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Abstract. The aim of this article is to introduce the characteriza-
tion of strongly almost convergence in complex uncertain double se-
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1. Introduction. Convergence of sequences plays a significant
role in the fundamental theory of mathematical analysis. The notion of
strongly almost convergence of real sequences was introduced by
Maddox [14] in 1979. It is also reported by Lorentz [13] and later it
was studied from the sequence-space point of view via summability by
Mursaleen [17], King [8], Savas [21], and many others. The idea of the
double sequence, which is a double infinite array, and its convergence was
introduced by Pringsheim [20]. Some primary works on double-sequence
spaces can be found in Bromwich [1] and thereafter it was investigated by
Hardy [7], Moricz and Rhoades [16], Tripathy [22], and many more.

Uncertainty theory was initiated by Liu in 2007 and the latest 5th
edition was published in 2016 [12]. Again, he extended this work on
uncertain measure, which is a set function that follows normality, mono-
tonicity, self-duality, countable sub-additivity, and product axioms. Later
the notion of uncertain variables is investigated to represent the uncer-
tain quantity and to describe the uncertainty distribution. Nowadays,
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uncertain theory has become a branch of mathematics and many develop-
ments are made within the uncertain theory based on various fields, like
uncertain set [12], uncertain inference [10], uncertain logic [11], uncertain
entailment [9], uncertain calculus [12], uncertain differential equation [2],
uncertain statistics [4], and many more. Undoubtedly, these concepts play
a vital role in real-life problems and applications.

The uncertainty theory appears not only in real-life quantities but
also in complex uncertain quantities. Peng [19] introduced in 2012 the idea
of complex uncertain variables, which are measurable functions from an
uncertainty space to the set of complex numbers, and proposed the notion
of the complex uncertain expected value, complex uncertain measure, and
complex uncertain distribution.

Liu [12] initiated and reported four types of convergence concepts
on sequences: viz. convergence in almost surely, convergence in measure,
convergence in mean, convergence in distribution. Thereafter, You [24] ex-
panded this work by introducing the notion of convergence in uniformly al-
most surely and established interrelationships between these convergences
and other existing ones. Moreover, Chen et al. [3] explored the idea of
convergence in the complex uncertain sequences using the complex uncer-
tain variable. Most recent research works on complex uncertain sequences
are also found in [5], [6], [18], [23], and many more.

In this paper, our primary focus is to study the concepts of strongly
almost-convergence of complex uncertain double sequences and other types
of convergence concepts, like convergence in almost surely, convergence
in measure, convergence in mean, convergence in distribution, and con-
vergence uniformly almost surely for a given complex uncertain double
sequence. Finally, we discuss the interrelationships among these newly
defined notions.

2. Preliminaries. In this section, some basic concepts on the dou-
ble sequence and the uncertainty theory used throughout this paper are
recalled.

Definition 1. [22] A double sequence can be written as a double infinite
array < 𝑎𝑚𝑛 > for all 𝑚,𝑛 ∈ N. A double sequence < 𝑎𝑚𝑛 > is said to
converge in Pringsheim’s sense [20] if lim

𝑚,𝑛→∞
𝑎𝑚𝑛 = 𝐿 exists, where 𝑚,𝑛

tend to ∞ independently of each other.
A double sequence < 𝑎𝑚𝑛 > is said to be bounded if there exists

𝑀 > 0 such that
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sup
𝑚,𝑛

|𝑎𝑚,𝑛| < 𝑀 .

A double sequence< 𝑎𝑚𝑛 > is said to be regularly convergent (Hardy [7]),
if it converges in Pringsheim’s sense and the following limits hold:

lim
𝑛→∞

𝑎𝑚𝑛 = 𝐿𝑚, exists for 𝑚 ∈ N and lim
𝑚→∞

𝑎𝑚𝑛 = 𝐿𝑛, exists for 𝑛 ∈ N.

A double sequence is said to be Cesàro summable [15] to 𝐿 if,

lim
𝑚,𝑛→∞

1

𝑚𝑛

𝑚∑︁
𝑖=1

𝑛∑︁
𝑗=1

𝑎𝑖,𝑗 = 𝐿.

A double sequence is said to be strongly almost convergent to a number
𝐿 if

lim
𝑚,𝑛→∞

1

𝑚𝑛

𝑚−1∑︁
𝑖=0

𝑛−1∑︁
𝑗=0

|𝑎𝑚𝑛 − 𝐿| = 0, uniformly in 𝑚,𝑛.

Definition 2. [12] Let L be a 𝜎-algebra on a non-empty set Γ. A set
function M on Γ is called an uncertain measure if it satisfies the following
axioms:

Axiom 1 (Normality Axiom) M {Γ}=1;
Axiom 2 (Duality Axiom): M {Λ} + M {Λ𝑐}=1 for any Λ∈ L ;
Axiom 3 (Sub-additivity Axiom): For every countable sequence of
events {Λ𝑗} ∈ L , we have

M
{︁ ∞⋃︁

𝑗=1

Λ𝑗

}︁
6

∞∑︁
𝑗=1

M {Λ𝑗} .

