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CONVERGENCE OF SEQUENCES OF FUZZY REAL
NUMBERS AND ASSOCIATED KOROVKIN-TYPE

THEOREMS

Abstract. The present work focuses on the statistical Euler summa-
bility, Euler statistical convergence, and Euler summability of se-
quences of fuzzy real numbers via the generalized fractional differ-
ence operator. We make an effort to establish some relations be-
tween different sorts of Euler convergence. Further, we discuss the
fuzzy continuity and demonstrate a fuzzy Korovkin-type approxi-
mation theorem. Finally, we study fuzzy rate of the convergence of
approximating fuzzy positive linear operators through the modulus
of continuity.
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1. Introduction and Preliminaries. The theory of statistical con-
vergence was initially presented by Fast [7] and Steinhaus [21]. It has
been further designed by Connor [5], Fridy [8], Miller and Orhan [13].
For advanced developments in the field of statistical convergence and the
neighbour topics, see [15], [16]. Mursaleen and Alotaibi [17] also proved
an approximation theorem for a function of two variables by means of
statistical 𝐴−summability. For a detailed study on summability theory
and approximation results, see [1], [11], [14], [18], and many others.
In 1965, Zadeh [27] introduced the concept of fuzzy numbers. Savaş [22]
studied statistical convergence for a sequence of fuzzy numbers. Later, Ay-
tar et al. [2] expanded the concept of statistical superior limit and inferior
limit to statistically bounded sequences of fuzzy real numbers. Talo and
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Başar ( [23], [24]) studied certain classes of sequences of fuzzy numbers;
for further study, see [6], [25], [26].

A fuzzy set �̂� : ℝ → [0, 1] is called a fuzzy number if it satisfies the
following criteria:

(i) �̂� is normal, i. e., there exists an 𝑥0 ∈ ℝ, such that �̂�(𝑥0) = 1;

(ii) �̂� is convex, i. e., for 𝑥0, 𝑥 ∈ ℝ and 0 ⩽ 𝜏 ⩽ 1:

�̂�(𝜏𝑥0 + (1− 𝜏)𝑥) ⩾ min{�̂�(𝑥0), �̂�(𝑥)};

(iii) �̂� is upper semi-continuous;

(iv) supp(�̂�) = 𝑐𝑙{𝑥 ∈ ℝ : �̂�(𝑥) > 0} is compact and it is denoted by [�̂�]0.

Throughout the paper, ℝ𝔽 denotes the space of all fuzzy numbers. Suppose
[�̂�]0 = {𝑥 ∈ ℝ : �̂�(𝑥) > 0} and the 𝑖-level set is [�̂�]𝑖 = {𝑥 ∈ ℝ : �̂�𝑥) ⩾ 𝑖},
(0 < 𝑖 ⩽ 1). For any �̂�, 𝑣 ∈ ℝ𝔽 and 𝜆 ∈ ℝ, it is positive to define uniquely
the sum �̂�⊕ 𝑣 and the scalar multiplication to 𝜆 ∈ ℝ of �̂� as

[�̂�⊕ 𝑣]𝑖 = [�̂�]𝑖 + [𝑣]𝑖 and [𝜆⊙ �̂�]𝑖 = 𝜆[�̂�]𝑖.

Now, the interval [�̂�]𝑖 is denoted by [�̂�
(𝑖)
− , �̂�

(𝑖)
+ ], where �̂�

(𝑖)
− ⩽ �̂�

(𝑖)
+ and

𝑢
(𝑖)
− , �̂�

(𝑖)
+ ∈ ℝ, 𝑖 ∈ [0, 1]. Then, for �̂�, 𝑣 ∈ ℝ𝔽 define

�̂� ⩽ 𝑣 ⇔ �̂�
(𝑖)
− ⩽ 𝑣

(𝑖)
− and �̂�(𝑖)+ ⩽ 𝑣

(𝑖)
+ , ∀ 0 ⩽ 𝑖 ⩽ 1.

Now, 𝑑 : ℝ𝔽 × ℝ𝔽 → ℝ is given by

𝑑(�̂�, 𝑣) = sup
𝑖∈[0,1]

max
{︁⃒⃒
�̂�
(𝑖)
− − 𝑣

(𝑖)
−
⃒⃒
,
⃒⃒
�̂�
(𝑖)
+ − 𝑣

(𝑖)
+

⃒⃒}︁
.

