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VARIABLE LEBESGUE ALGEBRA ON A LOCALLY
COMPACT GROUP

Abstract. For a locally compact group H with a left Haar mea-
sure, we study the variable Lebesgue algebra £P()(H) with respect
to convolution. We show that if £P()(H) has a bounded exponent,
then it contains a left approximate identity. We also prove a nec-
essary and sufficient condition for £PC)(H) to have an identity. We
observe that a closed linear subspace of £PC)(H) is a left ideal if
and only if it is left translation invariant.

Key words: variable Lebesgue space, bounded exponent, approxi-
mate identity, Haar measure

2020 Mathematical Subject Classification: 43410, 43A15,
43A75, 43ATT

1. Introduction. The LP-space on a locally compact group has a
very essential role in Harmonic analysis. It has numerous applications in
Mathematics, Physics, Electrical Engineering, and other branches of sci-
ence. For a locally compact group H and 1 < p < oo, the space LP(H)
is a Banach space and even a Banach algebra with respect to convolu-
tion if H is compact [8]. If we replace the constant exponent p with a
variable exponent with minimal restrictions, many results on the classical
Lebesgue space the hold. The theory of variable-exponent space was ini-
tially introduced by Orlicz in the 1930s; these theories were further studied
and analyzed by various authors. However, many interesting results were
found in variable-exponent space and a spike of interest was found among
the authors in recent years.

The variable Lebesgue space is a generalization of the LP-space for
constant exponent. It was first put forward by Russian mathematician
Tsennov [14] and further expanded by Sharapudinov [10], [11], [12], [13]
and Zhikov [15], [16], [17], [18], [19], [20]. In 1991, Kovécik and J. Rakosnik
studied some fundamental properties of the variable Lebesgue space in [6],
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which is considered as one of the foundational paper in this topic. Orlicz
space is a particular case of variable Lebesgue space to some extent. In [2]
authors established that the variable Lebesgue space is a Banach space. He
also proved some elementary results of classical Lebesgue space in variable
Lebesgue space. Motivated by the above literature, in this article we show
that the variable Lebesgue space forms a Banach algebra with respect to
a suitable convolution. We organize this article in the following way:

In Section 2, we furnish some definitions and preliminary results on
variable Lebesgue space. In Section 3, we provide the condition under
which the variable Lebesgue space on a locally compact group is a Ba-
nach algebra with respect to a suitable convolution, which is mentioned
as a variable Lebesgue algebra. In Section 4, we show that the variable
Lebesgue algebra £P0)(H) has a left approximate identity. We also prove a
necessary and sufficient condition for the existence of identity in the vari-
able Lebesgue algebra. A familiar result on the weighted Orlicz algebra
L?(H) (See [7]) that the closed left ideal of the variable Lebesgue algebra
LPO)(H) is nothing else the left translation invariant subspace of £PC)(H),
is also proved.

2. Preliminaries. In this section, we recall some definitions and
results on variable Lebesgue spaces. Here we consider a locally compact
group H with a Haar measure p.

Definition 1. [I] A non-zero regular Borel measure p on a locally com-

pact group H is called a left Haar measure if it is left invariant under left

translation, i.e., 1(Sg) = u(S) for all g € H and all Borel subset S < H.
Similarly, one can define the right Haar measure.

Let M be the set of all y-measurable functions from H into C or
into the extended real numbers [—c0,0]. An element of M is called an
exponent if it takes the values in [1,0]. We denote the set of all exponents
by €. For a fixed p € € and any f € LPU(H), the functional p, defined by

ool f) = f F@)P@dp(z) + ess sup | ()], 1)

c
J:EFP

where F, = {x € H: p(z) < o}, is called the p-modular function. There
are two other definitions of the modular to define variable Lebesgue space.
One of them is defined as

py = e [ £@)P (o). esssup 1(2)])- 2)

C
xEFp
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It can be easily seen that the modular (2) is equivalent to the modular
given by (1) and they admit the same norm. The modular (2) was in-
troduced by Edmunds and Rékosnik [4]. Another approach to defining a
modular inspired by the theory of Musielak-Orlicz space is given in [3| as

olf) = f ()P, (3)

with the convention that t* = 90.x(1,4)(t). This modular is not equivalent
to (1), but the resulting norm is equivalent.
For a locally compact group H and p € &, the variable Lebesgue space

LPO(H) is defined as (see [2])

LPO(H) = {fe/\/l ; pp<§) <o, 3N > O}.