The triplet (Γ,L ,M ) is called an uncertainty space, and each ele-
ment Λ in L is called an uncertain event. To obtain an uncertain measure
of compound events, a product uncertain measure is defined as follows:

Axiom 4 (Product Axiom): Let (Γ𝑘,L𝑘,M𝑘) be uncertainty spaces
for 𝑘 = 1, 2, 3 . . . The product uncertain measure M is an uncertain
measure satisfying

M
{︁ ∞∏︁

𝑗=1

Λ𝑗

}︁
=

∞⋀︁
𝑗=1

M {Λ𝑗} ,

where Λ𝑗 are arbitrarily chosen events from Γ𝑗 for 𝑗 = 1, 2, 3, . . . ,
respectively.
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Definition 3. [19] A complex uncertain variable is a measurable func-
tion 𝜁 from an uncertainty space (Γ,L ,M ) to the set of complex numbers,
i. e., for any Borel set 𝐵 of complex numbers, the set {𝜁 ∈ 𝐵}={𝛾 ∈ Γ :
𝜁(𝛾) ∈ 𝐵} is an event.

Definition 4. [12] The expected value operator of a complex uncertain
variable 𝜁 is defined by

𝐸[𝜁] =
+∞∫︀
0

M
{︀
𝜁 > 𝑟

}︀
𝑑𝑟 −

0∫︀
−∞

M
{︀
𝜁 6 𝑟

}︀
𝑑𝑟,

provided that at least one of the two integrals is finite.
The complex uncertain distribution 𝜙(𝑐) of a complex uncertain vari-

able 𝜁 is a function from C to [0, 1] defined by

𝜙(𝑐) = M
{︀

Re(𝜁) 6 Re(𝑐), Im(𝜁) 6 Im(𝑐)
}︀
,

for any complex number 𝑐.

Theorem 1. [19] A function 𝜙(𝑐) → [0, 1] is a complex uncertainty
distribution if and only if it is increasing with respect to the real part
Re(𝑐) and the imaginary part Im(𝑐) and is such that

lim
𝑥→∞

𝜙(𝑥+ 𝑖𝑏) ̸= 1, lim
𝑦→∞

𝜙(𝑎+ 𝑖𝑦) ̸= 1, for any 𝑎, 𝑏 ∈ R,

lim
𝑥→∞,𝑦→∞

𝜙(𝑥+ 𝑖𝑦) ̸= 0, where 𝑖 =
√
−1 is the imaginary unit.

Chen et al. [3] introduced the concepts of convergence for complex
uncertain sequences as follows:

Definition 5. [3] The complex uncertain sequence {𝜁𝑛} is said to be
convergent almost surely to 𝜁 if there exists an event Λ with M {Λ}=1,
such that

lim
𝑛→∞

‖𝜁𝑛(𝛾) − 𝜁(𝛾)‖ = 0,

for every 𝛾 ∈ Λ. In that case, we write 𝜁𝑛 → 𝜁 almost surely.
The complex uncertain sequence {𝜁𝑛} is said to be convergent to 𝜁 in

measure if for any 𝜀 > 0

lim
𝑛→∞

M
{︀
‖𝜁𝑛 − 𝜁‖ > 𝜀

}︀
= 0.

The complex uncertain sequence {𝜁𝑛} is said to be convergent to 𝜁 in
mean if

lim
𝑛→∞

𝐸
[︀
‖𝜁𝑛 − 𝜁‖

]︀
= 0.
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Let 𝜙1, 𝜙2, 𝜙3, . . . be complex uncertainty distributions of complex
uncertain variables 𝜁1, 𝜁2, 𝜁3 . . . , respectively. Then the complex uncertain
sequence {𝜁𝑛} is convergent to 𝜁 in distribution if

lim
𝑛→∞

𝜙𝑛(𝑐) = 𝜙(𝑐) for all 𝑐 ∈ C where 𝜙(𝑐) is continuous.

The complex uncertain sequence {𝜁𝑛} is said to be convergent uni-
formly almost surely (u.a.s.) to 𝜁 if there exists a sequence of events {𝐸𝑘}
with M {𝐸𝑘} → 0, such that {𝜁𝑛} converges uniformly to 𝜁 in Γ − 𝐸𝑘 for
any fixed 𝑘 ∈ N.

3. Main findings. In this section, we introduce the concept of
strongly almost convergence of complex uncertain double sequence in dif-
ferent aspects. Also, we study some important results and establish the
interrelationships among these notions.

Definition 6. The double sequence {𝜁𝑚,𝑛} of complex uncertain vari-
ables is said to be strongly almost convergent to 𝜁 with respect to almost
surely convergence, if there exists an event Λ with M {Λ} = 1, such that
for every 𝛾 ∈ Λ:

lim
𝑝→∞
𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖, 𝑛+𝑗(𝛾) − 𝜁(𝛾)‖ = 0, uniformly in 𝑚,𝑛.

The double sequence {𝜁𝑚,𝑛} of complex uncertain variables is said to be
strongly almost convergent to 𝜁 in measure if for every 𝜀 > 0, such that

lim
𝑝→∞
𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀

}︀
= 0, uniformly in 𝑚,𝑛.