Here, (ℝ𝔽, 𝑑) is a complete metric space [20]. Let 𝑔,  : [𝑎, 𝑏] → ℝ𝔽 be
fuzzy-valued functions. Then the distance between 𝑔 and  is given by

𝑑*(𝑔, ) = sup
𝑢∈[𝑎,𝑏]

sup
𝑖∈[0,1]

max
{︁⃒⃒
𝑔
(𝑖)
− − 

(𝑖)
−
⃒⃒
,
⃒⃒
𝑔
(𝑖)
+ − 

(𝑖)
+

⃒⃒}︁
.

Let 𝑦 = (𝑦𝜗) be a sequence of fuzzy real numbers. Then (𝑦𝜗) is called
statistically convergent to a fuzzy number 𝐿, if, for every 𝜖 > 0:

lim
𝜂

1

𝜂
|{𝜗 ⩽ 𝜂 : 𝑑(𝑦𝜗, 𝐿) ⩾ 𝜖}| = 0.
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By Ω, we mean the space of real-valued sequences. Let 𝑦 = (𝑦𝜗) be any
sequence in Ω and  be a constant. Recently, Baliarsingh [3], [4] introduced
a new version of difference sequence space of fractional order, given by

(Δ𝑟,𝑠,𝑡
 𝑦)𝜗 =

∞∑︁
𝑗=0

(−𝑟)𝑗(−𝑠)𝑗
𝑗!(−𝑡)𝑗𝑟+𝑠−𝑡

𝑦𝜗−𝑗, ∀𝜗 ∈ ℕ (1)

where 𝑟, 𝑠, 𝑡 are real numbers and (𝜏)𝜗 is the Pochhammer symbol of a
real number 𝜏 , which is defined as

(𝜏)𝜗 =

{︃
1, (𝜗 = 0)

Γ(𝜏) = [𝜏 ][𝜏 + 1][𝜏 + 2] · · · [𝜏 + 𝜗− 1], (𝜗 ∈ ℕ).

Here the series (1) is convergent for all 𝑡 > 𝑟 + 𝑠 (see [9]).

Definition 1. [19] A sequence 𝑦 = (𝑦𝜗) is said to be Euler statistically
convergent to 𝑙, if for each 𝜀 > 0

𝐵𝜀 = {𝜗 ⩽ (1 + 𝜇)𝜂 : 𝜇𝜂−𝜗|𝑦𝜗 − 𝑙| ⩾ 𝜀}

has zero natural density, i. e.,

lim
𝜂→∞

|𝐵𝜀|
(1 + 𝜇)𝜂

= 0.

Definition 2. A sequence 𝑦 = (𝑦𝜗) of fuzzy real numbers is said to be
statistically Δ𝑟,𝑠,𝑡

 Euler summable (𝑠𝑡−Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 ) to a fuzzy number 𝐿, if

for every 𝜀 > 0

lim
𝜂→∞

1

𝜂

⃒⃒⃒⃒{︂
𝜗 ⩽ 𝜂 : 𝑑

(︂
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿

)︂
⩾ 𝜀

}︂⃒⃒⃒⃒
= 0.

Definition 3. A sequence 𝑦 = (𝑦𝜗) of fuzzy real numbers is said to be
Δ𝑟,𝑠,𝑡
 Euler statistically (Δ𝑟,𝑠,𝑡

 𝑆𝑡𝐹𝐸) convergent to a fuzzy number 𝐿, if for
each 𝜀 > 0

{𝜗 ⩽ (1 + 𝜇)𝜂 : 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) ⩾ 𝜀}

has zero natural density, i. e.,

lim
𝜂→∞

1

(1 + 𝜇)𝜂
|{𝜗 ⩽ (1 + 𝜇)𝜂 : 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗, 𝐿) ⩾ 𝜀}| = 0.
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Definition 4. A sequence 𝑦 = (𝑦𝜗) of fuzzy real numbers is said to be
Δ𝑟,𝑠,𝑡
 Euler summable to a fuzzy number 𝐿, if

lim
𝜂→∞

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝑦𝜗 = 𝐿 as 𝜂 → ∞.

Also, 𝑦 = (𝑦𝜗) is said to be strongly Δ𝑟,𝑠,𝑡
 Euler summable (Δ𝑟,𝑠,𝑡

 𝑆𝐹𝐸 )
to 𝐿, if

lim
𝜂→∞

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) = 0.

