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ABOUT ONE PROBLEM ON EXTREMAL
DECOMPOSITION

Abstract. In the paper, we consider an open problem of finding
the maximum of product of inner radii of mutually non-overlapping
domains with respect to the points of the unit circle on a certain
positive degree v of the inner radius of the domain with respect to
the origin, moreover, the domain containing origin does not inter-
sect with other domains.
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1. Preliminaries. Let N, C be the sets of natural and complex

numbers, respectively, C = C|J{oo} be its one-point compactification,
R* = (0,00). Let B be a domain in C. Let

gB(2z,a) = hp, +log +o(1)

|z —
be the Green function of the domain B with respect to a point a € B.
Quantity r(B,a) = exp(hp,) is called an inner radius of the domain
B C C with respect to a point a € B (see, for example, [6], [9], [11], [15]).

Let n € N, n > 2. A set of points 4, := {ax € C: k=1,n} is called

an n-radial system if |ax] € R and 0 = arga; < ... < arga, < 27.

Denote the numbers ay, £k = 1,n as follows: aq := %(arg as — argay),

oy = (argasz —argas), ..., oy, = (21 —arga,). Obviously, > oy, = 2.
k=1

Let o = mkax .

Consider the following problem, which was formulated in [9], [10] in
the list of unsolved problems.
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The Dubinin Problem. Prove that the maximum of the functional

I,(v) = r"(Bo, ao) HT(Bk,ak),

k=1

where By, By, Ba, ..., By, (n > 2) are pairwise non-overlapping domains
inC, ap=0, |ax]| =1, k=1,n, ar € By, k =0,n and v < n, is attained
at a configuration of domains B, and points a; possessing rotational n-
symmetry.

In the paper [9] the above-formulated problem was solved for v =1
and all values of the natural parameter n > 2. Namely, it was shown that
the following inequality holds:

r(Bo.0 Her,ak r (Do, 0) f[er,dk
k=1

k=1
where dj,, Dy, k = 0, n, are the poles and circular domains of the quadratic

differential ( ) ) )
— n +
dw? — — n w

In the work [14], Kovalev got the solution for systems of points for which
the following inequalities hold:

lar] =1, 0<ax <2/, k=1,n, n>=5.

dw?.

In the work [3], it was shown that the result by Kovalev is also true for
n = 4. In the monograph [2] the problem was solved for an arbitrary v > 1
but starting from some previously unknown number n. The next step was
to study this problem at the restrictions 1 < v < n’, where 0 < § < 1
(see, for example [7], [8], [18-20]).

In the paper [5], the authors obtained its complete solution for n = 2.
Note that the result of [5] is a consequence of the well-known theorem of
Kolbina [13].

Let

I)(y) == 17(Do,0) [ [ (Di. i),
k=1

where dj,, Dy, k = 0,n, dy = 0, be, respectively, the poles and circular
domains of the quadratic differential

Q(w)dw2 — _(Ti ( ’Y)U_J 1;_7d 2 (1>
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As has been shown in Theorem 5.2.3 [2], the quantity I2() takes the form

2 27
A\ " 4\ = 12
pe=(4) ( ) @
(=)t N
Theorem 1. [5| Let v € (1,2]. Then, for any different points a; and as
of the unit circle and any pairwise non- overlapping domains By, By, B,

ay=0€ By CC,a, € B, CC, ay € By C C, the following inequality
holds:

1 2=
77 (By,0) 1 (By,a1) r (Bs,az) < IS(W) (5 la; — a2|) )

The sign of equality is attained when the points ag, a1, as and the do-
mains By, By, By are, respectively, the poles and circular domains of the
quadratic differential

4 —y)wr+ 7
d 2 _ ( dw 2

Besides, in the paper [5] the solution for n > 3 and v € (1,y/n] is
obtained using an upper estimate for the functional I,,(v) [4].

Theorem 2. [5| Let n € N, n > 3, v € (1,/n]. Then, for any system
of different points A,, = {a;}p_, of a unit circle and for any collection of
mutually non-overlapping domains By, By, ag =0 € By C C, ai, € B, CC,
k = 1,n, the following inequality holds:

7 (Bo, 0) [ [ 7 (B, aw) < 17 (Do, 0) [ [ 7 (Dss i)
k=1 k=1

where dj,, Dy, k = 0,n, dy = 0, are, respectively, the poles and circular
domains of the quadratic differential (1).