The double sequence {𝜁𝑚,𝑛} of complex uncertain variable is said to
be strongly almost convergent to 𝜁 in mean, if

lim
𝑝→∞
𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

𝐸
[︀
‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖

]︀
= 0, uniformly in 𝑚,𝑛.

Let 𝜙 and 𝜙𝑚,𝑛 be the complex uncertainty distributions of complex
uncertain variables 𝜁, 𝜁𝑚,𝑛 respectively. Then, for any 𝑛 = 1, 2, 3, . . .,
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the complex uncertain double sequence {𝜁𝑚,𝑛} is said to be strongly almost
convergent to 𝜁 in distribution, if

lim
𝑝→∞
𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜙𝑚+𝑖, 𝑛+𝑗(𝑐) − 𝜙(𝑐)‖ = 0,

uniformly in 𝑚, 𝑛 and ∀ 𝑐 at which 𝜙(𝑐) is continuous.
The double sequence {𝜁𝑚,𝑛} of complex uncertain variables is said

to be strongly almost convergent to 𝜁 with respect to uniformly almost
surely convergence if there exist {𝐸𝑘} with M {𝐸𝑘} → 0, such that {𝜁𝑚,𝑛}
is strongly almost convergent uniformly in Γ − 𝐸𝑘 for each fixed 𝑘.

Moving to the main results, we first consider strongly almost conver-
gence in mean and that of in measure for the complex uncertain double
sequence.

Theorem 2. If the double sequence {𝜁𝑚,𝑛} of complex uncertain vari-
ables is strongly almost convergent to 𝜁 in mean, then {𝜁𝑚,𝑛} is strongly
almost convergent to 𝜁 in measure, but the converse may not be true in
general.

Proof. Let the double sequence {𝜁𝑚,𝑛} of complex uncertain variables be
strongly almost convergent in mean. By the Markov inequality, for every
given 𝜀 > 0 and uniformly in 𝑚, 𝑛, we have:

M
{︀
‖𝜁𝑚,𝑛 − 𝜁‖ > 𝜀

}︀
6
𝐸
[︀
‖𝜁𝑚,𝑛 − 𝜁‖

]︀
𝜀

, or,

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
‖𝜁𝑚+𝑖, 𝑛+𝑗−𝜁‖ > 𝜀

}︀
6

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

𝐸
[︀
‖𝜁𝑚+𝑖, 𝑛+𝑗 − 𝜁‖

]︀
𝜀

→ 0,

as 𝑝, 𝑞 → ∞.

Thus, the double sequence {𝜁𝑚,𝑛} is strongly almost convergent to 𝜁
in measure. Therefore, strongly almost convergence in measure follows
from the almost convergence in mean. �

To show that the converse is not true in general, we provide the
following counter-example.

Example 3. Consider the uncertainty space (Γ,L ,M ), Γ = {𝛾1, 𝛾2, . . .}.
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Define the uncertain measure

M {Λ} =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
sup

𝛾𝑚+𝑛∈Λ

1

2(𝑚+ 𝑛)2 + 1
, if sup

𝛾𝑚+𝑛∈Λ

1

2(𝑚+ 𝑛)2 + 1
<

1

2
;

1 − sup
𝛾𝑚+𝑛∈Λ𝑐

1

2(𝑚+ 𝑛)2 + 1
, if sup

𝛾𝑚+𝑛∈Λ𝑐

1

2(𝑚+ 𝑛)2 + 1
<

1

2
;

1

2
, otherwise.

Consider the complex uncertain variables 𝜁𝑚,𝑛 given by

𝜁𝑚,𝑛(𝛾) =

{︃
{2(𝑚+ 𝑛)2 + 1}𝑖, if 𝛾 = 𝛾𝑚+𝑛;

0, otherwise,

∀ 𝑚,𝑛 ∈ N and 𝜁(𝛾) ≡ 0, ∀𝛾 ∈ Γ. Again, for any 𝜀 > 0 ∃ 𝑛0 ∈ N and
𝑚,𝑛 > 𝑛0 such that 1

2(𝑚+𝑛)2+1
< 1

2
. Then,

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M {𝛾 : ‖𝜁𝑚+𝑖, 𝑛+𝑗(𝛾)−𝜁(𝛾)‖ > 𝜀}=
1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

1

2(𝑖+𝑗)2+1
→ 0,

as 𝑝, 𝑞 → ∞ uniformly in 𝑚,𝑛, since the Cesàro mean is a regular method
and the original sequence converges to 0. Thus, the complex uncertain
double sequence {𝜁𝑚,𝑛} is strongly almost convergent to 𝜁 in measure.

Now, the uncertain distribution function 𝜙𝑚,𝑛 for the complex uncer-
tain variable 𝜁𝑚,𝑛 is

𝜙𝑚,𝑛(𝑥) =

⎧⎪⎪⎨⎪⎪⎩
0, if 𝑥 < 0 ;

1 − 1

2(𝑚+ 𝑛)2 + 1
, if 0 6 𝑥 < 2(𝑚+ 𝑛)2 + 1;

1, if 𝑥 > 2(𝑚+ 𝑛)2 + 1.