Definition 5. A sequence 𝑦 = (𝑦𝜗) of fuzzy real numbers is said to be
strongly Δ𝑟,𝑠,𝑡

 Euler summable with order 𝛼 (Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 )𝛼 (0 < 𝛼 < ∞)

to 𝐿, if

lim
𝜂→∞

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿)

𝛼 = 0.

2. Relation between different convergence concepts of se-
quences of fuzzy real numbers.

Theorem 1. Suppose 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗−𝐿) ⩽𝑀, ∀ 𝜂, 𝜗 ∈ ℕ. If a sequence

𝑦 = (𝑦𝜗) is Δ𝑟,𝑠,𝑡
 Euler statistically (Δ𝑟,𝑠,𝑡

 𝑆𝑡𝐹𝐸) convergent to 𝐿, then it is
strongly Δ𝑟,𝑠,𝑡

 Euler summable (Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 ) to 𝐿.

Proof. Suppose 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗,𝐿) ⩽ 𝑀, ∀ 𝜂, 𝜗 ∈ ℕ. By the given condi-

tion, we have

lim
𝜂→∞

1

(1 + 𝜇)𝜂
|{𝜗 ⩽ (1 + 𝜇)𝜂 : 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗, 𝐿) ⩾ 𝜀}| = 0.

Consider
𝐺(𝜀) = {𝜗 ⩽ (1 + 𝜇)𝜂 : 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗, 𝐿) ⩾ 𝜀}
and

𝐺𝑐(𝜀) = {𝜗 ⩽ (1 + 𝜇)𝜂 : 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) < 𝜀}.

Then

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) =

=
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗−𝐿)+

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺𝑐(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) ⩽
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⩽
1

(1 + 𝜇)𝜂

(︂
sup
𝜗
𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗,𝐿)

)︂
|𝐺(𝜀)|+ 𝜀 ⩽

⩽
1

(1 + 𝜇)𝜂
𝑀 |𝐺(𝜀)|+ 𝜀→ 0 + 𝜀 = 𝜀

as 𝜂 → ∞, which implies 𝑦 = (𝑦𝜗) is strongly Δ𝑟,𝑠,𝑡
 Euler summable

(Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 ) to 𝐿. □

Theorem 2.
(a) A sequence of fuzzy numbers 𝑦 = (𝑦𝜗) be (Δ𝑟,𝑠,𝑡

 𝑆𝐹𝐸 )𝛼
to 𝐿. If

0 < 𝛼 < 1 and 0 ⩽ 𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) < 1

or
1 ⩽ 𝛼 <∞ and 1 ⩽ 𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗, 𝐿) <∞,

then (𝑦𝜗) is (Δ𝑟,𝑠,𝑡
 𝑆𝑡𝐹𝐸) convergent to 𝐿.

(b) A sequence of fuzzy numbers 𝑦 = (𝑦𝜗) is (Δ𝑟,𝑠,𝑡
 𝑆𝑡𝐹𝐸) convergent to

𝐿 and
𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗,𝐿) ⩽𝑀, for all 𝜗 ∈ ℕ.

If 0 < 𝛼 < 1 and 1 ⩽ 𝑀 < ∞ or 1 ⩽ 𝛼 < ∞ and 0 ⩽ 𝑀 < 1, then (𝑦𝜗)
is (Δ𝑟,𝑠,𝑡

 𝑆𝐹𝐸 )𝛼 to 𝐿.

Proof. (a) Let 𝑦 = (𝑦𝜗) be (Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 )𝛼 to 𝐿, i. e.,

lim
𝜂→∞

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿)

𝛼 = 0.

Consider
𝐺(𝜀) = {𝜗 ⩽ (1 + 𝜇)𝜂 : 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗, 𝐿) ⩾ 𝜀}
and

𝐺𝑐(𝜀) = {𝜗 ⩽ (1 + 𝜇)𝜂 : 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) < 𝜀}.

By the given conditions, we have

𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗 − 𝐿) ⩽ 𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗 − 𝐿)𝛼

and

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗 − 𝐿) ⩽ 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗 − 𝐿)𝛼.

