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VARIABLE LEBESGUE ALGEBRA ON A LOCALLY
COMPACT GROUP

Abstract. For a locally compact group 𝐻 with a left Haar mea-
sure, we study the variable Lebesgue algebra ℒ𝑝p¨qp𝐻q with respect
to convolution. We show that if ℒ𝑝p¨qp𝐻q has a bounded exponent,
then it contains a left approximate identity. We also prove a nec-
essary and sufficient condition for ℒ𝑝p¨qp𝐻q to have an identity. We
observe that a closed linear subspace of ℒ𝑝p¨qp𝐻q is a left ideal if
and only if it is left translation invariant.
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mate identity, Haar measure
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1. Introduction. The 𝐿𝑝-space on a locally compact group has a
very essential role in Harmonic analysis. It has numerous applications in
Mathematics, Physics, Electrical Engineering, and other branches of sci-
ence. For a locally compact group 𝐻 and 1 6 𝑝 ă 8, the space 𝐿𝑝p𝐻q
is a Banach space and even a Banach algebra with respect to convolu-
tion if 𝐻 is compact [8]. If we replace the constant exponent 𝑝 with a
variable exponent with minimal restrictions, many results on the classical
Lebesgue space the hold. The theory of variable-exponent space was ini-
tially introduced by Orlicz in the 1930s; these theories were further studied
and analyzed by various authors. However, many interesting results were
found in variable-exponent space and a spike of interest was found among
the authors in recent years.

The variable Lebesgue space is a generalization of the 𝐿𝑝-space for
constant exponent. It was first put forward by Russian mathematician
Tsennov [14] and further expanded by Sharapudinov [10], [11], [12], [13]
and Zhikov [15], [16], [17], [18], [19], [20]. In 1991, Kováčik and J. Rákosńik
studied some fundamental properties of the variable Lebesgue space in [6],
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which is considered as one of the foundational paper in this topic. Orlicz
space is a particular case of variable Lebesgue space to some extent. In [2]
authors established that the variable Lebesgue space is a Banach space. He
also proved some elementary results of classical Lebesgue space in variable
Lebesgue space. Motivated by the above literature, in this article we show
that the variable Lebesgue space forms a Banach algebra with respect to
a suitable convolution. We organize this article in the following way:

In Section 2, we furnish some definitions and preliminary results on
variable Lebesgue space. In Section 3, we provide the condition under
which the variable Lebesgue space on a locally compact group is a Ba-
nach algebra with respect to a suitable convolution, which is mentioned
as a variable Lebesgue algebra. In Section 4, we show that the variable
Lebesgue algebra ℒ𝑝p¨qp𝐻q has a left approximate identity. We also prove a
necessary and sufficient condition for the existence of identity in the vari-
able Lebesgue algebra. A familiar result on the weighted Orlicz algebra
𝐿𝜑
𝑤p𝐻q (See [7]) that the closed left ideal of the variable Lebesgue algebra

ℒ𝑝p¨qp𝐻q is nothing else the left translation invariant subspace of ℒ𝑝p¨qp𝐻q,
is also proved.

2. Preliminaries. In this section, we recall some definitions and
results on variable Lebesgue spaces. Here we consider a locally compact
group 𝐻 with a Haar measure 𝜇.

Definition 1. [1] A non-zero regular Borel measure 𝜇 on a locally com-
pact group 𝐻 is called a left Haar measure if it is left invariant under left
translation, i.e., 𝜇p𝑆𝑔q “ 𝜇p𝑆q for all 𝑔 P 𝐻 and all Borel subset 𝑆 Ă 𝐻.

Similarly, one can define the right Haar measure.

