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A NEW APPROACH TO EGOROV’S THEOREM BY
MEANS OF 𝛼𝛽-STATISTICAL IDEAL CONVERGENCE

Abstract. In this work, we introduce the 𝛼𝛽-statistical pointwise
ideal convergence, 𝛼𝛽-statistical uniform ideal convergence, and
𝛼𝛽-equi-statistical ideal convergence for sequences of fuzzy-valued
functions. With the help of some examples, we present the relation-
ship between these convergence concepts. Moreover, we give the
𝛼𝛽-statistical ideal version of Egorov’s theorem for the sequences
of fuzzy valued measurable functions.
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1. Introduction and Preliminaries. The convergence of sequences
plays a crucial role in the functional analysis. In the usual convergence,
almost all elements of the sequence have to belong to an arbitrarily small
neighborhood of the limit, whereas in the statistical one, this condition
is relaxed. Basically, statistical convergence demands the validity of the
convergence condition only for the majority of elements. The hypothesis
of statistical convergence was introduced by Fast [4] and Steinhaus [18],
independently. A lot of development has been done in statistical conver-
gence. Generalized statistical convergence for the double sequences was
examined by Mursaleen et al. [16]. The ideal convergence is a generaliza-
tion of the statistical convergence. Balcerzak et al. [3] presented different
types of statistical convergence and ideal convergence for sequences of
functions. Lacunary statistical convergence in measure for sequences of
fuzzy-valued functions was examined by Kişi and Dündar [9]. Recently,
Kişi [10] introduced lacunary statistical convergence in measure for double
sequences of fuzzy-valued functions.
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In summability theory, ideal convergence became a very important con-
cept. The perception of 𝐼´convergence was studied by Kostyrko et al. [15].
The ideal convergence of continuous functionss was given by Jasinski and
Reclaw [8]. The ideal convergence by using fuzzy numbers was investigated
by Kumar and Kumar [11]. Later on, lacunary ideal convergence for fuzzy
real-valued sequences was studied by Hazarika [6]. These concepts were
further generalized by Hazarika [7] by using the ideal convergence. To
learn more about ideal convergence,see [12], [14] and [19].
The fuzzy-set theory is a beneficial tool in explaining the situation in
which there is a lack of data. Zadeh [20] established the idea of the fuzzy
set theory, which was further generalized by Matloka [17]. This study
of Zadeh attracted many researchers from different fields of sciences and
mathematics. Altin et al. [2] examined pointwise statistical convergence
for sequence of fuzzy mappings.

Essentially, motivated by the works mentioned above, we introduced
𝛼𝛽-statistically pointwise ideal convergence, 𝛼𝛽-statistically uniform
ideal convergence, and 𝛼𝛽-equi-statistically ideal convergence for sequences
of fuzzy-valued functions. With the help of certain examples, we present
some relations between these type of convergence. Moreover, from an ap-
plication point of view, we establish a new form of 𝛼𝛽-statistical ideal
Egorov’s theorem for sequences of fuzzy-valued measurable functions de-
fined on p𝑍,𝒜, 𝜇q.

A fuzzy set is a mapping Ω: R Ñ r0, 1s that fulfill the following re-
quirements:
(i) Ω is normal,
(ii) Ω is fuzzy convex,
(iii) Ω is upper semi-continuous,
(iv) supp Ω = 𝑐𝑙t𝑢 P R : Ωp𝑢q ą 0u is compact.

We represent by 𝐹 pRq the set of all fuzzy numbers. The set R is
involved in 𝐹 pRq if we consider 𝑡 P 𝐹 pRq as

𝑡p𝑢q “

#

1, if 𝑢 “ 𝑡,

supp Ω, if 𝑢 č 𝑡.

For 𝛼 P p0, 1s, the 𝛼´cut of Ω is given by rΩs𝛼 “ t𝑢 P R : Ωp𝑢q > 𝛼u.
The Hausdorff distance between Ω and 𝑞 is denoted by

𝐷 : 𝐹 pRq ˆ 𝐹 pRq Ñ r0,8s and is given as

𝐷pΩ, 𝑞q “ sup
𝛼Pr0,1s

𝑑prΩs𝛼, r𝑞s𝛼q “ sup
𝛼Pr0,1s

maxt|Ω´𝛼 ´ Ω`𝛼|, |𝑞
´
𝛼 ´ 𝑞

`
𝛼 |u,
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where 𝑑 represents the Hausdorff metric. To learn more about fuzzy se-
quences, see [5] and [13]. For 𝑇 Ă N, the natural density of 𝑇 is given by