Then
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1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗 − 𝐿)𝛼 ⩾

⩾
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) =

=
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗,𝐿) +

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺𝑐(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗,𝐿) ⩾

⩾
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗,𝐿) ⩾

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺(𝜀)

𝜀 =

= 𝜀
|𝐺(𝜀)|
(1 + 𝜇)𝜂

→ 0 𝑎𝑠 𝜂 → ∞,

which implies (𝑦𝜗) is (Δ𝑟,𝑠,𝑡
 𝑆𝑡𝐹𝐸) converge to 𝐿.

(b) Let 𝑦=𝑦𝜗 be (Δ𝑟,𝑠,𝑡
 𝑆𝑡𝐹𝐸) convergent to 𝐿 and 𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗, 𝐿) ⩽𝑀 ,
for all 𝜗 ∈ ℕ. Then

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗 − 𝐿)𝛼 =

=
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗,𝐿)

𝛼+
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺𝑐(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗,𝐿)

𝛼 =

= 𝑉1(𝜂) + 𝑉2(𝜂),

where

𝑉1(𝜂) =
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿)

𝛼,

𝑉2(𝜂) =
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺𝑐(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿)

𝛼.

If 𝜗 ∈ 𝐺(𝜀), then

𝑉1(𝜂) =
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿)

𝛼 ⩽
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⩽
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿) ⩽

⩽
1

(1 + 𝜇)𝜂

(︂
sup
𝜗
𝑟𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡

 𝑦𝜗, 𝐿)|𝐺(𝜀)|
)︂

⩽𝑀
|𝐺(𝜀)|
(1 + 𝜇)𝜂

→ 0 as 𝜂 → ∞.

If 𝜗 ∈ 𝐺𝑐(𝜀), then

𝑉2(𝜂) =
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺𝑐(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿)

𝛼 ⩽

⩽
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜗∈𝐺𝑐(𝜀)

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗,𝐿)

𝜀|𝐺(𝜀)|
(1 + 𝜇)𝜂

= 𝜀 as 𝜂 → ∞.

Thus, 1
(1+𝜇)𝜂

𝜂∑︀
𝜗=1

𝜇𝜂−𝜗𝑑(Δ𝑟,𝑠,𝑡
 𝑦𝜗 − 𝐿)𝛼 → 0 as 𝜂 → ∞. Hence, (𝑦𝜈) is

(Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 )𝛼 to 𝐿. □

3. Korovkin-type theorem and rates of equi-statistical con-
vergence. In this section, we use the concept of statistical Δ𝑟,𝑠,𝑡

 − Euler
summability method (𝑠𝑡−Δ𝑟,𝑠,𝑡

 𝑆𝐹𝐸 ) to prove a Korovkin-type approxima-
tion theorem. A fuzzy number valued function 𝑔 : [𝑎, 𝑏] → ℝ𝐹 is said to be
fuzzy continuous at 𝑦0 ∈ [𝑎, 𝑏], iff 𝑦𝜈 → 𝑦0; then 𝑑(𝑦𝜗, 𝑦0) → 0 as 𝜗 → ∞.
In other words, we can say that on an interval [𝑎, 𝑏] 𝑔 is fuzzy continuous
if it is fuzzy continuous for any 𝑢 ∈ [𝑎, 𝑏], and we denote the space of all
fuzzy continuous functions on the interval [𝑎, 𝑏] by 𝐶𝐹 [𝑎, 𝑏]. In this case,
𝐶𝐹 [𝑎, 𝑏] is just a cone, not a vector space. Now let 𝜉 : 𝐶𝐹 [𝑎, 𝑏] → 𝐶𝐹 [𝑎, 𝑏]
be an operator. We say that 𝜉 is fuzzy linear, if for every 𝜁1, 𝜁2 ∈ ℝ,
𝑔1, 𝑔2 ∈ 𝐶𝐹 [𝑎, 𝑏], and 𝑢 ∈ [𝑎, 𝑏]:

𝜉(𝜁1 ⊙ 𝑔1 ⊕ 𝜁2 ⊙ 𝑔2;𝑢) = 𝜁1 ⊙ 𝜉(𝑔1;𝑢)⊕ 𝜁2 ⊙ 𝜉(𝑔2;𝑢).