Let ℳ be the set of all 𝜇-measurable functions from 𝐻 into C or
into the extended real numbers r´8,8s. An element of ℳ is called an
exponent if it takes the values in r1,8s. We denote the set of all exponents
by ℰ . For a fixed 𝑝 P ℰ and any 𝑓 P ℒ𝑝p¨qp𝐻q, the functional 𝜌𝑝 defined by

𝜌𝑝p𝑓q :“

ż

𝐹𝑝

|𝑓p𝑥q|𝑝p𝑥q𝑑𝜇p𝑥q ` ess sup
𝑥P𝐹 𝑐

𝑝

|𝑓p𝑥q|, (1)

where 𝐹𝑝 “ t𝑥 P 𝐻 : 𝑝p𝑥q ă 8u, is called the 𝑝-modular function. There
are two other definitions of the modular to define variable Lebesgue space.
One of them is defined as

𝜌𝑝 :“ max
´

ż

𝐹𝑝

|𝑓p𝑥q|𝑝p𝑥q𝑑𝜇p𝑥q, ess sup
𝑥P𝐹 𝑐

𝑝

|𝑓p𝑥q|
¯

. (2)
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It can be easily seen that the modular (2) is equivalent to the modular
given by (1) and they admit the same norm. The modular (2) was in-
troduced by Edmunds and Rákosńik [4]. Another approach to defining a
modular inspired by the theory of Musielak-Orlicz space is given in [3] as

𝜌𝑝p𝑓q “

ż

𝐻

|𝑓p𝑥q|𝑝p𝑥q𝑑𝑥. (3)

with the convention that 𝑡8 “ 8.𝜒p1,8qp𝑡q. This modular is not equivalent
to (1), but the resulting norm is equivalent.

For a locally compact group 𝐻 and 𝑝 P ℰ , the variable Lebesgue space
ℒ𝑝p¨qp𝐻q is defined as (see [2])

ℒ𝑝p¨q
p𝐻q “

!

𝑓 Pℳ : 𝜌𝑝

´𝑓

𝜆

¯

ă 8, D 𝜆 ą 0
)

.

This space ℒ𝑝p¨qp𝐻q is a Banach space under the norm }𝑓}𝑝p¨q defined for
all 𝑓 P ℒ𝑝p¨qp𝐻q by

}𝑓}𝑝p¨q “ inf
!

𝑡 ą 0 : 𝜌𝑝

´𝑓

𝑡

¯

6 1
(

.

There is another norm }𝑓}𝐴𝑝p¨q (the Amemiya norm) on ℒ𝑝p¨qp𝐻q de-
fined as

}𝑓}𝐴𝑝p¨q “ inf
!

𝑘 ą 0: 𝑘 ` 𝑘𝜌𝑝

´𝑓

𝑘

¯)

for any 𝑝 P ℰ with 𝑝` “ ess sup
𝐻
𝑝p𝑥q ă 8. The above two norms are

equivalent and }𝑓}𝑝p¨q 6 }𝑓}𝐴𝑝p¨q 6 2}𝑓}𝑝p¨q (for a proof, see [9]).
An exponent 𝑝 P ℰ is called a bounded exponent if 𝑝` “ ess sup

𝐻
𝑝p𝑥q ă 8.

If 𝑝 is a bounded exponent, then 𝜌𝑝-convergence and } ¨ }𝑝p¨q-convergence
in ℒ𝑝p¨qp𝐻q are equivalent. Denote by 𝒮 the class of simple functions that
vanish outside a set of finite measure; then 𝒮 is dense in ℒ𝑝p¨qp𝐻q, whenever
𝑝 is a bounded exponent (see [2]). Let 𝑝p¨q, 𝑞p¨q P ℰ be given; if 𝜇p𝐻q ă 8,
then ℒ𝑞p¨qp𝐻q Ă ℒ𝑝p¨qp𝐻q when 𝑝p¨q 6 𝑞p¨q 𝜇-almost everywhere. Moreover,
there exist constants 𝑐1, 𝑐2 ą 0, such that

𝑐1}𝑓}𝑝´ 6 }𝑓}𝑝p¨q 6 𝑐2}𝑓}𝑝` , (4)

where 𝑝´ “ ess inf
𝐻
𝑝p𝑥q and 𝑝` “ ess sup

𝐻
𝑝p𝑥q (see [2], Theorem 2.26 and

Corollary 2.27).
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The Hölder inequality holds in variable Lebesgue spaces. If 𝑝 and 𝑞 are
exponents and 𝑟 is the function defined by 1

𝑟p𝑥q
“ 1

𝑝p𝑥q
` 1

𝑞p𝑥q
is an exponent,

then there exists a constant 𝐾 P r1, 5s, such that }𝑓𝑔}𝑟p¨q 6 𝐾}𝑓}𝑝p¨q}𝑔}𝑞p¨q.
The conjugate exponent 𝑝1 of 𝑝 is the exponent that satisfies the equation
1