Then, we have

𝐸
[︀
‖𝜁𝑚,𝑛 − 𝜁‖

]︀
=

2(𝑚+𝑛)2+1∫︁
0

[︀
1 − (1 − 1

2(𝑚+ 𝑛)2 + 1
)
]︀
𝑑𝑥+

+

∞∫︁
2(𝑚+𝑛)2+1

(1 − 1)𝑑𝑥−
0∫︁

−∞

0 𝑑𝑥 = 1.
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That is,

2(𝑚+𝑛)2+1∫︁
0

1

2(𝑚+ 𝑛)2 + 1
= 1, uniformly in 𝑚,𝑛.

Thus, the complex uncertain double sequence {𝜁𝑚,𝑛} is not strongly
almost convergent to 𝜁 in mean.

Theorem 3. Let {𝜁𝑚,𝑛} be a double sequence of complex uncertain vari-
able with the real part {𝜉𝑚,𝑛} and the imaginary part {𝜂𝑚,𝑛}, respectively,
for 𝑚, 𝑛 = 1, 2, 3, . . . If the uncertain sequences {𝜉𝑚,𝑛} and {𝜂𝑚,𝑛} are
strongly almost convergent in measure to 𝜉 and 𝜂, respectively, if and only
if the complex uncertain double sequence {𝜁𝑚,𝑛} is also strongly almost
convergent in measure to 𝜁 = 𝜉 + 𝑖𝜂.

Proof. Let the double sequence {𝜉𝑚,𝑛} and {𝜂𝑚,𝑛} be strongly almost
convergent in measure to 𝜉 and 𝜂 respectively. Then, for every 𝜀 > 0,

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︁
|𝜉𝑚+𝑖, 𝑛+𝑗 − 𝜉| > 𝜀√

2

}︁
= 0, uniformly in 𝑚,𝑛,

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︁
|𝜂𝑚+𝑖, 𝑛+𝑗 − 𝜂| > 𝜀√

2

}︁
= 0, uniformly in 𝑚,𝑛.

Here, ‖𝜁𝑚+𝑖, 𝑛+𝑗 − 𝜁‖ =
√︁

|𝜉𝑚+𝑖, 𝑛+𝑗 − 𝜉|2 + |𝜂𝑚+𝑖, 𝑛+𝑗 − 𝜂|2.
We have:

{‖𝜁𝑚+𝑖, 𝑛+𝑗 − 𝜁‖ > 𝜀} ⊂
{︁
|𝜉𝑚+𝑖, 𝑛+𝑗 − 𝜉| > 𝜀√

2

}︁
∪
{︁
|𝜂𝑚+𝑖, 𝑛+𝑗 − 𝜂| > 𝜀√

2

}︁
.

Now, using the sub-additivity axiom of the uncertain measure, we get:

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M {‖𝜁𝑚+𝑖, 𝑛+𝑗 − 𝜁‖ > 𝜀} 6

6 lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
|𝜉𝑚+𝑖, 𝑛+𝑗 − 𝜉| > 𝜀√

2

}︀
+

+ lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
|𝜂𝑚+𝑖, 𝑛+𝑗 − 𝜂| > 𝜀√

2

}︀
.

So, lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M {‖𝜁𝑚+𝑖, 𝑛+𝑗 − 𝜁‖ > 𝜀} = 0, uniformly in 𝑚,𝑛.
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Consequently, the double sequence {𝜁𝑚,𝑛} of complex uncertain vari-
able is strongly almost convergent in measure to 𝜁.

Conversely, let the complex uncertain sequence {𝜁𝑚,𝑛} be strongly
almost convergent to 𝜁 in measure. Then we have for any 𝛿 > 0:

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
‖𝜁𝑚+𝑖, 𝑛+𝑗 − 𝜁‖ > 𝛿

}︀
= 0, uniformly in 𝑚,𝑛.

⇒ lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
|(𝜉𝑚+𝑖, 𝑛+𝑗 + 𝑖𝜂𝑚+𝑖, 𝑛+𝑗) − (𝜉 + 𝑖𝜂)| > 𝛿

}︀
= 0

⇒ lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
|(𝜉𝑚+𝑖, 𝑛+𝑗 − 𝜉) + 𝑖(𝜂𝑚+𝑖, 𝑛+𝑗 − 𝜂)| > 𝛿

}︀
= 0.

Then, there exists a positive number 𝛿′ with 0 < 𝛿
′
< 𝛿

2
, such that

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
|𝜉𝑚+𝑖, 𝑛+𝑗 − 𝜉| > 𝛿

′}︀
= 0, uniformly in 𝑚,𝑛,

and lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
|𝜂𝑚+𝑖, 𝑛+𝑗 − 𝜂| > 𝛿

′}︀
= 0, uniformly in 𝑚,𝑛.

Hence, the real part {𝜉𝑚,𝑛} and the imaginary part {𝜂𝑚,𝑛} of the complex
uncertain sequence {𝜁𝑚,𝑛} are strongly almost convergent in measure to 𝜉
and 𝜂, respectively. �

Theorem 4. If a complex uncertain double sequence {𝜁𝑚,𝑛} with the real
part {𝜉𝑚,𝑛} and the imaginary part {𝜂𝑚,𝑛} is strongly almost convergent
in measure to 𝜉 and 𝜂, respectively, then the double sequence convergent
in distribution.

