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Abstract. In this paper, the complete monotonicity of 1
arctan𝑥 is

proved. This problem was posted by F. Qi and R. P. Agarwal as
the eighth open problem of collection of eight open problems.
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1. Introduction. A function 𝑓 is said to be logarithmically com-
pletely monotonic on an interval 𝐼 if its logarithm ln 𝑓 satisfies

(−1)𝑛 [ln 𝑓(𝑥)](𝑛) > 0 (1)

for 𝑛 ∈ N on 𝐼.
A non-negative function 𝑓 is called a Stieltjes function if there exist

non-negative constants 𝑎, 𝑏 > 0 and 𝜎 is a measure on (0,∞), such that

𝑓(𝑥) =
𝑎

𝑥
+ 𝑏+

∫︁
(0,∞)

1

𝑥+ 𝑡
𝜎(𝑑𝑡) (2)

and
∫︀
(0,∞)

(1 + 𝑡)−1𝜎(𝑑𝑡) < ∞ (see [7]). The theorem of Widder (see
Theorem 12.5 in [2] or Theorem 18b at p. 366 in [3]) states that a non-
negative function 𝑓 is a Stieltjes function if and only if it is smooth and
such that

(−1)𝑛−1 (𝑥𝑛𝑓(𝑥))(2𝑛−1) > 0, 𝑛 > 1. (3)

In the paper [4], F. Qi and R. P. Agarwal posed eight open problems on
complete monotonicity. The eighth open problem says:
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Qi’s Eighth Open Problem. The function 1
arctan𝑥

is logarithmically
completely monotonic on (0,∞) but not a Stieltjes transform.

In [1], [6], [8], there is Faá di Bruno’s formula: if 𝑔 and 𝑓 are functions
with a sufficient number of derivatives, then

𝑑𝑛

𝑑𝑡𝑛
𝑔(𝑓(𝑡)) =

∑︁ 𝑛!

𝑏1!𝑏2! · · · 𝑏𝑛!
𝑔(𝑠)(𝑓(𝑡))

𝑛∏︁
𝑖=1

(︁𝑓 (𝑖)(𝑡)

𝑖!

)︁𝑏𝑖
(4)

where the sum is over all different solutions in nonnegative integers
𝑏1, 𝑏2, . . . , 𝑏𝑛 of 𝑏1 + 2𝑏2 + · · · + 𝑛𝑏𝑛 = 𝑛, and 𝑠 := 𝑏1 + · · · + 𝑏𝑛. And
in [5], the 𝑛𝑡ℎ derivative of arctan𝑥 is obtained:

𝑑𝑛

𝑑𝑥𝑛
(arctan𝑥) =

(−1)𝑛−1(𝑛− 1)!

(1 + 𝑥2)𝑛/2
sin

(︁
𝑛 arcsin

(︁ 1√
1 + 𝑥2

)︁)︁
. (5)

Equations (4) and (5) are important tools in the solution.
The function 𝜓(𝑥) := 𝑑

𝑑𝑥
log Γ(𝑥) = Γ′(𝑥)

Γ(𝑥)
, the logarithmic deriva-

tive of the gamma function, is called psi function or digamma function,
and 𝜓(𝑚)(𝑥) for 𝑚 ∈ N are called the polygamma functions. Properties
and inequalities related to polygamma functions can be found in [9–12]
and references therein. The only positive zero of digamma function is
𝑐 = 1.461632144 . . . and the series representation is [1]

𝜓(𝑚)(𝑥) = (−1)𝑚+1

∞∑︁
𝑛=0

𝑚!

(𝑛+ 𝑥)𝑚+1
, 𝑥 > 0, 𝑚 = 1, 2, . . .

It follows that [1]

(−1)(𝑚+1)𝜓(𝑚)(𝑥) > 0, 𝑚 = 1, 2, . . . (6)

2. Main Results.

Theorem 1. The function 1
arctan𝑥

is logarithmically completely mono-
tonic on (0,∞) but not a Stieltjes transform.

Proof. Let ℎ(𝑥) = ln
(︁ 1

arctan𝑥

)︁
= − ln(arctan𝑥), 𝑔(𝑥) = ln(𝑥) and

𝑓(𝑥) = arctan 𝑥, then ℎ(𝑥) = −𝑔(𝑓(𝑥)). Now,

(−1)𝑛ℎ(𝑛)(𝑥) = (−1)𝑛+1 (ln(arctan𝑥))(𝑛) .

By (4) and (5), we obtain
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(−1)𝑛ℎ(𝑛)(𝑥) =
∑︁ (−1)𝑛+𝑠𝑛!

𝑏1!𝑏2! · · · 𝑏𝑛!

(𝑠− 1)!

(arctan𝑥)𝑠
×

×
𝑛∏︁
𝑟=1

(︂
(−1)𝑟−1(𝑟 − 1)!

(1 + 𝑥2)𝑟/2
sin

(︁
𝑟 arcsin

(︁ 1√
1 + 𝑥2

)︁)︁)︂𝑏𝑟

=

using (−1)𝑛+𝑠 = (−1)2𝑏1+3𝑏2+4𝑏3+···+(𝑛+1)𝑏𝑛 we obtain

=
∑︁ 𝑛!

𝑏1!𝑏2! . . . 𝑏𝑛!

(𝑠− 1)!

(arctan𝑥)𝑠
×

×
𝑛∏︁
𝑟=1

(︂
(𝑟 − 1)!