𝑝p𝑥q
` 1

𝑞p𝑥q
“ 1 for all 𝑥 P 𝑋. The functional } ¨ }1𝑝p¨q defined on ℳ given by

}𝑓}
1

𝑝p¨q :“ sup
𝜌𝑝1 p𝑔q61

ż

𝐻

|𝑓𝑔|𝑑𝜇

is the conjugate norm to }¨}𝑝p¨q. Various other definitions used by different
author for } ¨ }1𝑝p¨q are characterised by the following equalities ( [2]):

}𝑓}
1

𝑝p¨q “ sup
}𝑔}𝑝1p¨q61

ż

𝐻

|𝑓𝑔|𝑑𝜇 “ sup
𝜌𝑝1 p𝑔q61

ˇ

ˇ

ˇ

ż

𝐻

𝑓𝑔𝑑𝜇
ˇ

ˇ

ˇ
“ sup
}𝑔}𝑝1p¨q61

ˇ

ˇ

ˇ

ż

𝐻

𝑓𝑔𝑑𝜇
ˇ

ˇ

ˇ
“

“ sup
𝜌𝑝1 p𝑔q61, 𝑔P𝒮

ż

𝐻

|𝑓𝑔|𝑑𝜇 “ sup
}𝑔}𝑝1p¨q61, 𝑔P𝒮

ż

𝐻

|𝑓𝑔|𝑑𝜇,

where 𝒮 is the class of simple functions on 𝐻. If 𝜇 is 𝜎-finite and 𝑝 is a
bounded exponent, then the dual space of ℒ𝑝p¨qp𝐻q is ℒ𝑝1p¨qp𝐻q, where 𝑝1
is the conjugate exponent to 𝑝. Moreover, if 𝑝´ “ ess inf

𝐻
𝑝p𝑥q ą 1, then

ℒ𝑝p¨qp𝐻q is reflexive.
Note that a left approximate identity in a Banach algebra p𝐴, } ¨ }q is

a net p𝑒𝛼q𝛼PΛ in 𝐴 if lim𝛼 }𝑒𝛼𝑥 ´ 𝑥} “ 0 for all 𝑥 P 𝐴; similarly, the right
approximate identity is also defined. Now we mention some properties of
the norm } ¨ }𝑝p¨q on ℒ𝑝p¨qp𝐻q, which are useful in our studies.

Proposition 1. [2] Let 𝑝 P ℰ and 𝑓, 𝑔 P ℒp¨qp𝐻q.
(i) }𝑓}𝑝p¨q > 0; the equality holds iff 𝑓 “ 0, 𝜇-a.e.
(ii) If |𝑓 | 6 |𝑔|, 𝜇 a.e, then }𝑓}𝑝p¨q 6 }𝑔}𝑝p¨q.
(iii) 𝜌𝑝

`

𝑓{}𝑓}𝑝p¨q
˘

6 1, provided 𝑓 ‰ 0 𝜇- a.e.
(iv) 𝜌𝑝p𝑓q 6 1 iff }𝑓}𝑝p¨q 6 1.
(v) If 𝜌𝑝p𝑓q 6 1 or }𝑓}𝑝p¨q 6 1, then 𝜌𝑝p𝑓q 6 }𝑓}𝑝p¨q.
(vi) 𝜌𝑝p𝑓q > 1 or }𝑓}𝑝p¨q > 1, then }𝑓}𝑝p¨q 6 𝜌𝑝p𝑓q.

3. Variable Lebesgue Algebra. In this section, we show that for
a locally compact group 𝐻 with a Haar measure 𝜇, the variable Lebesgue
space ℒ𝑝p¨qp𝐻q forms an algebra with respect to a suitable convolution
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under the certain condition. Before introducing the variable Lebesgue
algebra, we discuss some lemmas.

We define a convolution on ℒ𝑝p¨qp𝐻q as follows. For any 𝑓, 𝑔 P ℒ𝑝p¨qp𝐻q:

p𝑓 ‹ 𝑔qp𝑥q “

ż

𝐻

𝑓p𝑦q𝑔p𝑦´1𝑥q𝑑𝜇p𝑦q. (5)

Lemma 1. ℒ𝑝p¨qp𝐻q Ď 𝐿1p𝐻q if and only if there exists a constant 𝑘 ą 0
such that }𝑓}1 6 𝑘}𝑓}𝑝p¨q.