This space £P0)(H) is a Banach space under the norm | f|,., defined for
all fe £PO)(H) by

1oy = int {1 > 0:p,(3) <1}

There is another norm |f H;‘(‘) (the Amemiya norm) on £PO)(H) de-
fined as
f

Hf”;l(.) = inf {k >0: k+ k;pp<E>}
for any p € £ with p, = esssupp(z) < . The above two norms are
H

equivalent and | f|,) < HfH;‘() < 2| fllp) (for a proof, see [9]).
An exponent p € £ is called a bounded exponent if p, = esssup p(z) < 0.
H

If p is a bounded exponent, then p,-convergence and | - [,.)-convergence
in £P0)(H) are equivalent. Denote by S the class of simple functions that
vanish outside a set of finite measure; then S is dense in £P()(H), whenever
p is a bounded exponent (see [2]). Let p(-), ¢(-) € € be given; if u(H) < o,
then L0 (H) < £PO(H) when p(-) < q(-) p-almost everywhere. Moreover,
there exist constants ¢y, cy > 0, such that

el flom < 1 floey < c2f flp- (4)
where p_ = ess i%fp(m) and p; = esssupp(x) (see [2], Theorem 2.26 and
H
Corollary 2.27).
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The Holder inequality holds in variable Lebesgue spaces. If p and q are
exponents and r is the function defined by Tlx) = zﬁ + @ is an exponent,
then there exists a constant K € [1, 5], such that | fg|.) < K| fllpc)|9llqc)-
The conjugate exponent p’ of p is the exponent that satisfies the equation

zﬁ + Tlx) = 1 for all x € X. The functional | - H;(,) defined on M given by

1fly = sup f Foldy

Py (9)<1

is the conjugate norm to | -||,.). Various other definitions used by different
author for || - ||;)(.) are characterised by the following equalities ( [2]):

ffgdu‘ = sup
gl ()<t
H

= sup J\fg\du— sup f!fg!du,

g)<1,geS lglyr <1, 968 JH

£l = sup j Foldi= sup

lglp .yt ppr(g9)<1

fgdu‘ =

where § is the class of simple functions on H. If u is o-finite and p is a
bounded exponent, then the dual space of £PC)(H) is £7')(H), where p’
is the conjugate exponent to p. Moreover, if p_ = ess irfllfp(x) > 1, then
LPO(H) is reflexive.
Note that a left approximate identity in a Banach algebra (A, | -||) is
a net (e4)aen in A if lim,, e,z — z| = 0 for all x € A; similarly, the right
approximate identity is also defined. Now we mention some properties of
the norm | - [, on £PV)(H), which are useful in our studies.
Proposition 1. [2] Let pe £ and f,ge LY (H).
(i) | flpy = O; the equality holds iff f = 0, p-a.e.
(i) IF|fI < |gl, i a-e, then | fllpc) < llglp)-
(iii) pp (f/|flp)) < 1, provided f # 0 p- a.e.
(1v) pp(f) < THF | flpe) <1
(v) I pp(f) <1 or | flpey <1, then pp(f) < [[flpe)-
(vi) pp(f) = Lor | flp) = 1, then | f]p) < pp(f)-
3. Variable Lebesgue Algebra. In this section, we show that for

a locally compact group H with a Haar measure p, the variable Lebesgue
space LPU)(H) forms an algebra with respect to a suitable convolution
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under the certain condition. Before introducing the variable Lebesgue
algebra, we discuss some lemmas.
We define a convolution on £P0)(H) as follows. For any f, g e LPO(H):

(F *9)a) = [ F)gty duty) 5)

Lemma 1. £PY(H) < L'(H) if and only if there exists a constant k > 0
such that | 71x < K|/t

Proof. Assume that £PO(H) < L'(H) on LPO(H). Tt is easy to see
that (LPO(H),| - |) is a Banach space with ||f|| = |f[i + | flpe). Let I
be the identity map from (£PO(H),| - |) to (LPY(H),|| - |p))- Then I is
continuous and one to one map, so, by the open mapping theorem, [ is an

open map; and, so, it is a homeomorphism. Hence, /~! is a bounded map
from (LPO(H), | - ) to (LPO(H),| -|). Thus, 3 a constant k > 0, such

that [I71(f)] < Kl flpe), 1o [f] < kI flpe)- But [f] = 1f + £l so,
|flli < [If] and, hence, | f]|1 < K[| f]p). The converse part follows from

the relation | f|1 < & f]) for £ > 0.0

Lemma 2. |L,f|y) = |Iflp), for all f € LPO(H). Here we mean
L.f(y) = f(z71y) for all x,y € H.

Theorem 1. Let H be a locally compact group with a left Haar mea-
sure p. If LPO(H) < LY(H) and |f| < 1 for all f € LPU(H), then the
variable Lebesgue space LPY)(H) is a Banach algebra with respect to the
convolution defined by (5).