(1 + 𝑥2)𝑟/2
sin

(︁
𝑟 arcsin

(︁ 1√
1 + 𝑥2

)︁)︁)︂𝑏𝑟

> 0 for all 𝑥 ∈ (0,∞).

Suppose that 𝑓(𝑥) = 1
arctan𝑥

is a Steiltjes transform; then the equation (3)
must hold for all 𝑛 ∈ N. However, we claim that for 𝑛 = 2 the equation
(3) does not hold for 𝑓(𝑥) = 1

arctan𝑥
. Now, for 𝑛 = 2

(−1)1
(︀
𝑥2𝑓(𝑥)

)︀(3)
= −

(︁ 𝑥2

arctan𝑥

)︁(3)

=

=
6 arctan(𝑥)2 − 2 arctan(𝑥)2𝑥2 − 12𝑥 arctan(𝑥) + 6𝑥2

arctan(𝑥)4(1 + 𝑥2)3
.

We have

lim
𝑥→0+

(︁6 arctan(𝑥)2 − 2 arctan(𝑥)2𝑥2 − 12𝑥 arctan(𝑥) + 6𝑥2

arctan(𝑥)4(1 + 𝑥2)3

)︁
= −2

and

lim
𝑥→∞

(︁6 arctan(𝑥)2 − 2 arctan(𝑥)2𝑥2 − 12𝑥 arctan(𝑥) + 6𝑥2

arctan(𝑥)4(1 + 𝑥2)3

)︁
= 0

This implies

−2 < (−1)1
(︂

𝑥2

arctan𝑥

)︂(3)

6 0, ∀𝑥 ∈ (0,∞),

which contradicts (3). Thus, the function 1
arctan𝑥

is logarithmically com-
pletely monotonic but not a Steiltjes transform. The proof of Theorem 1
is complete. �

Theorem 2. The function 𝑔(𝑥) = 1
𝜓(𝑥)

is strictly logarithmically com-
pletely monotonic on (𝑐,∞), where 𝑐 is the only positive zero of 𝜓(𝑥).
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Proof. Consider

(−1)𝑛
(︁

ln
(︁ 1

𝜓(𝑥)

)︁)︁(𝑛)

= (−1)𝑛+1 (ln(𝜓(𝑥)))(𝑛) =

using (4) we have

=
∑︁ 𝑛!

𝑏1!𝑏2! . . . 𝑏𝑛!

(−1)𝑛+𝑠(𝑠− 1)!

𝜓𝑠(𝑥)

(︁𝜓′(𝑥)

1!

)︁𝑏1(︁𝜓′′(𝑥)

2!

)︁𝑏2
. . .

(︁𝜓(𝑛)(𝑥)

𝑛!

)︁𝑏𝑛
=

since 𝑛+ 𝑠 = 2𝑏1 + 3𝑏2 + 4𝑏3 + · · · + (𝑛+ 1)𝑏𝑛 and using (6), we have

=
∑︁ 𝑛!

𝑏1!𝑏2! . . . 𝑏𝑛!

(𝑠− 1)!

𝜓𝑠(𝑥)

(︁𝜓′(𝑥)

1!

)︁𝑏1(︁−𝜓′′(𝑥)

2!

)︁𝑏2
. . .

(︁(−1)𝑛+1𝜓(𝑛)(𝑥)

𝑛!

)︁𝑏𝑛
.

So, (−1)𝑛
(︁

ln
(︀

1
𝜓(𝑥)

)︀)︁(𝑛)

> 0, for all 𝑥 ∈ (𝑐,∞). The proof of Theorem 2
is complete. �
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Math. Monthly, 2020.
DOI: https://doi.org/10.1080/00029890.2002.11919857

https://doi.org/10.1142/S1793557121500649
 https://doi.org/10.1090/S0002-9947-1938-1501933-2
https://doi.org/10.1186/s13660-019-1976-z
https://doi.org/10.4171/EM/5
https://doi.org/10.1080/00029890.2002.11919857


112 A. Venkata Lakshmi

[9] H. Alzer. On some inequalities for the gamma and psi functions. Math.
Comput., 1997, vol. 66, pp. 373 – 389.
DOI: https://doi.org/10.1090/S0025-5718-97-00807-7

[10] H. Alzer and G. Jameson. A harmonic inequality for the digmma func-
tion and related results. Rend. Sem. Mat. Univ. Padova, 2017, vol. 137,
pp. 203 – 209. DOI: https://doi.org/10.4171/RSMUP/137-10

[11] A. Laforgia and P. Natalini. Exponential, gamma and polygamma functions:
simple proofs of classical and new inequalities. J. Math. Anal. Appl., 2013,
vol. 407, pp. 495 – 504.
DOI: https://doi.org/10.1016/j.jmaa.2013.05.045

[12] W. E. Clark and Mourad. E. H. Ismail. Inequalities involving gamma and
psi functions. Anal. Appl., 2003, vol. 1, no. 1 pp. 129 – 140.
DOI: https://doi.org/10.1142/S0219530503000041

Received March 01, 2021.
In revised form, June 09, 2021.
Accepted June 11, 2021.
Published online July 3, 2021.

A. Venkata Lakshmi
Department of Mathematics
Osmania University, Hyderabad 500007, India
E-mail: akavaramvlr@gmail.com

https://doi.org/10.1090/S0025-5718-97-00807-7
https://doi.org/ 10.4171/RSMUP/137-10
https://doi.org/10.1016/j.jmaa.2013.05.045
https://doi.org/10.1142/S0219530503000041