Proof. Assume that ℒ𝑝p¨qp𝐻q Ď 𝐿1p𝐻q on ℒ𝑝p¨qp𝐻q. It is easy to see
that pℒ𝑝p¨qp𝐻q, } ¨ }q is a Banach space with }𝑓} “ }𝑓}1 ` }𝑓}𝑝p¨q. Let 𝐼
be the identity map from pℒ𝑝p¨qp𝐻q, } ¨ }q to pℒ𝑝p¨qp𝐻q, } ¨ }𝑝p¨qq. Then 𝐼 is
continuous and one to one map, so, by the open mapping theorem, 𝐼 is an
open map; and, so, it is a homeomorphism. Hence, 𝐼´1 is a bounded map
from pℒ𝑝p¨qp𝐻q, } ¨ }𝑝p¨qq to pℒ𝑝p¨qp𝐻q, } ¨ }q. Thus, D a constant 𝑘 > 0, such
that }𝐼´1p𝑓q} 6 𝑘}𝑓}𝑝p¨q, i.e., }𝑓} 6 𝑘}𝑓}𝑝p¨q. But }𝑓} “ }𝑓}1 ` }𝑓}p¨q; so,
}𝑓}1 6 }𝑓} and, hence, }𝑓}1 6 𝑘}𝑓}𝑝p¨q. The converse part follows from
the relation }𝑓}1 6 𝑘}𝑓}𝑝p¨q for 𝑘 ą 0. l

Lemma 2. }𝐿𝑥𝑓}𝑝p¨q “ }𝑓}𝑝p¨q, for all 𝑓 P ℒ𝑝p¨qp𝐻q. Here we mean
𝐿𝑥𝑓p𝑦q “ 𝑓p𝑥´1𝑦q for all 𝑥, 𝑦 P 𝐻.

Theorem 1. Let 𝐻 be a locally compact group with a left Haar mea-
sure 𝜇. If ℒ𝑝p¨qp𝐻q Ď 𝐿1p𝐻q and |𝑓 | 6 1 for all 𝑓 P ℒ𝑝p¨qp𝐻q, then the
variable Lebesgue space ℒ𝑝p¨qp𝐻q is a Banach algebra with respect to the
convolution defined by (5).

Proof. Let ℒ𝑝p¨qp𝐻q Ď 𝐿1p𝐻q. By Lemma 1, D 𝑐 ą 0, such that

‖ 𝑓 ‖1 6 𝑐 ‖ 𝑓 ‖𝑝p¨q, (6)

for all 𝑓 P ℒ𝑝p¨qp𝐻q. Now, for any 𝑓, 𝑔 P ℒ𝑝p¨qp𝐻q and 𝑡 ą 0, we have:

𝜌𝑝

´𝑓 ‹ 𝑔

𝑡

¯

“ 𝜌𝑝

´1

𝑡

ż

𝐻

𝑓p𝑦q𝑔p𝑦´1𝑥q𝑑𝜇p𝑦q
¯

“

“

ż

𝐹𝑝

ˇ

ˇ

ˇ

1

𝑡

ż

𝐻

𝑓p𝑦q𝑔p𝑦´1𝑥q𝑑𝜇p𝑦q
ˇ

ˇ

ˇ

𝑝p𝑥q

𝑑𝜇p𝑥q ` ess sup
𝑥P𝐹 𝑐

𝑝

ˇ

ˇ

ˇ

1

𝑡

ż

𝐻

𝑓p𝑦q𝑔p𝑦´1𝑥q𝑑𝜇p𝑦q
ˇ

ˇ

ˇ
6

6
ż

𝐻

|𝑓p𝑦q|𝑑𝜇p𝑦q
!

ż

𝐹𝑝

ˇ

ˇ

ˇ

𝐿𝑦𝑔p𝑥q

𝑡

ˇ

ˇ

ˇ

𝑝p𝑥q

𝑑𝜇p𝑥q ` ess sup
𝑥P𝐹 𝑐

𝑝

ˇ

ˇ

ˇ

𝐿𝑦𝑔p𝑥q

𝑡

ˇ

ˇ

ˇ

)

“
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“ }𝑓}1𝜌𝑝p𝐿𝑦p𝑔q{𝑡q.

