0)(C = Co)ll + [Xol* (€ = C) Ro(Mo) (A — Ay [+

A
+ ol[(B = Bn) R(A)(C = Co)l[ + [AolI[(C = Cn) Rq(A0) (B = Bn)|l) <

1+1+1+1+1+1+1+1+1_1
18 18 18 18 18 18 18 18 18 2

<
Using the second condition in Theorem 3, we have A, € re(A,,B,,C,) for
all n: this contradicts to the assumption that A\, € sp(4,, By, C,) for each
n. Therefore, A must be in sp(A, B,C). O

4. Numerical tests. In this section, we introduce a numerical exam-
ple to validate our theoretical results.

Example construction. In order to construct numerical tests, we
choose to study the quadratic pencil of Schrodinger’s operator presented
by Bairamov et al [4], Krall et al [14]. This problem is basically defined
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in L*([0, + oo) as follows:

y(0) =0,

where, V., U are complex functions. The authors in [4], [14] used analytical
technics to obtain a localization of the spectrum.

(P) {—y” + (V(z) +2)\U(z) — M)y =0, x € [0, + oo,

1
In our example, we choose V(z) = 2% and U(z) = —g3 to obtain the

similar problem to (P), as follows:

(P) {—y” +(2* = A+ Ny =0,
y(0) = 0.

To study the generalized quadratic spectrum better, we introduce the
unbounded operator S of the form:

Sy = _y” + iL’Zy, S [07 + OO[?

where S is the harmonic oscillator, which is defined as

D(S) = H([0. +o0)) N {ip € L2(0. + o0]) / 2[p(x)dz < +oo

into L*([0, + oo[). We define the Laplacian operator denoted by L, as
follows:

L,:D(L,) — L*0,a),
y = Ly=-y.

Here D(L,) = {y € H*(0,a), y(0) = y(a) = 0}. In addition, we define its
inverse denoted A, as:

a

Agy(z) = / Ko (xt)y(t)d,

0

which is bounded and linear in L?*(0,a), and for all y € L*(0, a)

Baye) = [ Kooy



Generalized Quadratic Spectrum Approximation 65

Cayl() = wla)+ / K (e, )2y (t)dt,

where K, is the Green kernel (see Roach [18]), by

z(a —t)

if 0<x<t<a,

Ko(z,1) = t(ozci x)

a

if 0<t<z<a.

For all 4 € C and all y € D(S) — {0}, we present the eigenvalue problem
corresponding to .S by:

Sy = ny,

which can be presented as follows:

(P") —y" + 2%y = py,
y(0) =0.

We see that (P”) is equivalent to (P’) with u = (A — \?); the eigenval-
ues of the operator S are {4n — 1, n € N*}. As a result, we find that

1 V/16n—5
A=§iz’+,neN* in (P').

We define the operator S, for all a > 0 by
Say = —y" + 2%y, y € D(S,) = H*(0, a).

The eigenvalue problem S,y = py is equivalent to: Find pu € C and
y € D(S,) — {0} satisfying

N Yty =y,
) {ym) ~ yla) =0,

The authors in [9], [11] proved that for all a > 0, sp(S,) C sp(S) and
sp(5) = U sp(Sa)-

a>0
Theorem 5. The eigenvalue problem (P!) is equivalent to the following
associated quadratic eigenvalue problem (Q,), I.e., A is a quadratic eigen-
value of S, if and only if \ is a generalized quadratic eigenvalue of three
bounded operators (A,, B,, C,,). Here

(Qa) : Qu( Ny = N A,y + AByy + Coy = 0.
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Proof. Let A be a quadratic eigenvalue of S,, and y € D(S,) be the
associated eigenvector, i.e.,

Say = (A — )‘2)1/-
We have
Ly + 2%y — Ay + N2y = 0.

Applying A,, we obtain
N Ay + A\Byy + Coy = 0.