Proof. Let 𝑐 = 𝑎 + 𝑖𝑏 be a given point of continuity of the complex
uncertainty distribution 𝜙 for 𝜁 = 𝜉 + 𝑖𝜂. For any 𝛼 > 𝑎, 𝛽 > 𝑏, we have:{︀

𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏
}︀

=

=
{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏, 𝜉 6 𝛼, 𝜂 6 𝛽

}︀
∪
{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏, 𝜉 > 𝛼, 𝜂 > 𝛽

}︀
∪

∪
{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏, 𝜉 6 𝛼, 𝜂 > 𝛽

}︀
∪
{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏, 𝜉 > 𝛼, 𝜂 6 𝛽

}︀
⊂

⊂
{︀
𝜉 6 𝛼, 𝜂 6 𝛽

}︀
∪
{︀
|𝜉𝑚,𝑛 − 𝜉| > 𝛼− 𝑎

}︀
∪
{︀
|𝜂𝑚,𝑛 − 𝜂| > 𝛽 − 𝑏

}︀
.



On strongly almost convergence of double sequences 111

Also, it follows from the subadditivity axiom that

𝜙𝑚,𝑛(𝑐) = 𝜙𝑚,𝑛(𝑎+ 𝑖𝑏) 6 𝜙(𝛼 + 𝑖𝛽)+

+ M {|𝜉𝑚+𝑖,𝑛+𝑗 − 𝜉| > 𝛼− 𝑎} + +M {|𝜂𝑚+𝑖,𝑛+𝑗 − 𝜂| > 𝛽 − 𝑏}.

Since the real and imaginary parts of the complex uncertain double se-
quence are strongly almost convergent in measure, we have, for 𝜀 > 0:

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M {|𝜉𝑚+𝑖,𝑛+𝑗 − 𝜉| > 𝛼− 𝑎} < 𝜀

2
,

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M {|𝜂𝑚+𝑖,𝑛+𝑗 − 𝜂| > 𝛽 − 𝑏} < 𝜀

2
.

Then

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

𝜙𝑚,𝑛(𝑐) 6 𝜙(𝛼 + 𝑖𝛽)+

+ lim
𝑝,𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M {|𝜉𝑚+𝑖, 𝑛+𝑗 − 𝜉| > 𝛼− 𝑎}+

+ lim
𝑝→∞

1

𝑝

𝑝−1∑︁
𝑗=0

M {|𝜂𝑚+𝑖, 𝑛+𝑗 − 𝜂| > 𝛽 − 𝑏} <

< 𝜙(𝛼 + 𝑖𝛽) + 𝜀/2 + 𝜀/2 = 𝜙(𝛼 + 𝑖𝛽) + 𝜀.

Suppose, 𝛼 + 𝑖𝛽 → 𝑎+ 𝑖𝑏. We obtain:

lim
𝑝, 𝑞→∞

sup{ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

𝜙𝑚+𝑖, 𝑛+𝑗(𝑐)} 6 𝜙(𝛼+𝑖𝛽) = 𝜙(𝑐), uniformly in 𝑚,𝑛.

(1)
Again, for 𝑥 < 𝑎, 𝑦 < 𝑏, we have:{︀

𝜉𝑚,𝑛 6 𝑥, 𝜂𝑚,𝑛 6 𝑦
}︀

=

=
{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏, 𝜉 6 𝑥, 𝜂 6 𝑦

}︀
∪
{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 > 𝑏, 𝜉 6 𝑥, 𝜂 6 𝑦

}︀
∪

∪
{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏, 𝜉 6 𝛼, 𝜂 > 𝛽

}︀
∪
{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏, 𝜉 > 𝛼, 𝜂 6 𝛽

}︀
⊂

{︀
𝜉𝑚,𝑛 6 𝑎, 𝜂𝑚,𝑛 6 𝑏

}︀
∪
{︀
|𝜉𝑚,𝑛 − 𝜉| > 𝑎− 𝑥

}︀
∪
{︀
|𝜂𝑚,𝑛 − 𝜂| > 𝑏− 𝑦

}︀
.
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This implies:

𝜙(𝑥+ 𝑖𝑦) 6 𝜙𝑚,𝑛(𝑎+ 𝑖𝑏)+M {|𝜉𝑚,𝑛−𝜉| > 𝑎−𝑥}+M {|𝜂𝑚,𝑛−𝜂| > 𝑏−𝑦}.

Thus, like in the previous step, we have:

𝜙(𝑥+ 𝑖𝑦) 6 lim
𝑝, 𝑞→∞

inf
1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

𝜙𝑚+𝑖,𝑛+𝑗(𝑎+ 𝑖𝑏), uniformly in 𝑚,𝑛.