Also, in [5] the following upper estimate for I,,(vy) is proved for n > 3
and v € (1,n|:

Theorem 3. [5| Let n € N, n > 3, v € (1,n]. Then, for any system
of different points A, = {a}p_, of a unit circle and for any collection of
mutually non-overlapping domains By, By, ag = 0 € By C @, ay € By, CC
k = 1,n, the inequality

v(BO,())]i[lr(Bk,ak) < (Sin %)n_ ([O (277)>
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holds.

In deriving our results, the following estimates specified below are re-
quired:

Lemma 1. [1] Letn € N,n >2 ~>0. Let {By, By, Bs,...,B,} be a
system of mutually non-overlapping simply connected domains, such that

0€ByCC,ar€ By CC, |ax|=1, k=1,n, andr"(By, 0) [ r(Bx, ax) > I°(7).
k=1
Then the following inequality holds:

7 (Bo,0) < n~ 2 [0(y) 7.

Lemma 2. [4] Letn € N, n > 2, v € (0,n|. Then for any system of dif-
ferent fized points A, = {ar};_; C C\ {0}, such that ] |ax| < 1, and for
k=1

any collection of mutually non-overlapping domains {By, B1, Bs, ..., B,},
such that ap = 0, a, € B, C C, k = 0,n, the following inequality holds:
L(7) <77 (1,(0) 77 (3)

According to the condition of the problem ag = 0, |ax| = 1, k = 1,n,
further, we assume without loss of generality that 0 = arga; < argas <
... < arga, < 2m. Since in [14] the problem was solved under conditions
0 < ap <2/\7 k= 1,n, n > 5, then, for a given n, it is sufficient
to consider only configurations of domains By and points a, for which
Qg > % The results of this paper are addendum to the theorem of the
work [14].

2. Main results. In this work, we prove the following propositions.

In(In(n))

n(n) . Then the

2_2
373

Theorem 4. Letn e N, n>24and1 < y<n
following inequality holds:

3R

()" [(1-4\Y
B\t

n

r’Y(BO,aO)Ii[lr(Bk,ak) < (%)n ;

where By, k = 0,n, are mutually non-overlapping simply connected do-
mains in C, ag = 0, |ax| = 1, k = 1,n, and the equality is attained, in
particular, for points a, and domains By that are, respectively, the poles
and circular domains of the quadratic differential (1).
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Proof. Using Lemma 1 and the result of the paper [14], consider the
n 1
case o > % and r (B, 0) < n 20-v [2(y) #. Prove that under these

conditions

77(Bo, ao) [ (B, ax)
k=1

()" (=)
(=)
Further, from Lemma 1 r7(By, ag) < n” 2 I%(y)""=. Then, using
Theorem 5.2.3 2], the following estimates hold:

n nn . 2—(10 n—1
kl_[lr(Bk,ak)<2 Hak<2 ao(n—l) <

k=1

< 1.

qn ( 1 )n—l
< T 1 - T — .
(n =1ty V7
And, thus, we obtain the inequality

1

n—1
4
In(7> < (n—1)"=1y/y <1 \ﬁ) — G (’}/)
() nTow [0(y)w !

Combining the previous inequality and inequality (2), we get

n4y

ny+2n42y n n—1 1 \n—-1 Y\ =y
G, =n 20— < ) (1 — —) (1 — —) X
(7) n n—1 \ﬁ n?