𝛿p𝑇 q “ lim
𝑛Ñ8

1

𝑠
|t𝑘 6 𝑠 : 𝑘 P 𝑇 u|,

if the limit exists; the vertical bars above denote the cardinality of the set.
A sequence 𝑧 “ p𝑧𝑠q is statistically convergent to 𝑧 if

𝛿pt𝑠 P N : |𝑧𝑠 ´ 𝑧| > 𝜖uq “ 0

for every 𝜖 ą 0.
Let 𝑍 be a non-empty set. Then a family of sets 𝐼 Ď 2𝑍 (the power

set of 𝑍) is said to be an ideal on 𝑍 iff
(i) 𝜑 P 𝐼,
(ii) 𝐼 is additive, that is, 𝑈, 𝑉 P 𝐼 ñ 𝑈 Y 𝑉 P 𝐼,

(iii) 𝑈 P 𝐼, 𝑉 Ď 𝑈 ñ 𝑉 P 𝐼.
A non-empty family of sets 𝐹 Ď 2𝑍 is said to be a filter on 𝑍 if and

only if Φ R 𝐹 . For 𝑈, 𝑉 P 𝐹 , we have 𝑈 X 𝑉 P 𝐹 , and for each 𝑈 P 𝐹
and 𝑈 Ď 𝑉 this implies 𝑉 P 𝐹 . An ideal 𝐼 Ď 2𝑍 is called non-trivial
if 𝐼 ‰ 2𝑍 . There is a filter 𝐹 p𝐼q “ t𝐾 Ď 𝑍 : 𝐾𝑐 P 𝐼u, for each 𝐼, where
𝐾𝑐 “ 𝑍´𝐾. A non-trivial 𝐼 Ď 2𝑍 is called admissible if tt𝑧u : 𝑧 P 𝑍u Ď 𝐼.
A non-trivial ideal is maximal if there cannot exist any non-trivial ideal
𝐽 ‰ 𝐼 containing 𝐼 as a subset. A non-trivial ideal 𝐼 is called translation
invariant ideal if for any 𝑈 P 𝐼 the set t𝑘 ` 1: 𝑘 P 𝑈u P 𝐼.

A sequence 𝑧 “ p𝑧𝑘q is said to 𝐼´convergent to the number 𝑧, if @𝜖 ą 0:

t𝑘 P N : |𝑧𝑘 ´ 𝑧| > 𝜖u P 𝐼.

A function Ψ: 𝑃 pNq Ñ r0,8q (where 𝑃 pNq is the power set of N) is a
submeasure on N if
(i) Ψp𝜑q “ 0,

(ii) Ψp𝑈q 6 Ψp𝑈 Y 𝑉 q 6 Ψp𝑈 ` 𝑉 q @ 𝑈, 𝑉 Ă N,
(iii) Ψ is lower semicontinuous if @ 𝑈 Ă N, Ψp𝑈q “ lim

𝑠Ñ8
Ψp𝑈 X 𝑠q.

Let } ¨ }Ψ : 𝑃 pNq Ñ r0,8q be the submeasure defined by

}𝑈}Ψ “ lim
𝑠Ñ8

sup Ψp𝑈z𝑠q “ lim
𝑠Ñ8

Ψp𝑈z𝑠q.

Consider 𝐸𝑥ℎpΨq “ t𝑈 Ď N : }𝑈}Ψ “ 0u. Therefore, 𝐸𝑥ℎpΨq is an ideal
for any submeasure Ψ.
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Remark. Let us choose 𝐼 “ 𝐼𝛿 “ t𝑇 Ď N : 𝛿p𝑇 q “ 0u, where 𝛿p𝑇 q repre-
sents the asymptotic density of set 𝑇 ; then 𝐼𝛿 is a non-trivial admissible
ideal of N and the corresponding convergence coincides with the statistical
convergence.

The concept of 𝛼𝛽-statistical convergence was given by Aktu𝑔lu [1].
Assume that 𝛼p𝑠q and 𝛽p𝑠q are two sequences of positive numbers, which
fulfill the following conditions:
(i) 𝛼 and 𝛽 are both non-decreasing,
(ii) 𝛽p𝑠q > 𝛼p𝑠q,
(iii) 𝛽p𝑠q ´ 𝛼p𝑠q Ñ 8 as 𝑠Ñ 8.
The set of pairs 𝛼,𝛽 satisfying (i), (ii), and (iii) will be denoted Λ. For
each pair p𝛼, 𝛽q P Λ and 𝑇 Ă N, we define the density 𝛿𝛼,𝛽p𝑇 q as:

𝛿𝛼,𝛽p𝑇 q “ lim
𝑠Ñ8

𝑇 X 𝒞𝛼,𝛽
𝑠

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
, p𝒞𝛼,𝛽

𝑠 “ r𝛼p𝑠q, 𝛽p𝑠qsq.