Also, 𝜉 is called fuzzy positive linear operator, if it is fuzzy linear and

𝜉(𝑔1;𝑢) ⩽ 𝜉(𝑔2;𝑢)

for any 𝑔1, 𝑔2 ∈ 𝐶𝐹 [𝑎,𝑏] and for any 𝑢 ∈ [𝑎, 𝑏] with

𝑔1(𝑢) ⩽ 𝑔2(𝑢).
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In this paper, we use the test function 𝑒𝑗, which is given by 𝑒𝑗(𝑢) = 𝑢𝑗;
here 𝑗 = 0, 1, 2.

Theorem 3. Consider the fuzzy sequence {𝜉𝑚} of positive linear opera-
tors from 𝐶𝐹 [𝑎, 𝑏] into itself. Suppose that there exists a corresponding
sequence {𝜉𝑚} of positive linear operators from 𝐶[𝑎, 𝑏] into itself s.t.

{𝜉𝑚(𝑔;𝑢)}(𝑖)± = 𝜉𝑚(𝑔
(𝑖)
± ;𝑢), (2)

for all 𝑢 ∈ [𝑎, 𝑏], 𝑔 ∈ 𝐶𝐹 [𝑎, 𝑏] and 𝑚 ∈ ℕ. Suppose also that

𝑠𝑡− lim
𝜂→∞

⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒𝑗)− 𝑒𝑗

⃦⃦⃦
= 0 (𝑗 = 0, 1, 2). (3)

Then, for all 𝑔 ∈ 𝐶𝐹 [𝑎, 𝑏],

𝑠𝑡− lim
𝜂→∞

𝑑*
(︁ 1

(1 + 𝜇)𝑛

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔), 𝑔

)︁
= 0. (4)

Proof. Suppose 𝑔 ∈ 𝐶𝐹 [𝑎, 𝑏], 𝑢 ∈ [𝑎, 𝑏] and 𝑖 ∈ [0, 1]. Since 𝑔(𝑖)± ∈ 𝐶[𝑎, 𝑏],
for every 𝜀 > 0, there exists a number 𝜌 > 0, such that |𝑔(𝑖)± (𝑦)−𝑔(𝑖)± (𝑥)| < 𝜀

whenever |𝑣 − 𝑢| < 𝜌. Since 𝑔 is fuzzy bounded, we get |𝑔(𝑖)± (𝑢)| ⩽ 𝑅
(𝑖)
± .

Then, for all 𝑣 ∈ [𝑎,𝑏], we have

|𝑔(𝑖)± (𝑣)− 𝑔
(𝑖)
± (𝑢)| ⩽ 𝜀+ 2𝑅

(𝑖)
±
(𝑣 − 𝑢)2

𝜌2
,

which implies

−𝜀−
2𝑅𝑖

±

𝜌2
(𝑣 − 𝑢)2 <

(︂
𝑔
(𝑖)
± (𝑣)− 𝑔

(𝑖)
± (𝑢)

)︂
< 𝜀+

2𝑅𝑖
±

𝜌2
(𝑣 − 𝑢)2.

Using the positivity and linearity of the operators 𝜉𝑚, we have

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)

(︁
− 𝜀−

2𝑅𝑖
±

𝜌2
(𝑣 − 𝑢)2

)︁
<

<
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)

(︁
𝑔
(𝑖)
± (𝑣)− 𝑔

(𝑖)
± (𝑢)

)︁
<

<
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)

(︁
𝜀+

2𝑅𝑖
±

𝜌2
(𝑣 − 𝑢)2

)︁
.
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Suppose 𝑢 is fixed; then 𝑔(𝑖)± (𝑢) is a constant number and we have:

− 𝜀
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)−

−
2𝑅𝑖

±

𝜌2
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗((𝑣 − 𝑢)2, 𝑢) <

<
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

(𝑖)
± (𝑣), 𝑢)−

− 𝑔
(𝑖)
± (𝑢)

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢) <

< 𝜀
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)+

+
2𝑅𝑖

±

𝜌2
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗((𝑣 − 𝑢)2, 𝑢).