]_‘I—\ﬁ 2nyy

nty NG Na
n—y n \ »—
(1 _ ﬁ) ‘

n

* <4\1/7)

Note that in order to prove Theorem 4, we need to show that G, (y) < 1
for given n and ~.
Evaluate the expression G,,

) under the conditions of the theorem. It

n’ty

is not difficult to show that ( I ) < e and (1 - %) =7 < 1. Also, the
+

2n. /v

.3»—l|

M n=vy n— . .
assessment (1+ \%) (ﬁ) < 0,06 < é is correct. Accordingly,

ny+2n+2y 1 n—l1
Gulo) < n " (1= ) (@)
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. ny+2n+2y n—1 .
Evaluate the expression n 2= (1 — > . We get the following

1
VY
transformations:

n"éJ(r%Jr)?v (1 1 )n—l n"g(l»2n+)2"/ (1 1 ) VI VT
n 2n=y - — =mn 2n - — <
VY VY

ny+2n+2y 2-2_2v,27  pyyongoy

2n272n72n'y+2’y po— _n_ n n 2 n—
1\ »vatenyat2yvy 2n=v) 7% 1+%+%n An=7)
< |n|- =1l n .
€

Since in the paper [18] the problem is solved for n > 12 and 1 < v < n%%,

it is enough to consider only y > n%4,
2 2 1In(In(n))

For n > 24 and n®% < < n373 W@ | the inequality

2y In(In(n))

N 1.7 I
n(—)ﬂ v <n(—)ﬂ<n(—) =1.
e e e

Thus, from inequality (4) we obtain that for n and v given in Theorem 4
G,(7) < 1, which means that

n

TW<BO7 CL()) H,r(Bkv (lk) < 12(7)
k=1

Theorem 4 is proved. [

2_2 In(21n(n))

Theorem 5. Letn € N,n >12and 1 <y < n3 3 v . Then the
result of the Theorem 4 remains valid without the condition of simply
connected domains By, k = 0, n.

Proof. Taking into account the paper [14], consider the case ag >

o

Prove that under this condition

n

7“7(30, CLQ) H T(Bk, (Zk)

k=1

< 1.
I2(v)
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Then, using Theorem 5.2.3 [2], we obtain

n An 1 n—1
krzllT(Bk,ak) < m (1 — ﬁ) .

Thus, using inequality (3) and the previous inequality,

n

r7(By, ap) H r(By, ar) <
k=1

n?—n—ny+ty n—y n2—n—nyty

o) 6 (R

So, we have the inequality

n+y n2—n—n~/+'y

20 AR

1 T yyE 1+ V7
x(1-— <1——) n = P,(7).
Nal n? 1-X2

It is easy to see that

~

n?—n—nyty

n_—n—nyry n,1,7+l
2 1 n n n
nn_%*“% ::n7+1+% .
n—1 n—1

Taking into account the previous equality, we get the following expression:

nty n?—n—nyty

~ 1 2n ~ 1 n
Pn(IY) =4"7"n (;) ’I’L’y—’—l—’—E (1 — ﬁ) X

L "‘1_7+7L<1 7>"+Z 1\
n—1 n? 1 '

n

Since in the paper [18] the problem is solved for n > 12 and 1 < v < n%%,
it is enough to consider only v > n%%®. Evaluate the expression P,(7)
under the conditions of the theorem. Using estimates

n—1—vy+21 ~
n n ¥ n-‘rn
<e, 1— —) <1,
(n - 1) ¢ ( n?
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142\ 1
“ T (—) < 0,06 < —,
—al 0l e
we get
1 n2—n—nyty
Pu(y) <n"*t*n (1 - ﬁ) (5)
n’—n—ny+~y
under the conditions

1

VI

Evaluate the expression n?*+a (1
of the theorem. The following transformations are also correct
el Nl
) <

2
) n

1 n2—n—ny+y
x " o’
n’y+1+n (1 - ) — nv—i—l—l—n ( _
val VY
Py \ 14D P e ST
1\ vV Hrva 1\ .3 +14+1
o Ftw
<|In|- =(n|-
e e
0,45 2 _2In(2In(n)) X X
For n > 12 and n"* < vy <n3 3 i) | the inequality
S S A
2
1n - n - n® 075
+ 5 + 5
holds. Consequently,
n 17%7%+nl2 _n_
1\. 3 1+1+2 1\.,3
n{-)" 77" <n(=-)" <
e e
. , In@inG)
2 2In(2In(n)) ) 1 3N
373 In(n) =n _ — 1
e

Thus, from inequality (5) we obtain that for n and v given in Theorem
P,(y) < 1, that is
Bo,ao HT Bka@k n(’7>
k=1

Theorem 5 is proved. [
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