The last inequality follows from the Fibuni theorem, and the condition
|𝑓 | 6 1 for all 𝑓 P ℒ𝑝p¨qp𝐻q. Thus, we have:

𝜌𝑝p𝑓 ‹ 𝑔{𝑡q 6 }𝑓}1𝜌𝑝p𝐿𝑦p𝑔q{𝑡q. (7)

From (6) and (7), it follows that

t𝑡 ą 0: }𝑓}1𝜌𝑝p𝐿𝑦p𝑔q{𝑡q 6 1u Ď t𝑡 ą 0: 𝜌𝑝p𝑓 ‹ 𝑔{𝑡q 6 1u.

That is, }𝑓 ‹ 𝑔}𝑝p¨q 6 }𝑓}1}𝐿𝑦𝑔}𝑝p¨q and, hence, }𝑓 ‹ 𝑔}𝑝p¨q 6 }𝑓}𝑝p¨q}𝑔}𝑝p¨q. l

4. Approximate identity.

Lemma 3. If 𝑝 is a bounded exponent and 𝜇p𝐻q ă 8, then the set
𝐶𝑐p𝐻q of continuous functions with compact support is dense in ℒ𝑝p¨qp𝐻q.

Proof. Let 𝒮 “ t𝑠 : 𝐻 Ñ C|𝑠u be simple, measurable and 𝜇t𝑥|𝑠p𝑥q ‰ 0u
be finite.

First of all we prove that, 𝒮 is dense in ℒ𝑝p¨qp𝐻q. Let 𝐵 Ă 𝐻 be a mea-
sureble set with finite measure. Then 𝜌𝑝p𝜒𝐵q 6 𝜇p𝐵q ă 8 which implies
that 𝜒𝐵 P 𝐿

𝑝p¨q. Since every element of 𝒮 is a finite linear combination of
indicator function on finitely 𝜇-measurable set, so 𝒮 Ă 𝐿𝑝p¨qp𝐻q. Now let
𝑓 P 𝐿𝑝p¨qp𝐻q with 𝑓 > 0, D a sequence t𝑔𝑛u of simple function such that
0 6 𝑔𝑛 6 𝑓 and 𝑔𝑛 Õ 𝑓 (see [5]). Take 𝜆 ą 0 such that 𝜌𝑝p𝑓𝜆q ă 8. Since,
0 6 𝑔𝑛 6 𝑓 , we have

𝜌𝑝p𝑔𝑛q 6 𝜌𝑝p𝑓q 6 max
!

1, 𝜆𝑝
`
)

𝜌𝑝

´𝑓

𝜆

¯

ă 8.

It follows that 𝑔𝑛 P 𝐿𝑝p¨qp𝐻q. Since |𝑓 ´ 𝑔𝑛|𝑝 Ñ 0 pointwise and

|𝑓 ´ 𝑔𝑛|
𝑝 6 p2𝑓q𝑝 6 max

!

1, p2𝜆q𝑝
`
)´𝑓

𝜆

¯𝑝

P 𝐿1,

the dominated convergence theorem implies that 𝜌𝑝p𝑓´𝑔𝑛q Ñ 0 and since
𝜌𝑝-convergence and } ¨ }𝑝p¨q are equivalent, so }𝑓 ´ 𝑔𝑛}𝑝p¨q Ñ 0, which shows
that 𝒮 is dense in 𝐿𝑝p¨qp𝐻q. Now, we claim that 𝐶𝑐p𝐻q is dense in 𝒮.
If 𝑠 P 𝒮 and 𝜖 ą 0, then by Lusin’s theorem D 𝑔 P 𝐶𝑐p𝐻q such that
𝜇t𝑥 | 𝑔p𝑥q ‰ 𝑠p𝑥qu ă 𝜖𝑝

` , where 𝑝` “ ess sup
𝑥P𝐻

𝑝p𝑥q and |𝑔| 6 }𝑠}8. Now
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since 𝑝 is bounded exponent, so 𝑝` “ ess sup
𝑥P𝐻

𝑝p𝑥q ă 8, then by (4), we

have

}𝑔 ´ 𝑠}𝑝p¨q 6 𝑐}𝑔 ´ 𝑠}𝑝` “ 𝑐
´

ż

𝐺

|𝑔 ´ 𝑠|𝑝
`

𝑑𝜇
¯1{𝑝`

“

“ 𝑐
´

ż

t𝑥 : 𝑔p𝑥q‰𝑠p𝑥qu

|𝑔 ´ 𝑠|𝑝
`

𝑑𝜇
¯1{𝑝`

6 2𝑐}𝑠}8 𝜀.