A sequence 𝑧 “ p𝑧𝑛q is said to be 𝛼𝛽-statistically convergent to 𝑧, if for

𝛿𝛼,𝛽pt𝑘 P 𝒞𝛼,𝛽
𝑠 : |𝑧𝑠 ´ 𝑧| > 𝜖uq “ lim

𝑠Ñ8

|𝑘 P 𝒞𝛼,𝛽
𝑠 |

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
“ 0,

for every 𝜖 ą 0; it is denoted by 𝑆𝛼𝛽.
Throughout the text, we denote a sequence of fuzzy-valued functions by
𝑆𝐹𝑉 𝐹 and a fuzzy-valued function by 𝐹𝑉 𝐹 .

Definition 1. A 𝑆𝐹𝑉 𝐹 pℎ𝜈q is 𝛼𝛽-statistically pointwise ideal conver-
gent to 𝐹𝑉 𝐹 ℎ on r𝑎, 𝑏s, if for every 𝑧 P r𝑎, 𝑏s, i. e., @ 𝜖 ą 0, 𝛿 ą 0, 𝜉 ą 0,
@ 𝑧 P r𝑎, 𝑏s

!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖

)ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

> 𝜉
)

belongs to 𝐼. In other words, @𝑧 P r𝑎, 𝑏s, @𝜖, 𝛿 ą 0, @𝜉 ą 0 D 𝑇𝑧 P 𝐼 s. t.,

Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖

)
ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

ă 𝜉,
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@ 𝑟 P Nz𝑇𝑧. We write ℎ𝜈
𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ ℎ on r𝑎, 𝑏s or 𝑆𝛼𝛽´pointwise ideal conver-

gence.

Definition 2. A 𝑆𝐹𝑉 𝐹 pℎ𝜈q is 𝛼𝛽-statistically uniform ideal convergent
to 𝐹𝑉 𝐹 ℎ on r𝑎, 𝑏s, i. e., @ 𝜖 ą 0, 𝛿 ą 0, 𝜉 ą 0, @ 𝑧 P r𝑎, 𝑏s

!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖

)ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

> 𝜉
)

belongs to 𝐼. In other words, @𝑧 P r𝑎, 𝑏s, @𝜖, 𝛿 ą 0, @𝜉 ą 0 D 𝑇 P 𝐼 s.t.,

Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖

)
ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

ă 𝜉,

@ 𝑟 P Nz𝑇 . We write ℎ𝜈
𝑆𝑈
𝛼𝛽p𝐼q

Ñ ℎ on r𝑎, 𝑏s or 𝑆𝛼𝛽-uniform ideal convergence.

Definition 3. A 𝑆𝐹𝑉 𝐹 pℎ𝜈q is 𝛼𝛽-equi-statistically ideal convergent to
𝐹𝑉 𝐹 ℎ on r𝑎, 𝑏s, iff for all 𝜖 ą 0, 𝛿 ą 0, 𝜉 ą 0, s. t.,
!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖

)
ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

> 𝜉
)

w.r.t., 𝑧 P r𝑎, 𝑏s is uniformly convergent to zero function. It is denoted by
ℎ𝜈 � 𝑆𝑒

𝛼𝛽p𝐼qℎ or 𝑆𝛼𝛽-equi ideally convergence.

2. Relation Between different convergence concepts of se-
quences of fuzzy-valued functions.

Remark 1. If ℎ𝜈
𝑆𝑈
𝛼𝛽p𝐼q

Ñ ℎ, then ℎ𝜈
𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ ℎ. The converse is not neces-

sarily true.

Let us show this by an example.

Example 1. For any 𝑧 P r0, 1s, let

ℎ𝜈p𝑧q “

$

&

%

´ 𝜈𝑧

1` 𝜈2𝑧2

¯

, for 𝑧 P r0, 1s;

0, otherwise.
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Then pℎ𝜈q is 𝛼𝛽-statistically pointwise ideal convergent to ℎ. However,
for 𝜈 P 𝐶𝛼𝛽

𝑠 :

sup
𝑧Pr0,1s

𝐷pℎ𝜈p𝑧q,0q “ sup
𝑧Pr0,1s

𝜈𝑧

1` 𝜈2𝑧2
“ sup

𝑧Pr0,1s

1
1
𝜈𝑧
` 𝜈𝑧

“
1

2
‰ 0.