Also,

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

(𝑖)
± (𝑣), 𝑢)− 𝑔

(𝑖)
± (𝑢) =

=
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

(𝑖)
± (𝑣), 𝑢)−

− 𝑔
(𝑖)
± (𝑢)

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)+

+ 𝑔
(𝑖)
± (𝑢)

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗((1, 𝑢)− 1),

which gives:

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

(𝑖)
± (𝑣),𝑢)− 𝑔

(𝑖)
± (𝑢) <

< 𝜀
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)+
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+
2𝑅𝑖

±

𝜌2
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗((𝑣 − 𝑢)2, 𝑢)+

+ 𝑔
(𝑖)
± (𝑢)

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗((1, 𝑢)− 1). (5)

Next, consider the second part of the above inequality:

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗((𝑣 − 𝑢)2, 𝑢) =

=
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣

2 + 𝑢2 − 2𝑢𝑣, 𝑢) =

= 𝑢2
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)− 2𝑢

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣, 𝑢)+

+
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣

2, 𝑢) =

=
[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣

2,𝑢)− 𝑢2
]︁
−

− 2𝑢
[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣, 𝑢)− 𝑢

]︁
+

+ 𝑢2
[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)− 1

]︁
.

Using the above equality with (5), we have

1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

(𝑖)
± (𝑣),𝑢)− 𝑔

(𝑖)
± (𝑢) ⩽

⩽ 𝜀
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)+

+
2𝑅𝑖

±

𝜌2

[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣

2, 𝑢)− 𝑢2
]︁
−

− 2𝑢
[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣, 𝑢)− 𝑢

]︁
+
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+ 𝑢2
[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)− 1

]︁
+

+ 𝑔
(𝑖)
± (𝑢)

[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)− 1

]︁
=

= 𝜀
[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)− 1

]︁
+ 𝜀+

+
2𝑅𝑖

±

𝜌2

[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣

2, 𝑢)− 𝑢2
]︁
−

− 2𝑢
[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣, 𝑢)− 𝑢

]︁
+

+ 𝑢2
[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)− 1

]︁
+

+ 𝑔
(𝑖)
± (𝑢)

[︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)− 1

]︁
.

Now,

⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

(𝑖)
± (𝑣),𝑢)− 𝑔

(𝑖)
± (𝑢)

⃒⃒⃒
<

< 𝜀+
(︁
𝜀+

2𝑅𝑖
±𝑐

2

𝜌2
+𝑅𝑖

±

)︁⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(1, 𝑢)− 1

⃒⃒⃒
+

+
4𝑅𝑖

±𝑐

𝜌2

⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣, 𝑢)− 𝑢

⃒⃒⃒
+

+
2𝑅𝑖

±

𝜌2

⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑣

2, 𝑢)− 𝑢2
⃒⃒⃒
,

where 𝑐 = max{|𝑎|, |𝑏|}. Let 𝑁 𝑖
±(𝜀) = max

(︁
𝜀 +

2𝑅𝑖
±𝑐

2

𝜌2
+ 𝑅𝑖

±,
4𝑅𝑖

±𝑐

𝜌2
,
2𝑅𝑖

±
𝜌2

)︁
.

Taking supermum over 𝑢 ∈ [𝑎, 𝑏], we transform the above inequality to

⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

(𝑖)
± ,𝑢)− 𝑔

(𝑖)
± (𝑢)

⃦⃦⃦
⩽
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⩽ 𝜀+𝑁 𝑖
±(𝜀)

{︁⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0,𝑢)− 𝑒0

⃦⃦⃦
+

+
⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒1,𝑢)− 𝑒1

⃦⃦⃦
+

+
⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒2,𝑢)− 𝑒2

⃦⃦⃦}︁
. (6)

Then, from (2), we have

𝑑*
(︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔), 𝑔

)︁
=

= sup
𝑢∈[𝑎,𝑏]

𝑑
(︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔;𝑢), 𝑔

)︁
=

= sup
𝑢∈[𝑎,𝑏]

sup
𝑖∈[0,1]

max
{︁⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

𝑖
−(𝑣))− 𝑔𝑖−(𝑢)

⃒⃒⃒⃒
,

⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

𝑖
+(𝑣))− 𝑔𝑖+(𝑢)

⃒⃒⃒}︁
=

= sup
𝑖∈[0,1]

max
{︁⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

𝑖
−(𝑣))− 𝑔𝑖−(𝑢)

⃦⃦⃦
,

⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

𝑖
+(𝑣))− 𝑔𝑖+(𝑢)

⃦⃦⃦}︁
. (7)