This implies that 𝐶𝑐p𝐻q is dense in 𝑆 and since 𝑆 is dense in ℒ𝑝p¨qp𝐻q,
hence 𝐶𝑐p𝐻q is dense in ℒ𝑝p¨qp𝐻q. l

Lemma 4. Let 𝑝 be a bounded exponent and ℒ𝑝p¨qp𝐻q be a Banach al-
gebra. Then, for any 𝑓 P ℒ𝑝p¨qp𝐻q and 𝜀 ą 0, there exists a neighbourhood
𝑈 of the identity, such that for all 𝑥 P 𝑈 , }𝐿𝑥𝑓 ´ 𝑓}𝑝p¨q ă 𝜖.

Proof. Let 𝒦 be a compact neighbourhood of the identity of 𝐻. Let
𝑓 P 𝐶𝑐p𝐻q with compact support 𝑆; then 𝑠𝑢𝑝𝑝p𝐿𝑥𝑓q “ 𝑥𝑆, @𝑥 P 𝒦. Let
𝒦1 “ 𝒦 Y 𝑆 Y𝒦𝑆. There exists a constant 𝑐 ą 0, such that

}𝐿𝑥𝑓 ´ 𝑓}𝑝p¨q 6 𝑐}𝐿𝑥𝑓 ´ 𝑓}𝑝` “ 𝑐
´

ż

𝒦1

|𝐿𝑥𝑓 ´ 𝑓 |
𝑝`𝑑𝜇

¯1{𝑝`

6

6 𝑐}𝐿𝑥𝑓 ´ 𝑓}8p𝜇p𝒦1qq1{𝑝
`

.

Since suppp𝐿𝑥𝑓 ´ 𝑓q Ď 𝒦1, }𝐿𝑥𝑓 ´ 𝑓}8 ă
𝜀

2𝑐p𝜇p𝐾qq1{𝑝`
for any 𝑥 in a

sufficiently small neighbourhood 𝑉 Ď 𝒦 of identity. Thus,

}𝐿𝑥𝑓 ´ 𝑓}𝑝p¨q ă
𝜀

2
(8)

Now, let 𝑓 P ℒ𝑝p¨qp𝐻q be arbitrary and 𝑈 be a compact neighborhood of
identity. Since 𝐶𝑐p𝐻q is dense in ℒ𝑝p¨qp𝐻q for a bounded exponent 𝑝, for
𝜀 ą 0 D 𝑔 P 𝐶𝑐p𝐻q, such that }𝑓 ´ 𝑔}𝑝p¨q ă

𝜀
4
. Also, as 𝑔 P 𝐶𝑐p𝐻q, by (8)

we get }𝐿𝑥𝑔 ´ 𝑔}𝑝p¨q ă
𝜀
2

for all 𝑥 P 𝑈 . Thus, for any 𝑥 P 𝑈 :

}𝐿𝑥𝑓 ´ 𝑓}𝑝p¨q 6 }𝐿𝑥𝑓 ´ 𝐿𝑥𝑔}𝑝p¨q ` }𝐿𝑥𝑔 ´ 𝑔}𝑝p¨q ` }𝑔 ´ 𝑓}𝑝p¨q “

“ 2}𝑓 ´ 𝑔}𝑝p¨q ` }𝐿𝑥𝑔 ´ 𝑔}𝑝p¨q ă 2
𝜀

4
`
𝜀

2
“ 𝜀.

l
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Theorem 2. Let 𝜇p𝐻q ă 8 and ℒ𝑝p¨qp𝐻q be a variable Lebesgue alge-
bra. Then ℒ𝑝p¨qp𝐻q has a left approximate identity.