Therefore, pℎ𝜈q is not 𝛼𝛽-statistically uniformly convergent nor 𝛼𝛽-statis-
tically uniformly ideal convergent to 0 on r0, 1s.

Corollary. Let pℎ𝜈q be a 𝑆𝐹𝑉 𝐹 and ℎ be a 𝐹𝑉 𝐹 on r𝑎, 𝑏s. Then

ℎ𝜈
𝑆𝑈
𝛼𝛽p𝐼q

Ñ ℎñ ℎ𝜈 � 𝑆𝑒
𝛼𝛽p𝐼qℎñ ℎ𝜈

𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ ℎ,

but converse is not true in general.

To show that the converse of ℎ𝜈 � 𝑆𝑒
𝛼𝛽p𝐼qℎ ñ ℎ𝜈

𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ ℎ is not true, let

us consider an example.

Example 2. Consider the 𝑆𝐹𝑉 𝐹 s pℎ𝜈q defined by ℎ𝜈p𝑧q “ 𝑒´𝜈𝑧

for 𝑧 P r0, 1s. Then 𝐷pℎ𝜈p𝑧q, 0q “ 𝑒´𝜈𝑧 for 𝑧 P r0, 1s for each 𝜈 P N.
Therefore, pℎ𝜈q is 𝛼𝛽-statistically pointwise ideal convergent to ℎ “ 0.
However, for each 𝑟 P N, consider 𝑟 P r𝜈, 2𝜈 ´ 1s. Therefore, for all
𝑧 P r𝜈, 2𝜈 ´ 1s, we get

𝐷pℎ𝑟p𝑧q, 0q “ 𝑒´𝜈𝑧 > 𝑒´p2𝜈´1q𝑧 >
1

𝑒
>

1

3

´

as 𝑧 P
”

0,
1

2𝜈 ´ 1

ı¯

.

Thus, for all 𝑧 P r0, 1
2𝜈´1

s, we get

1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1

ˇ

ˇ

ˇ

!

𝑟 P r𝜈, 2𝜈 ´ 1s : 𝐷pℎ𝑟p𝑧q, 0q >
1

3

)
ˇ

ˇ

ˇ
Ñ 1p‰ 0q,

so, ℎ𝜈p𝑧q is not 𝛼𝛽-equi-statistically ideal convergent to 𝐹𝑉 𝐹 0 on r0, 1s.

To show that the converse of ℎ𝜈
𝑆𝑈
𝛼𝛽p𝐼q

Ñ ℎ ñ ℎ𝜈 � 𝑆𝑒
𝛼𝛽p𝐼qℎ is not true,

let us consider an example.

Example 3. Suppose

ℎ𝜈p𝑧q “

$

&

%

´1´ 𝑧2p𝜈 ` 1q2

1` 𝑧2

¯

, for 𝑧 P
”

0,
1

𝜈 ` 1

ı

;

0, otherwise.



78 Sonali Sharma, Kuldip Raj

Then

1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1

ˇ

ˇ

ˇ
t𝜈 P 𝒞𝛼𝛽

𝑠 : 𝐷pℎ𝜈p𝑧q, 0q > 𝜖u
ˇ

ˇ

ˇ
6

1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
Ñ 0

as 𝑠 Ñ 8. Then pℎ𝜈q is 𝛼𝛽-equi-statistically ideal convergent to ℎ “ 0.
However, for all 𝜈 P 𝒞𝛼𝛽

𝑠 :

sup
𝑧Pr0,1s

𝐷pℎ𝜈p𝑧q, 0q “ sup
𝑧Pr0,1s

1´ 𝑧2p𝑠` 1q2

1` 𝑧2
‰ 0,

for all 𝜈 P 𝒞𝛼𝛽
𝑠 . Hence, pℎ𝜈q is not 𝛼𝛽-statistically uniformly ideally con-

vergence to 0 on r0, 1s.

Proposition. 𝑆𝛼𝛽-equi ideally convergence is defined for 𝛾, such that
0 6 𝛾 6 1.