From (6) and (7), we get

𝑑*
(︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔), 𝑔

)︁
⩽

⩽ 𝜀+𝑁(𝜀)
{︁⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0,𝑢)− 𝑒0

⃦⃦⃦
+

+
⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒1,𝑢)− 𝑒1

⃦⃦⃦
+

+
⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒2,𝑢)− 𝑒2

⃦⃦⃦}︁
,
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where 𝑁(𝜀) = sup
𝑖∈[0,1]

max
{︁
|𝑁 𝑖

−(𝜀)|, |𝑁 𝑖
+(𝜀)|

}︁
. For a given 𝜀1 > 0, take a

number 𝜀 > 0, such that 𝜀 < 𝜀1. Consider

𝑆 =
{︁
𝑛 ∈ ℕ : 𝑑*

(︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔), 𝑔

)︁
⩾ 𝜀1

}︁
,

𝑆𝑗 =
{︁
𝑛 ∈ ℕ :

⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒𝑗;𝑢)− 𝑒𝑗

⃦⃦⃦
⩾
𝜀1 − 𝜀

3𝑁(𝜀)

}︁
,

where 𝑗 = 0, 1, 2. Therefore, 𝑆 ⊂
2∑︀
𝑗=0

𝑆𝑗. Thus, 𝛿(𝑆) ⩽
2∑︀
𝑗=0

𝛿(𝑆𝑗). Hence,

using (3), we obtain (4). □

Definition 6. Consider the positive non-increasing sequence (𝑠𝜂) of real
numbers. A sequence (𝑦𝜗) of fuzzy number is said to be statistically Δ𝑟,𝑠,𝑡



Euler summable (𝑠𝑡−Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 ) convergent to 𝐿 with the fuzzy rate 𝑜(𝑠𝜂)

for every 𝜀 > 0, if we have

lim
𝜂→∞

1

𝑠𝜂

⃒⃒⃒{︁
𝜗 ⩽ 𝜂 : 𝑑

(︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝑦𝜗, 𝐿

)︁
⩾ 𝜀
}︁⃒⃒⃒

= 0

and, therefore, we can write it as

𝑦𝜗 − 𝐿 = (𝑠𝑡−Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 ) 𝑜(𝑠𝜂).

Now, the modulus of continuity of 𝑔 ∈ 𝐶𝐹 [𝑎, 𝑏] is given by

𝑧(𝑔;𝜙) = sup
𝑢,𝑣∈[𝑎,𝑏],|𝑢−𝑣|⩽𝜙

𝑑(𝑔(𝑢), 𝑔(𝑣))

for any 0 < 𝜙 ⩽ 𝑏− 𝑎 that satisfies

𝑧(𝑔, |𝑢− 𝑣|) ⩽
(︁
1 +

|𝑢− 𝑣|
𝜙

)︁
𝑧(𝑔;𝜙).

Next, we have the following result:

Theorem 4. Consider the fuzzy sequence {𝜉𝑚} of positive linear oper-
ators from 𝐶𝐹 [𝑎, 𝑏] into itself. Suppose that there exists a corresponding
sequence {𝜉𝑚} of positive linear operators from 𝐶[𝑎, 𝑏] into itself, such that
{𝜉𝑚(𝑔;𝑢)}(𝑖)± = 𝜉𝑚(𝑔

(𝑖)
± ;𝑢), for all 𝑢 ∈ [𝑎, 𝑏], 𝑔 ∈ 𝐶𝐹 [𝑎, 𝑏] and 𝑚 ∈ ℕ. Con-

sider two positive non-increasing sequences (𝑠𝜂) and (𝑝𝜂) of real numbers.
Further, suppose that
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(i) ‖𝜉𝑚(𝑒0)− 𝑒0‖ = 𝑠𝑡−Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 𝑜(𝑠𝜂),

(ii) 𝑧(𝑔,
√︀
‖�̄�𝑚((𝑣 − 𝑢)2;𝑥)‖) = 𝑠𝑡−Δ𝑟,𝑠,𝑡

 𝑆𝐹𝐸 𝑜(𝑝𝜂).
Then we have

𝑑*(𝜉𝑚(𝑔), 𝑔) = 𝑠𝑡−Δ𝑟,𝑠,𝑡
 𝑆𝐹𝐸 𝑜(𝛼𝜂),

where 𝛼 = max{𝑠𝜂, 𝑝𝜂}.
Proof. Consider 𝑔 ∈ 𝐶𝐹 [𝑎, 𝑏] and 𝑢 ∈ [𝑎, 𝑏]. Then, using positivity and
linearity of the operator 𝜉𝑚 with the continuity of fuzzy modulus, we have⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