Proof. Let 𝒦 be a compact neighbourhood of the identity element 𝑒 P 𝐻
and ℵ be the family of all neighbourhoods 𝑈 Ď 𝐾 of the identity. Then ℵ
is a directed set with the pre-order inclusion. Let 𝜉𝑈 “ 𝜒𝑈

𝜇p𝑈q
for all 𝑈 P ℵ.

Then D 𝑐 ą 0, such that

}𝜉𝑈}𝑝p¨q 6 𝑐}𝜉𝑈}𝑝` “ 𝑐}𝜒𝑈{𝜇p𝑈q}
𝑝`
“

“ 𝑐
´

ż

𝐻

|
𝜒𝑈

𝜇p𝑈q
|
𝑝`
¯1{𝑝`

“ 𝑐
´

ż

𝑈

p1{𝜇p𝑈qq𝑝
`

𝑑𝜇
¯1{𝑝`

“ 𝑐
´

𝜇p𝑈q
¯

1´𝑝`

𝑝`

.

Therefore, }𝜉𝑈}𝑝p¨q ă 8.
Thus 𝜌𝑝 p𝜉𝑈q 6 }𝜉𝑈}𝑝p¨q ă 8, i.e., 𝜉𝑈 P 𝐿𝑝p¨qp𝐻q and p𝜉𝑈q𝑈Pℵ is a net in

𝐿𝑝p¨qp𝐻q. Now, given 𝑓 P 𝐿𝑝p¨qp𝐻q and 𝜖 ą 0, by the Lemma 4 we get a
neighbourhood 𝑈 P ℵ, such that }𝐿𝑡𝑓 ´ 𝑓}𝑝p¨q ă 𝜖 for all 𝑡 P 𝑈 . Then, for
all 𝑉 > 𝑈 with 𝑉 P Im, we get, by using Fibuni’s theorem, that

𝜌𝑝

´𝜉𝑉 ˚ 𝑓 ´ 𝑓

𝜖

¯

“
1

𝜀

´

ż

𝐹𝑝

ˇ

ˇ

ˇ

ż

𝑉

𝑓p𝑡´1𝑥q ´ 𝑓p𝑥q

𝜇p𝑉 q
𝑑𝜇p𝑡q

ˇ

ˇ

ˇ

𝑝p𝑥q

𝑑𝜇p𝑥q`

` ess sup
𝑥P𝐹 𝑐

𝑝

ˇ

ˇ

ˇ

ż

𝑉

𝑓p𝑡´1𝑥q ´ 𝑓p𝑥q

𝜇p𝑉 q
𝑑𝜇p𝑡q

ˇ

ˇ

ˇ

¯

6

6
1

𝜀

1

𝜇p𝑉 q

!

ż

𝐹𝑝

ż

𝑉

ˇ

ˇ

ˇ
𝑓p𝑡´1𝑥q ´ 𝑓p𝑥q

ˇ

ˇ

ˇ

𝑝p𝑥q

𝑑𝜇p𝑡q𝑑𝜇p𝑥q`

` ess sup
𝑥P𝐹 𝑐

𝑝

´

ż

𝑉

ˇ

ˇ

ˇ
𝑓p𝑡´1𝑥q ´ 𝑓p𝑥q

ˇ

ˇ

ˇ
𝑑𝜇p𝑡q

¯)

“

“
1

𝜀

1

𝜇p𝑉 q

!

ż

𝑉

´

ż

𝐹𝑝

ˇ

ˇ

ˇ
𝐿𝑡𝑓 ´ 𝑓

ˇ

ˇ

ˇ

𝑝p𝑥q

𝑑𝜇p𝑥q ` ess sup
𝑥P𝐹 𝑐

𝑝

|𝐿𝑡𝑓 ´ 𝑓 |
¯

𝑑𝜇p𝑡q
)

“

“
1

𝜀

1

𝜇p𝑉 q

ż

𝑉

𝜌𝑝 p𝐿𝑡𝑓 ´ 𝑓q 𝑑𝜇p𝑡q “
1

𝜀
𝜌𝑝 p𝐿𝑡𝑓 ´ 𝑓q .