Then, for any 𝑥 < 𝑎, 𝑦 < 𝑏, we obtain 𝑥+ 𝑖𝑦 → 𝑎+ 𝑖𝑏; so,

𝜙(𝑐) 6 lim
𝑝, 𝑞→∞

inf
1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

𝜙𝑚+𝑖,𝑛+𝑗(𝑐), for uniformly in 𝑚,𝑛. (2)

From equations (1) and (2) we see that 𝜙𝑚,𝑛(𝑐) is strongly almost converges
in distribution to 𝜙(𝑐) as𝑚,𝑛→ ∞. That is, the real and imaginary parts
are strongly almost convergent in measure and, consequently, strongly
almost convergent in distribution. �

For the converse part, we consider the following example:

Example 4. Consider the uncertainty space (Γ,L ,M ) with
Γ = {𝛾1, 𝛾2, 𝛾3}, having M {𝛾1} = 0.7, M {𝛾2} = 0.2, and M {𝛾3} = 0.3.
Define the sequence of complex uncertain variable by

𝜁𝑚,𝑛(𝛾) =

⎧⎪⎨⎪⎩
𝑖, if 𝛾 = 𝛾1;

−𝑖, if 𝛾 = 𝛾2;

2𝑖, if 𝛾 = 𝛾3.

We also have 𝜁 = −𝜁𝑚,𝑛 for 𝑚,𝑛 ∈ N. Then 𝜁𝑚,𝑛 and 𝜁 have the same
distribution as

𝜙𝑚,𝑛(𝑐) = 𝜙𝑚,𝑛(𝑎+ 𝑖𝑏) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0, if 𝑎 < 0, 𝑏 <∞;

0, if 𝑎 > 0, 𝑏 < −1;

0.2, if 𝑎 > 0, −1 6 𝑏 < 1;

0.7, if 𝑎 > 0, 1 6 𝑏 < 2;

1, if 𝑎 > 0, 1, 𝑏 > 2.

Thus, the complex uncertain double sequence {𝜁𝑚,𝑛} is strongly almost
convergent to 𝜁 in distribution.
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Now, for any 𝜀 > 0 and for 𝑝, 𝑞 → ∞, we have

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀

}︀
=

=
1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
𝛾 : ‖𝜁𝑚+𝑖,𝑛+𝑗(𝛾) − 𝜁(𝛾)‖ > 𝜀

}︀
= 1

uniformly in𝑚,𝑛. Thus, the double sequence {𝜁𝑚,𝑛} is not strongly almost
convergent to 𝜁 in measure.

Remark 1. Strongly almost convergence with respect to almost surely
convergence does not imply strongly almost convergence in mean, strongly
almost convergence in measure, and strongly almost convergence in dis-
tribution. This result is illustrated in the following example.

Example 5. Let the uncertainty space (Γ,L ,M ) be {𝛾1, 𝛾2, 𝛾3, . . .} with
M {Λ} =

∑︀
𝛾∈Λ

1
3(𝑚+𝑛) . The complex uncertain variables are defined by

𝜁𝑚,𝑛(𝛾) =

{︃
𝑖3(𝑚+𝑛), if 𝛾 = 𝛾𝑚+𝑛;

0, otherwise,

for 𝑚,𝑛 ∈ N and 𝜁(𝛾) ≡ 0. Then the double sequence {𝜁𝑚,𝑛} is strongly
almost convergent with respect to almost surely convergence to 𝜁. How-
ever, for 𝑚,𝑛 ∈ N, the uncertainty distribution of 𝜁𝑚,𝑛 is

𝜙𝑚,𝑛(𝑥) =

⎧⎪⎨⎪⎩
0, if 𝑥 < 0;

1 − 1
3(𝑚+𝑛) , if 0 6 𝑥 < 3(𝑚+𝑛);

1, if 𝑥 > 3(𝑚+𝑛).

Then, we have

𝐸
[︀
‖𝜁𝑚+𝑖,𝑛+𝑗−𝜁‖

]︀
=

3(𝑚+𝑛)∫︁
0

[︀
1−(1− 1

3(𝑚+𝑛)
)
]︀
𝑑𝑥+

∞∫︁
3(𝑚+𝑛)

(1−1)𝑑𝑥−
0∫︁

−∞

0 𝑑𝑥 = 1,

i. e., lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

𝐸
[︀
‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖

]︀
= 1, uniformly in 𝑚,𝑛.
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Consequently, the double sequence {𝜁𝑚,𝑛} is not strongly almost conver-
gent to 𝜁 in mean.

Example 6. Let the uncertainty space(Γ,L ,M ) be {𝛾1, 𝛾2, 𝛾3, 𝛾4} with
M {𝛾1} = 0.6, M {𝛾2} = 0.4, M {𝛾3} = 0.4, M {𝛾4} = 0.4. Define
the sequence of complex uncertain variable by

𝜁𝑚,𝑛(𝛾) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑖, if 𝛾 = 𝛾1;

2𝑖, if 𝛾 = 𝛾2;

3𝑖, if 𝛾 = 𝛾3;

4𝑖, if 𝛾 = 𝛾4;

0, otherwise,

for 𝑚,𝑛 ∈ N and 𝜁 ≡ 0. Then the double sequence {𝜁𝑚,𝑛} is strongly
almost convergent to 𝜁 with respect to almost surely convergence.