Proof. Let us prove this result by contradiction. Consider two lower
semicontinuous submeasures Ψ1 and Ψ2, such that 𝐸𝑥ℎpΨ1q “ 𝐸𝑥ℎpΨ2q

and @ 𝜖1 ą 0, 𝛿1 ą 0, D 𝑟 P N, @ 𝑧 P 𝑍,

Ψ1

´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖1

)
ˇ

ˇ

ˇ
> 𝛿1

)

z𝑟
¯

ă 𝜖1,

@ 𝜖2 ą 0, 𝛿2 ą 0, D 𝑟 P N, @ 𝑧 P 𝑍,

Ψ2

´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖2

)
ˇ

ˇ

ˇ
> 𝛿2

)

z𝑟
¯

ă 𝜖2.

For all 𝑧 P 𝑍 and for 𝛾 P r0, 1s, we take

𝜌p𝑧q “
!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq> 𝜖2

)
ˇ

ˇ

ˇ
> 𝛿2

)

“

“

!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : sup

𝛾Pr0,1s

max
!
ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

´
𝛾 ´ pℎp𝑧qq

´
𝛾

ˇ

ˇ

ˇ
,

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

`
𝛾 ´ pℎp𝑧qq

`
𝛾

ˇ

ˇ

ˇ

)

> 𝜖2

)
ˇ

ˇ

ˇ
> 𝛿2

)
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and

𝜌1p𝑧q “
!

𝑠 P N :

1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 :

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

´
𝛾 ´ pℎp𝑧qq

´
𝛾

ˇ

ˇ

ˇ
> 𝜖2

)ˇ

ˇ

ˇ
> 𝛿2

)

,

𝜌2p𝑧q “
!

𝑠 P N :

1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 :

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

`
𝛾 ´ pℎp𝑧qq

`
𝛾

ˇ

ˇ

ˇ
> 𝜖2

)
ˇ

ˇ

ˇ
> 𝛿2

)

.

Now, we take 𝑟1 and 𝑧1 s.t.,

Ψ1p𝜌1p𝑧1qz𝑟1q ă
1

2
, Ψ1p𝜌2p𝑧1qz𝑟1q ă

1

2

and

Ψ2p𝜌1p𝑧1qz𝑟1q > 𝜖2, Ψ2p𝜌2p𝑧1qz𝑟1q > 𝜖2.

Since submeasure Ψ2 is lower continuous, we get 𝑟11 with

Ψ2pp𝜌1p𝑧1qz𝑟1q X 𝑟
1

1q >
𝜖2
2
,

Ψ2pp𝜌2p𝑧1qz𝑟1q X 𝑟
1

1q >
𝜖2
2
.

Suppose that we have found 𝑟1𝑚. Choose 𝑟𝑚`1 ą 𝑟
1

𝑚 and 𝑧𝑚`1, such that

Ψ1p𝜌1p𝑧𝑚`1qz𝑟𝑚`1q ă
1

2𝑚`1
, Ψ1p𝜌2p𝑧𝑚`1qz𝑟𝑚`1q ă

1

2𝑚`1

and

Ψ2p𝜌1p𝑧𝑚`1qz𝑟𝑚`1q > 𝜖2, Ψ2p𝜌2p𝑧𝑚`1qz𝑟𝑚`1q > 𝜖2.

From the lower continuity of Ψ2, we have 𝑟1𝑚`1 with

Ψ2pp𝜌1p𝑧𝑚`1qz𝑟𝑚`1q X 𝑟
1

𝑚`1q >
𝜖2
2
,

Ψ2pp𝜌2p𝑧𝑚`1qz𝑟𝑚`1q X 𝑟
1

𝑚`1q >
𝜖2
2
.
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We put 𝑄 “ Y𝑚PN

´

p𝜌1p𝑧𝑚qz𝑟𝑚q X 𝑟
1

𝑚q

¯

, 𝑅 “ Y𝑚PN

´

p𝜌2p𝑧𝑚qz𝑟𝑚q X 𝑟
1

𝑚q

¯

.

Then we get

}𝑄}Ψ1 “ lim
𝑚Ñ8

Ψ1p𝑄z𝑟𝑚q 6

6 lim
𝑚Ñ8

8
ÿ

𝑠“𝑚

Ψ1p𝜌1p𝑧𝑚q X t𝑟𝑚,𝑟
1

𝑚uq 6

6 lim
𝑚Ñ8

8
ÿ

𝑠“𝑚

1

2𝑠
“ 0,

and

}𝑅}Ψ1 “ lim
𝑚Ñ8

Ψ1p𝑅z𝑟𝑚q 6

6 lim
𝑚Ñ8

8
ÿ

𝑠“𝑚

Ψ1p𝜌2p𝑧𝑚q X t𝑟𝑚,𝑟
1

𝑚uq 6

6 lim
𝑚Ñ8

8
ÿ

𝑠“𝑚

1

2𝑠
“ 0.