As a result, A is a generalized quadratic eigenvalue of (A,, B,, C,). Con-
versely, let A be a generalized quadratic eigenvalue of (A,, B,, C,), and
y € L?(0,a) — {0} be the eigenvector associate to A, i.e.,

N Ay + ABuy + Coy = 0.

Then we have
y = A.(\y — Ny — z%y).

It is clear that (\y — Ay — 2?y) € L*(0,a); then y € D(L,). Applying L,,
we have
Lyy = Ay — Ny — 2%y,
[t < P Il0n + N 8lz0n + 1l < +o.
0

we conclude that y € D(S,) — {0}, and
Say - <)\ - )‘Q)ya

finally, A is a quadratic eigenvalue of S, . [J

Numerical processing. In this section, we build a Nystrém method
to approximate the operators A,, B,, and C,. Atkinson in [3] showed that
this method converges in collectively compact sense for our case.

We define a subdivision of [0, a] as follows: for all n > 1,

h=2 ti=G—1h, 1<i<n+l.
n
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We define the sequences of operators {Ap}, e » {Bntpey and {Cr}cne
by: Yy € D(S,)

n+1
Apy(z) = ZwiKa(xati)y(ti)?

i=1

n+1
Buy(z) = _ZwiKa(xuti)y(ti)7

i=1

n+1

Coy(z) = +sz (, 1)ty (1)

Here wy = wp1 = % and w; = h for 2 < ¢ < n; this is known as the trape-
zoidal rule. It is one of the quadrature approximation methods presented
by Argyros, Regmi in [2| and [17].

Therefore, when we replace by t; for 1 < j < n + 1, we get the
following quadratic eigenvalue matrix problem:

)\iMAav + A Mp,v+ Me,v =0,

where
Ma,(i,5) = wila(t;,ti),
Mg, (i,j) = —wila(t;.t:),
Mc,(i,5) = ILa(i,7) + wi Ko (t;, 1)t

I,, 11 is the identity matrix of order n+1 and v is the quadratic eigenvector.
To present our numerical results, we introduce this definition:

An 1s said to be e—acceptable eigenvalue if dist(A,,sp(S,)) < .

Also, we set:
e VP,,(n) is the number of approximate eigenvalues obtained for
n= 1
e VP,.(n) is the number of ¢ — acceptable eigenvalues obtained for
n=1;
o PY% =VP.(n)/VPyp(n)%.
Numerical tests are made for different values of n with fixed ¢ and «a.

In the first case, we fixe ¢ = 1072 and @ = 1. The numerical results
are presented in Table 1.
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5. Conclusion. The main aim of our studies in this paper has been to
build an approximate method for solving the spectral pollution problem
and to show the convergence of the generalized quadratic spectrum in the
property U-sense under the norm convergence and the collectively compact
convergence. We proved the equivalence between the quadratic pencil
of the Schrédinger’s operator (unbounded operator) and the quadratic
spectral problem in the case of three bounded operators.

Our numerical tests showed the effectiveness of the generalized quadra-
tic spectrum approximation method basing in the Nystrom method. Per-
centage increase of the e-acceptable eigenvalues showed that the spectral
pollution is avoided by our method.

In the second case, we choose ¢ = 1072 and a = 1. The numerical
results are presented in Table 2.

n VP VPie P%
100 198 166 83%
200 398 374 93%
300 598 570  95%
400 798 764 95%
500 998 974 9%
Table 1: Percentage of the 1072 — acceptable eigenvalues.

n VPup VPaee P%
100 198 20 10%
200 398 106 26%
300 598 232 38%
400 798 400 50%
500 998 632 63%
600 1198 860 1%
700 1398 1074 76%
800 1598 1276  79%
900 1798 1466  81%
1000 1998 1682  84%
1200 2398 2074  86%
1400 2798 2458 8%
2000 3998 3678  92%
2500 4998 4688 93.8%

Table 2: Percentage of the 1073 — acceptable eigenvalues.
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