𝑖
±;𝑢)− 𝑔𝑖±(𝑢)

⃒⃒⃒
⩽

⩽ |𝑔𝑖±(𝑢)|
⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃒⃒⃒
+

+
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(|𝑔𝑖±(𝑣)− 𝑔𝑖±(𝑢)|;𝑢) ⩽

⩽ 𝑅𝑖
±

⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃒⃒⃒
+

+
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗

(︁(︁
1 +

|𝑣 − 𝑢|
𝜙

)︁
𝑧(𝑔𝑖±, 𝜙);𝑢

)︁
⩽

⩽ 𝑅𝑖
±

⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃒⃒⃒
+

+
1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗

(︁(︁
1 +

|𝑣 − 𝑢|2

𝜙2

)︁
𝑧(𝑔𝑖±, 𝜙);𝑢

)︁
⩽

⩽ 𝑅𝑖
±

⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃒⃒⃒
+

+ 𝑧(𝑔𝑖±, 𝜙)
⃒⃒⃒ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃒⃒⃒
+

+ 𝑧(𝑔𝑖±, 𝜙) +
𝑧(𝑔𝑖±, 𝜙)

𝜙2

(︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗((𝑣 − 𝑢)2;𝑢)

)︁
,

where 𝑅𝑖
± = ‖𝑔𝑖±‖. Taking supermum norm of both sides of the above

inequality, we have
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⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

𝑖
±;𝑢)− 𝑔𝑖±(𝑢)

⃦⃦⃦
⩽

⩽ 𝑅𝑖
±

⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃦⃦⃦
+

+ 𝑧(𝑔𝑖±, 𝜙)
⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃦⃦⃦
+

+ 𝑧(𝑔𝑖±, 𝜙) +
𝑧(𝑔𝑖±, 𝜙)

𝜙2

⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗((𝑣 − 𝑢)2;𝑢)

⃦⃦⃦
.

Now, take 𝜙 = 𝜇𝜂; then we have⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔

𝑖
±;𝑢)− 𝑔𝑖±(𝑢)

⃦⃦⃦
⩽

⩽ 𝑅𝑖
±

⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃦⃦⃦
+

+ 𝑧(𝑔𝑖±,𝜇
𝜂
𝜗)
⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃦⃦⃦
+ 2𝑧(𝑔𝑖±,𝜇

𝜂
𝜗).

Therefore, we have

𝑑*
(︁ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑔), 𝑔

)︁
⩽

⩽ 𝑅𝑖
±

⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃦⃦⃦
+

+ 𝑧(𝑔𝑖±, 𝜇
𝜂
𝜗)
⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃦⃦⃦
+ 2𝑧(𝑔𝑖±, 𝜇

𝜂
𝜗) ⩽

⩽ 𝐻
{︁⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃦⃦⃦
+ 𝑧(𝑔𝑖±, 𝜇

𝜂
𝜗)+

+ 𝑧(𝑔𝑖±, 𝜇
𝜂
𝜗)
⃦⃦⃦ 1

(1 + 𝜇)𝜂

𝜂∑︁
𝜗=1

𝜇𝜂−𝜗Δ𝑟,𝑠,𝑡
 𝜉𝜗(𝑒0;𝑢)− 𝑒0

⃦⃦⃦}︁
,

where 𝐻 = max{𝑅𝑖
±, 2}. Using Definition 6 and conditions of Theorem 4,

we have desired result. □
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[18] Mursaleen M., Başar F. Sequence Spaces: Topics in Modern Summability
Theory. CRC Press/Taylor & Francis Group, Series: Mathematics and Its
Applications, Boca Raton · London · New York, 2020.

[19] Patro M., Paikray S. K., Dutta H. Statistical Deferred Euler Summability
Mean and Associated Korovokin-type Approximation Theorem. Sci. Tech-
nol. Asia, 2020, vol. 25, pp. 31 – 37.

[20] Puri M. L., Ralescu D. A. Differentials of fuzzy functions. J. Math. Anal.
Appl., 1983, vol. 91, pp. 552 – 558.

[21] Steinhaus H. Sur la convergence ordinarie et la convergence asymptotique.
Colloq. Math., 1951, vol. 2, pp. 73 – 74.
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