Thus, we have 𝑄 P 𝐸𝑥ℎpΨ1q and 𝑅 P 𝐸𝑥ℎpΨ1q. On the other hand, we
have

}𝑄}Ψ2 “ lim
𝑚Ñ8

Ψ2p𝑄z𝑟𝑚q >
𝜖2
2
ą 0

and
}𝑅}Ψ2 “ lim

𝑚Ñ8
Ψ2p𝑅z𝑟𝑚q >

𝜖2
2
ą 0,

which is a contradiction. l

Theorem 1. Consider an admissible ideal 𝐼. Let pℎ𝜈q be a 𝑆𝐹𝑉 𝐹 and

ℎ be a 𝐹𝑉 𝐹 , defined on r𝑎, 𝑏s. For every 𝑧 P r𝑎, 𝑏s, if ℎ𝜈p𝑧q
𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ ℎp𝑧q,

then rℎ𝜈p𝑧qs𝛾
𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ rℎp𝑧qs𝛾 w.r.t 𝛾.

Proof. Assume that for every 𝑧 P r𝑎, 𝑏s, ℎ𝜈p𝑧q
𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ ℎp𝑧q. Let 𝜖 ą 0 be

given. Then, for each 𝑧 P 𝑍, there exists an integer 𝑖 “ 𝑖p𝑧, 𝜖q P N s.t.,
@𝜖 ą 0, 𝛿 ą 0, @𝜉 ą 0,

Ψ
´!

𝑠 P N :
1

𝛽p𝑠q´𝛼p𝑠q`1

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖

)
ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

ă 𝜉

(1)
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for all 𝑟 > 𝑖. Thus, for any 𝛾 P r0, 1s, @𝜖, 𝛿, 𝜉 ą 0,

!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : sup

𝛾Pr0,1s

max
!ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

´
𝛾 ´ pℎp𝑧qq

´
𝛾

ˇ

ˇ

ˇ
,

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

`
𝛾 ´ pℎp𝑧qq

`
𝛾

)
ˇ

ˇ

ˇ
> 𝜖

)
ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

ă 𝜉 (2)

for all 𝑟 > 𝑖.
For each 𝛾 P r0, 1s, @𝜖, 𝛿, 𝜉 ą 0,

Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 :

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

´
𝛾 ´ pℎp𝑧qq

´
𝛾

ˇ

ˇ

ˇ
> 𝜖

)ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

ă 𝜉 (3)

for all 𝑟 > 𝑖. Also, @𝜖, 𝛿, 𝜉 ą 0,

Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 :

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

`
𝛾 ´ pℎp𝑧qq

`
𝛾

ˇ

ˇ

ˇ
> 𝜖

)ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

ă 𝜉 (4)

for all 𝑟 > 𝑖. From (1), we get @𝜖, 𝛿, 𝜉 ą 0,

!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq > 𝜖

)ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

> 𝜉
)

Ă NY t1, 2, . . . , 𝑖´1u.

From (2), we get, for all @𝜖, 𝛿, 𝜉 ą 0:

!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 sup

𝛾Pr0,1s

max
!ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

´
𝛾 ´ pℎp𝑧qq

´
𝛾

ˇ

ˇ

ˇ
,

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

`
𝛾 ´ pℎp𝑧qq

`
𝛾

ˇ

ˇ

ˇ

)

> 𝜖
)
ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

> 𝜉
)

Ă NY t1, 2, . . . , 𝑖´ 1u.

for any 𝛾 P r0, 1s. Equation (3) and (4) imply
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!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 :

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

´
𝛾´pℎp𝑧qq

´
𝛾

ˇ

ˇ

ˇ
> 𝜖

)
ˇ

ˇ

ˇ
>𝛿

)

z𝑟
¯

>𝜉
)

Ă NYt1, 2, . . . , 𝑖´1u

and

!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 :

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

`
𝛾 ´pℎp𝑧qq

`
𝛾

ˇ

ˇ

ˇ
> 𝜖

)̌

ˇ

ˇ
> 𝛿

)

z𝑟
¯

> 𝜉
)

Ă NYt1, 2, . . . , 𝑖´1u.