However, we have, for a given 𝜀 > 0:

M
{︀
‖𝜁𝑚+𝑖, 𝑛+𝑗 − 𝜁‖ > 𝜀

}︀
= M

{︀
𝛾 : ‖𝜁𝑚+𝑖, 𝑛+𝑗(𝛾) − 𝜁(𝛾)‖ > 𝜀

}︀
= 1, i. e.,

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
𝛾 : ‖𝜁𝑚+𝑖, 𝑛+𝑗(𝛾)−𝜁(𝛾)‖ > 𝜀

}︀
=1, uniformly in 𝑚,𝑛.

Thus, the complex uncertain double sequence {𝜁𝑚,𝑛} is not strongly almost
convergent in measure. Let the complex uncertainty distribution of {𝜁𝑚,𝑛}
be defined by

𝜙𝑚,𝑛(𝑐) = 𝜙𝑚,𝑛(𝑎+ 𝑖𝑏) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, if 𝑎 < 0, 𝑏 <∞;

0, if 𝑎 > 0, 𝑏 < 1;

0.6, if 𝑎 > 0, 1 6 𝑏 < 2;

0.6, if 𝑎 > 0, 2 6 𝑏 < 3;

0.6, if 𝑎 > 0, 3 6 𝑏 < 4;

1, if 𝑎 > 0, 𝑏 > 4.

The complex uncertain distribution for 𝜁 be defined by

𝜙(𝑐) =

⎧⎪⎨⎪⎩
0, if 𝑎 < 0, 𝑏 <∞;

0, if 𝑎 > 0, 𝑏 < 0;

1, if 𝑎 > 0, 𝑏 > 0.
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Thus, the complex uncertain double sequence {𝜁𝑚,𝑛} is not strongly almost
convergent in distribution.

Remark 2. The strongly almost convergence in measure and strongly
almost convergence in mean do not imply strongly almost convergence
with respect to almost surely convergence. This result can be established
from the following example:

Example 7. Consider an uncertainty space (Γ,L ,M ) to be [0, 1]. De-
fine a complex uncertain variable by

𝜁𝑚,𝑛(𝛾) =

⎧⎨⎩𝑖, if
𝑡

2𝑘1+𝑘2
6 𝛾 6

(1 + 𝑡)

2𝑘1+𝑘2
;

0, otherwise.

Then for all 𝑚= 2𝑘1 +𝑡, 𝑛= 2𝑘2 +𝑡 ∈ N and 𝜁 ≡ 0. For a given 𝜀 > 0, we
have

M
{︀
‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀

}︀
= M

{︀
𝛾 : ‖𝜁𝑚+𝑖,𝑛+𝑗(𝛾) − 𝜁(𝛾)‖ > 𝜀

}︀
, or

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀

}︀
=

= lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

M
{︀
𝛾 : ‖𝜁𝑚+𝑖,𝑛+𝑗(𝛾) − 𝜁(𝛾)‖ > 𝜀

}︀
=

=
1

2𝑘1+𝑘2
→ 0, uniformly in 𝑚,𝑛.

Thus, the complex uncertain double sequence {𝜁𝑚,𝑛} is strongly almost
convergent to 𝜁 in measure. Further, we have

lim
𝑝, 𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

𝐸
[︀
‖𝜁𝑚+𝑖,𝑛+𝑗(𝛾)−𝜁(𝛾)‖

]︀
=

1

2𝑘1+𝑘2
→ 0, uniformly in 𝑚,𝑛.

Therefore, the complex uncertain double sequence {𝜁𝑚,𝑛} is also strongly
almost convergent to 𝜁 in mean.

However, for any 𝛾([0, 1]), there is an infinite number of intervals of
the form [ 𝑡

2𝑘1+𝑘2
, 𝑡+1
2𝑘1+𝑘2

] containing 𝛾. Thus, the double sequence {𝜁𝑚,𝑛}
is not convergent to 0. In other words, the double sequence {𝜁𝑚,𝑛} is not
strongly almost convergent with respect to almost surely convergence to 𝛾.
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Proposition 1. The complex uncertain double sequence {𝜁𝑚,𝑛} is strongly
almost convergent to 𝜁 with respect to almost surely convergence if and
only if for any 𝜀 > 0 and uniformly in 𝑚, 𝑛 we have

M
(︁ ∞⋂︁

𝑖=𝑗=1

∞⋃︁
𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗(𝛾) − 𝜁(𝛾)‖ > 𝜀
}︁)︁

= 0.

Proof. By the definition of strongly almost convergence with respect to
almost surely convergence of complex uncertain double sequence, for all
𝛾 ∈ Λ there exists an event with M {Λ} = 1, such that

lim
𝑝,𝑞→∞

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗(𝛾) − 𝜁(𝛾)‖ = 0, uniformly in 𝑚,𝑛.

Then, for any 𝜀 > 0 such that for any event 𝛾 ∈ Λ we have

M
(︁ ∞⋃︁

𝑖=𝑗=1

∞⋂︁
𝑚=1

∞⋂︁
𝑛=1

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ < 𝜀
)︁

= 1, uniformly in 𝑚,𝑛.

It follows from the duality axiom of the uncertain measure that

M
(︁ ∞⋂︁

𝑖=𝑗=1

∞⋃︁
𝑚=1

∞⋃︁
𝑛=1

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
)︁

= 0, uniformly in 𝑚,𝑛.