Proof. Let £PU)(H) < L*(H). By Lemma 1, 3 ¢ > 0, such that

1 f 1< el fllpe, (6)
for all f € £PO)(H). Now, for any f,ge £PO)(H) and t > 0, we have:

po(129) = ff oy~ 2)du(y)) =

ﬂ Jf 9y~ xdu()p(
<J|f(y)du(y) ﬂLygT(x)

2)
dp(z) + ess sup

aceFC

ff oy x)dnly)| <

p(z)
du(z) + ess sup

C
mEFp

M(} _

t
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= [flhp(Ly(9) /).

The last inequality follows from the Fibuni theorem, and the condition
|f] < 1forall fe£PO(H). Thus, we have:

pp(f > g/t) < | flipp(Ly(g)/t). (7)

From (6) and (7), it follows that

{t > 0: [ Flipu(Ly(9)/t) < 1} € {8 > 02 py(f * g/1) < 1},
That is, | £ * gl < [£1[Z40lp0) and, hence, | £ xglyey < | lollglhr- O

4. Approximate identity.

Lemma 3. If p is a bounded exponent and u(H) < oo, then the set
C,(H) of continuous functions with compact support is dense in £PU)(H).

Proof. Let S = {s: H — C|s} be simple, measurable and p{z|s(z) # 0}
be finite.

First of all we prove that, S is dense in £P0)(H). Let B < H be a mea-
sureble set with finite measure. Then p,(xp) < u(B) < oo which implies
that yz € LP). Since every element of S is a finite linear combination of
indicator function on finitely y-measurable set, so S = LPO)(H). Now let
fe LPY(H) with f > 0, 3 a sequence {g,} of simple function such that
0< g, < fandg, ” f (see[5]). Take A > 0 such that pp(é) < 0. Since,
0 < g, < f, we have

o) < () < max {10} py (£) < o

It follows that g, € LPO)(H). Since |f — gn|? — 0 pointwise and

=g < @1y <max {1207} (£) e 12

the dominated convergence theorem implies that p,(f —g¢,) — 0 and since
pp-convergence and | - ||,y are equivalent, so | f — gn|p.) — 0, which shows
that S is dense in LPC)(H). Now, we claim that C.(H) is dense in S.
If s € S and ¢ > 0, then by Lusin’s theorem 3 g € C.(H) such that
p{x | g(x) # s(z)} < €, where p* = esssupp(z) and |g| < ||s].. Now

xzeH
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since p is bounded exponent, so p* = esssup p(z) < oo, then by (4), we
zeH
have

1/p*
lo = slhoy < el = sl = e [lg = span) " -

+

_ ot 1/p
¢ g — 5" du < 2¢|s]w €.

{z: g(x)#s(x)}

This implies that C.(H) is dense in S and since S is dense in £PC)(H),
hence C,(H) is dense in £PU)(H). []

Lemma 4. Let p be a bounded exponent and LPY)(H) be a Banach al-
gebra. Then, for any f € £LPO)(H) and € > 0, there exists a neighbourhood
U of the identity, such that for all x € U, |Lyf — fpe) <€

Proof. Let K be a compact neighbourhood of the identity of H. Let
f € C.(H) with compact support S; then supp(L,f) = xS, Yx € K. Let
K'=K uSuKS. There exists a constant ¢ > 0, such that

n 1/p*
Lot = fluy < elLaf = flpe = e [ 1Lf = 7" dn) " <
,C/

< c|Lof — flloo(p(K))P".

Since supp(L.f — f) € K', | Lof — flloo < W for any z in a
sufficiently small neighbourhood V' < IC of identity. Thus,
€
Lot~ Flyo < 5 )

Now, let f € £PC)(H) be arbitrary and U be a compact neighborhood of
identity. Since C.(H) is dense in £PC)(H ) for a bounded exponent p, for
€>03ge C.(H), such that | f — g . Also, as g € C.(H), by (8)
we get |Lyg — g|p) < 5 forall z e U. Thus for any x € U:

ILof = Flloey S NL2f = Leglpe) + [Leg = glloy + 19 = fllo) =

e €
=2|f = gllp¢) + I L29 — 9lpe) < 21 tg=¢
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Theorem 2. Let u(H) < oo and £PO)(H) be a variable Lebesgue alge-
bra. Then LPY)(H) has a left approximate identity.

Proof. Let K be a compact neighbourhood of the identity element e € H
and X be the family of all neighbourhoods U < K of the identity. Then Y
is a directed set with the pre-order inclusion. Let &; = % for all U € N.
Then 3 ¢ > 0, such that

[€ulloy < €léulpr = clxu/wU)”" =

(J1I) oo [am@yyran)” = e(uw))
(] (] )" = cfue)

Therefore, ||£y|y) < 0.