As 𝐼 is an admissible ideal, we get NYt1, 2, . . . , 𝑖´ 1u P 𝐼 and, hence, for
each 𝜖 ą 0 and for every 𝜉 ą 0,

!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 :

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

´
𝛾 ´ pℎp𝑧qq

´
𝛾

ˇ

ˇ

ˇ
> 𝜖

)
ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

> 𝜉
)

P 𝐼

and

!

𝑟 P N : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 :

ˇ

ˇ

ˇ
pℎ𝜈p𝑧qq

`
𝛾 ´ pℎp𝑧qq

`
𝛾

ˇ

ˇ

ˇ
> 𝜖

)
ˇ

ˇ

ˇ
> 𝛿

)

z𝑟
¯

> 𝜉
)

P 𝐼.

Thus, for every 𝑧 P r𝑎, 𝑏s we get rℎ𝜈p𝑧qs𝛾
𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ rℎp𝑧qs𝛾 w.r.t. 𝛾. l

Before starting Egorov’s theorem, let us choose a finite measurable set 𝑍.
Take 𝐸 Ă N (finite), consider r𝐸, 𝑠s “ t𝐺 Ă N : 𝐺X 𝑠 “ 𝐸u. The r𝐸, 𝑠s is
a base for the Cantor set on 𝑃 pNq.

3. 𝛼𝛽-statistical ideal version of Egorov’s theorem for the se-
quences of fuzzy-valued measurable functions.

Theorem 2. Let p𝑍,𝒜, 𝜇q be a finite measure space and 𝐼 be an analytic
𝑃´ideal. Suppose that 𝐹𝑉 𝐹 ℎ and 𝑆𝐹𝑉 𝐹 pℎ𝜈q are measurable and

defined on a. e. on 𝑍. Also, assume that rℎ𝜈p𝑧qs𝛾
𝑆𝑃
𝛼𝛽p𝐼q
ÝÝÝÝÑ rℎp𝑧qs𝛾 almost

everywhere on 𝑍. Then, for each 𝜖 ą 0 D 𝐸 Ă 𝑍, such that 𝜇p𝑍z𝐸q ă 𝜖

and ℎ𝜈z𝐸
𝑆𝑒
𝛼𝛽p𝐼q
ÝÝÝÝÑ ℎz𝐸 on E.
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Proof. Consider a finite measure space p𝑍,𝒜, 𝜇q. Suppose that @ 𝑚 P N,
ℎ, and pℎ𝜈q are defined everywhere on 𝑍. For any fixed 𝑟, 𝛿, 𝜉 P N, consider
the set

𝐹𝑟,𝛿,𝜉 “

!

𝑧 P 𝑍 : Ψ
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq >

1

𝜉

)
ˇ

ˇ

ˇ
>

1

𝛿

)

z𝑟
¯

ă
1

𝜉

)

.

To show that 𝐹𝑟,𝛿,𝜉 is measurable, we need to prove that the complement
of every 𝐹𝑟,𝛿,𝜉 is measurable.

𝑍z𝐹𝑟,𝛿,𝜉 “

!

𝑧 P 𝑍 :
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1
ˆ

ˆ

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq >

1

𝜉

)
ˇ

ˇ

ˇ
>

1

𝛿

)

z𝑟
¯

P Ψ´1
´´1

𝜉
,8

¯¯)

.

As Ψ is lower semicontinuous, D set r𝐸𝑚, 𝑠𝑚s, such that

𝑍z𝐹𝑟,𝛿,𝜉 “

“

!

𝑧 P 𝑍 :
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq >

1

𝜉

)
ˇ

ˇ

ˇ
>

>
1

𝛿

)

z𝑟
¯

P
ď

𝑚PN

r𝐸𝑚, 𝑠𝑚s
)

“

“
ď

𝑚PN

𝑖𝑚
č

𝑗“𝑟

!

𝑧 P 𝑍 :
´!

𝑠 P N :
1

𝛽p𝑠q ´ 𝛼p𝑠q ` 1

ˇ

ˇ

ˇ

!

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq >

>
1

𝜉

)
ˇ

ˇ

ˇ
>

1

𝛿

)¯)𝜒𝐸𝑚p𝑗q

.

Since pℎ𝜈q and ℎ are measurable, the right-hand side of the equation above
is measurable and, so, 𝑍z𝐹𝑟,𝛿,𝜉 is measurable. For every 𝜉 P N, we have

𝐹𝑟,𝛿,𝜉 Ă 𝐹𝑟`1,𝛿,𝜉, 𝑍 “
8
Ť

𝑟“1

𝐹𝑟,𝛿,𝜉. Thus, 𝜇p𝑍q “ lim𝑠Ñ8 𝜇p𝐹𝑟,𝛿,𝜉q. Let 𝜖 ą 0

be given. For every 𝜉 P N, assume 𝑟p𝜉q P N be s.t., 𝜇p𝑍z𝐹𝑟p𝜉q,𝛿,𝜉q ă
𝜖

2𝜉
.