Thus, the proposition is proved. �

Proposition 2. Let {𝜁𝑚,𝑛} be sequences of complex uncertain vari-
ables, where𝑚,𝑛 = 1, 2, 3 . . . Then the complex uncertain double sequence
{𝜁𝑚,𝑛} is strongly almost convergent to 𝜁 with respect to uniformly almost
surely convergence if and only if,

lim
𝑝,𝑞→∞

M
(︁ ∞⋃︁

𝑚=1

∞⋃︁
𝑛=1

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
)︁

= 0, uniformly in 𝑚,𝑛.

Proof. If the complex uncertain double sequence {𝜁𝑚,𝑛} is strongly almost
convergent with respect to uniformly almost surely convergence to 𝜁, then
for any 𝛿 > 0 there exist a 𝐵, such that M (𝐵) < 𝛿 and the double
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sequence {𝜁𝑚,𝑛} strongly almost uniformly converges to 𝜁 on Γ − 𝐵. We
have

1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ < 𝜀, uniformly in 𝑚,𝑛.

That is,
∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁
⊂ 𝐵.

It follows from the sub-additivity axiom of uncertain measure that

M
(︁ ∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁)︁
6M {𝐵} < 𝛿.

This implies:

lim
𝑝, 𝑞→∞

M
(︁ ∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁)︁

= 0,

uniformly in 𝑚,𝑛. Conversely, let,

lim
𝑝, 𝑞→∞

M
(︁ ∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁)︁

= 0,

uniformly in 𝑚,𝑛.
Then, for any 𝛿 > 0, 𝑘 > 1, and uniformly in 𝑚,𝑛 there exist 𝑘𝑡 for

which

M
(︁ ∞⋃︁

𝑚=𝑘𝑡

∞⋃︁
𝑛=𝑘𝑡

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 1

𝑘

}︁)︁
<

𝛿

2𝑘
.

Consider, 𝐵 =
∞⋃︀

𝑚=𝑘𝑡

∞⋃︀
𝑛=𝑘𝑡

{︀
‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 1

𝑘

}︀
. Then, for uniform values

of 𝑚,𝑛:

M {𝐵} 6M
(︁ ∞⋃︁

𝑚=𝑘𝑡

∞⋃︁
𝑛=𝑘𝑡

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 1

𝑘

}︁)︁
6 𝛿.
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However, sup
𝛾∈Γ−𝐵

‖𝜁𝑚,𝑛 − 𝜁‖ < 1
𝑘
for any 𝑘 = 1, 2, 3 . . . , and 𝑚,𝑛 > 𝑘𝑡.

Hence, the proposition is proved. �

Theorem 5. If the complex uncertain double sequence {𝜁𝑚,𝑛} is strongly
almost convergent to 𝜁 with respect to uniformly almost surely conver-
gence, then {𝜁𝑚,𝑛} is strongly almost convergent to 𝜁 with respect to
almost surely convergence.

Proof. It follows from Proposition 2 that if the complex uncertain double
sequence{𝜁𝑚,𝑛} is strongly almost convergent with respect to uniformly
almost surely convergence to 𝜁, then

lim
𝑝, 𝑞→∞

M
(︁ ∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁)︁

= 0,

for uniformly in 𝑚,𝑛. Since,

M
(︁ ∞⋂︁

𝑖=𝑗=1

∞⋃︁
𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁)︁
6

6M
(︁ ∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁)︁
.

Taking limits as 𝑝, 𝑞 → ∞ in both sides, we obtain

lim
𝑝,𝑞→∞

M
(︁ ∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

||𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁|| > 𝜀
}︁)︁

= 0,

uniformly in 𝑚,𝑛.
By Proposition 1, the complex uncertain double sequence {𝜁𝑚,𝑛} is

strongly almost convergent to 𝜁. �

Theorem 6. If the complex uncertain double sequence {𝜁𝑚,𝑛} is strongly
almost convergent to 𝜁 with respect to uniformly almost surely conver-
gence, then {𝜁𝑚,𝑛} is strongly almost convergent to 𝜁 in measure.

Proof. If the complex uncertain double sequence {𝜁𝑚,𝑛} is strongly almost
convergent with respect to uniformly almost surely convergence to 𝜁, then,
from Proposition 2, we have

lim
𝑝, 𝑞→∞

M
(︁ ∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁)︁

= 0,
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uniformly in 𝑚,𝑛 and

M
{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁
6

6M
(︁ ∞⋃︁

𝑚=𝑖

∞⋃︁
𝑛=𝑗

{︁ 1

𝑝𝑞

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑗=0

‖𝜁𝑚+𝑖,𝑛+𝑗 − 𝜁‖ > 𝜀
}︁)︁
.

Taking limits as 𝑝, 𝑞 → ∞, we obtain that the double sequence {𝜁𝑚,𝑛}
converges to 𝜁 in measure. �

4. Conclusion. In this article, we have established that if a complex
uncertain double sequence is strongly almost convergent in mean, it is
convergent in measure and distribution also. Moreover, if it is strongly
almost convergent with respect to uniformly almost surely convergence,
it is convergent with respect to almost surely convergence as well. These
concepts can also be generalized and extended in different directions.
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