Thus p, (&) < |€ullp) < o0, ie., &g € LPO(H) and (§r)ven is a net in
LPO)(H). Now, given f € LP*)(H) and € > 0, by the Lemma 4 we get a
neighbourhood U € X, such that |L,f — f|,.) < € for all t € U. Then, for
all V' > U with V e Im, we get, by using Fibuni’s theorem, that

(ML f | VP f(t_ligv_> 19 ) )+
o [H ) <
<t L J F710) — £ () +
+ ess :;1;) J‘f (t™ ') (m)’d,u(t))} =
1‘/){J<JLtf f‘ —I—essjélﬁwtf f‘)dﬂ()}

vV F,

- J o (Luf = £)du(t) = ~py (Luf — f).

v

Since p, (Lif — f) < |Lif — flpey < €, we get p, (5V*efff) < 1. Thus,
by the definition of the norm || - [|,), we get [&v * f — flp) < €. Hence,
{&/}ven is a left approximate identity in £PC)(H). [
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In the similar approach, we can find the right approximate identity in
LPO(H).

Now we shall discuss the condition under which the Banach algebra
LPO)(H) has an identity.

Theorem 3. For a bounded exponent p, the variable Lebesgue algebra
LPO)(H) contains an identity iff H is discrete.

Proof. Let £PU)(H) be a variable Lebesgue algebra that contains an iden-
tity h. Then f«h = h« f = f for all f e £LPO)(H). Suppose that U is a
neighbourhood of the identity e € H and € > 0. Since C.(H) is dense in
LPO(H), so 3 f € C.(H), such that supp(f) = U and |[f = h — hl,) < ¢
Since f * h = f, we have | f — h[,.) <e. Now,

e > f = By > pplf — ) =
f £ du [ 17 0Oz | P

H\U H\U

This implies that |h(x)|P(®) is zero for all z € H\U. But 1 < p(z) < o, so
h(z) = 0 for all x € H\U. Since U is any neighbourhood of the identity
in H, so supp(h)  {e} and u({e}) > 0, as if pu({e}) = 0; then h = 0 a.e.
on H, which is a contradiction to fact that h is the identity in £PC)(H).
Thus H is discrete.

Conversely, let H be a discrete group. In this case, p is a counting
measure on H. The characteristic function x. of {e} belongs to £P*)(H),
and we have:

(e * (@) f ) 2)du(y) = 3 xew)f ) = ()

H yeH

for all f e £LPO)(H) and x € H. Thus the function y, is an identity of the
algebra. []

Let £P0)(H) be a variable Lebesgue algebra, where p is a bounded
exponent. Then, using the existence of a left approximate identity in
LPO)(H), we perceive that the closed left ideal of £PC)(H) is a left trans-
lation invariant.

Theorem 4. Suppose p is a bounded exponent and p is o-finite. Let
LPY)(H) be a variable Lebesgue algebra and M be a closed linear subspace

of LPU)(H). Then M is a left ideal in £P)(H) iff L,(M) < M for allx € H.
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Proof. Let M < £P0)(H) be a left ideal. For any f € M and € > 0, using
Theorem 2, we get the fact that (ey )., is a left approximate identity
in LPU(H), so that |ey = f — f[,.) < €. Moreover, (Lyey) = f € M,
since LPO)(H) is a left translation invariant and M is a left ideal. Thus,
|Lgev * f— Lo flpey = lev # f = fllp) < €. Therefore, L,f € M, since M
is closed.

Conversely, suppose that M is a left translation invariant subspace of
LPO(H), ie., Ly(M) < M for all x € H. Let us prove that M is a left
ideal. To prove this, we need to show that j =7 € M for all : € M and
j € LPO(H). Suppose that there exists i € M and j € £PO(H), such
that j =7 ¢ M. Then, by the consequence of the Hahn-Banach theorem,
3 a bounded linear functional ¥ on £P0)(H)), such that W(M) = {0} and
F(j#1i) # 0. Further, since p is a bounded exponent and p is o-finite,
the dual space of £PO)(H) is £P'()(H), where p' is the conjugate exponent
of p. So, the bounded linear functional ¥ € (LP0)(H ))* can be uniquely
determine by ¢ € £P'0)(H), such as

= st@du, e LPV(H).
H

Therefore,

U(j=i)=

p(z)(J = 1) (x)du(z f J iy~ x)dply ))du(w)=

H
[ j P()Ly1i()du(o) ) du(y) = [ 7Ly dn(y) =0,
H H

So, L,f € M and W(M) = {0}, which contradicts our assumption that
W(j i) # 0. This completes the proof. []

Corollary. If M is a subspace of £PU)(H) that is closed, then M a right
ideal in £PU)(H) iff M < LPY)(H) is right translation invariant.
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