Consider 𝐸0 “
8
Ť

𝜉“1

`

𝑍z𝐹𝑟p𝜉q,𝛿,𝜉

˘

. So, we have 𝜇p𝐸0q 6
8
ř

𝜉“1

𝜇
`

𝑍z𝐹𝑟p𝜉q,𝛿,𝜉

˘

ă𝜖.

Let 𝐸 “ 𝑍z𝐸0 =
8
Ş

𝜉“1

𝐹𝑟p𝜉q,𝛿,𝜉. Thus, 𝜇p𝑍z𝐸q “ 𝜇p𝐸0qă𝜖. So, we have, for
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all 𝜉 ą 0, 𝛿 ą 0, D 𝑟p𝜉q P N, @𝑧 P 𝐸,

Ψ
´

 

𝑠 P N :
1

𝛽p𝑠q´𝛼p𝑠q`1

ˇ

ˇ

 

𝜈 P 𝒞𝛼,𝛽
𝑠 : 𝐷pℎ𝜈p𝑧q, ℎp𝑧qq >

1

𝜉

(ˇ

ˇ >
1

𝛿

(

z𝑟
¯

ă
1

𝜉
.

This proves that ℎ𝜈z𝐸 is 𝛼𝛽-statistically equi-ideal convergent to ℎz𝐸 on
𝐸. l

4. Conclusion. Upon the preceding analysis, our interest is to modify
the studies of Kişi [10] nd investigate 𝛼𝛽-statistical pointwise ideal con-
vergence, 𝛼𝛽-statistical uniform ideal convergence, 𝛼𝛽-equi-statistically
ideal convergence for sequences of 𝐹𝑉 𝐹 s. We demonstrate 𝛼𝛽-statistically
ideal version of Egorov’s theorem for sequences of fuzzy-valued measur-
able functions on p𝑍,𝒜, 𝜇q. As the future work, we are going to inves-
tigate Korovkin-type approximation theorems using 𝛼𝛽-statistically ideal
convergence for double sequences.

Acknowledgment. The authors deeply appreciate the suggestions of the
reviewers and the editor that improved the paper.
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[1] Aktuğlu H. Korovkin type approximation theorems proved via 𝛼𝛽-statistical
convergence. J. Comput. Appl. Math., 2014, vol. 259, pp. 174 – 181.
DOI: https://doi.org/10.1016/j.cam.2013.05.012

[2] Altin Y., Et M., Tripathy B. C. On pointwise statistical convergence se-
quences of fuzzy mappings. J. Fuzzy Math., 2007, vol. 15, pp. 425 – 433.

[3] Balcerzak M., Dems K., Komisarski A. Statistical convergence and ideal
convergence and ideal convergence for sequences of functions. J. Math.
Anal. Appl. 2007, vol. 328, pp. 715 – 729.
DOI: https://doi.org/10.1016/j.jmaa.2006.05.040

[4] Fast H. Sur le convergence. Colloq. Math., 1951, vol. 2, pp. 241 – 244.

[5] Gong Z., Zhang L., Zhu X. The statistical convergence for sequences of
fuzzy valued functions. Inform. sci., 2015, vol. 295, pp. 182 – 195.
DOI: https://doi.org/10.1016/j.ins.2014.10.025

[6] Hazarika B. Pointwise ideal convergence and uniformly ideal convergence
of sequences of fuzzy valued functions. J. Intell. Fuzzy Syst., 2017, vol. 32,
pp. 2665 – 2677.

[7] Hazarika B. On ideal convergence in measure for sequences of fuzzy valued
functions. J. Intell. Fuzzy Syst., 2018, vol. 35, pp. 5729 – 5740.

https://doi.org/10.1016/j.cam.2013.05.012
https://doi.org/10.1016/j.jmaa.2006.05.040
https://doi.org/10.1016/j.ins.2014.10.025


A new approach to Egorov’s theorem 85

[8] Jasinski J., Reclaw I. Ideal convergence of continuous functions. Topol.
Appl., 2006, vol. 153, pp. 3511 – 3518.
DOI: https://doi.org/10.1016/j.topol.2006.03.007
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