Since 𝜌𝑝 p𝐿𝑡𝑓 ´ 𝑓q 6 }𝐿𝑡𝑓 ´ 𝑓}𝑝p¨q ă 𝜀, we get 𝜌𝑝
`

𝜉𝑉 ˚𝑓´𝑓
𝜖

˘

6 1. Thus,
by the definition of the norm } ¨ }𝑝p¨q, we get }𝜉𝑉 ˚ 𝑓 ´ 𝑓}𝑝p¨q ă 𝜖. Hence,
t𝜉𝑉 u𝑉 Pℵ is a left approximate identity in ℒ𝑝p¨qp𝐻q. l
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In the similar approach, we can find the right approximate identity in
ℒ𝑝p¨qp𝐻q.

Now we shall discuss the condition under which the Banach algebra
ℒ𝑝p¨qp𝐻q has an identity.

Theorem 3. For a bounded exponent 𝑝, the variable Lebesgue algebra
ℒ𝑝p¨qp𝐻q contains an identity iff 𝐻 is discrete.

Proof. Let ℒ𝑝p¨qp𝐻q be a variable Lebesgue algebra that contains an iden-
tity ℎ. Then 𝑓 ˚ ℎ “ ℎ ˚ 𝑓 “ 𝑓 for all 𝑓 P ℒ𝑝p¨qp𝐻q. Suppose that 𝑈 is a
neighbourhood of the identity 𝑒 P 𝐻 and 𝜀 ą 0. Since 𝐶𝑐p𝐻q is dense in
ℒ𝑝p¨qp𝐻q, so D 𝑓 P 𝐶𝑐p𝐻q, such that 𝑠𝑢𝑝𝑝p𝑓q Ă 𝑈 and }𝑓 ˚ ℎ ´ ℎ}𝑝p¨q ă 𝜀.
Since 𝑓 ˚ ℎ “ 𝑓 , we have }𝑓 ´ ℎ}𝑝p¨q ă 𝜀. Now,

𝜀 ą }𝑓 ´ ℎ}𝑝p¨q > 𝜌𝑝p𝑓 ´ ℎq “

“

ż

𝑈

|𝑓 ´ ℎ|𝑝p𝑥q 𝑑𝜇`

ż

𝐻z𝑈

|𝑓 ´ ℎ|𝑝p𝑥q𝑑𝜇 >
ż

𝐻z𝑈

|ℎ|𝑝p𝑥q𝑑𝜇.

This implies that |ℎp𝑥q|𝑝p𝑥q is zero for all 𝑥 P 𝐻z𝑈 . But 1 6 𝑝p𝑥q ă 8, so
ℎp𝑥q “ 0 for all 𝑥 P 𝐻z𝑈 . Since 𝑈 is any neighbourhood of the identity
in 𝐻, so 𝑠𝑢𝑝𝑝pℎq Ă t𝑒u and 𝜇pt𝑒uq ą 0, as if 𝜇pt𝑒uq “ 0; then ℎ “ 0 a.e.
on 𝐻, which is a contradiction to fact that ℎ is the identity in ℒ𝑝p¨qp𝐻q.
Thus 𝐻 is discrete.

Conversely, let 𝐻 be a discrete group. In this case, 𝜇 is a counting
measure on 𝐻. The characteristic function 𝜒𝑒 of t𝑒u belongs to ℒ𝑝p¨qp𝐻q,
and we have:

p𝜒𝑒 ˚ 𝑓qp𝑥q “

ż

𝐻

𝜒𝑒p𝑦q𝑓p𝑦
´1𝑥q𝑑𝜇p𝑦q “

ÿ

𝑦P𝐻

𝜒𝑒p𝑦q𝑓p𝑦
´1𝑥q “ 𝑓p𝑥q

for all 𝑓 P ℒ𝑝p¨qp𝐻q and 𝑥 P 𝐻. Thus the function 𝜒𝑒 is an identity of the
algebra. l

Let ℒ𝑝p¨qp𝐻q be a variable Lebesgue algebra, where 𝑝 is a bounded
exponent. Then, using the existence of a left approximate identity in
ℒ𝑝p¨qp𝐻q, we perceive that the closed left ideal of ℒ𝑝p¨qp𝐻q is a left trans-
lation invariant.

Theorem 4. Suppose 𝑝 is a bounded exponent and 𝜇 is 𝜎-finite. Let
ℒ𝑝p¨qp𝐻q be a variable Lebesgue algebra and 𝑀 be a closed linear subspace
of ℒ𝑝p¨qp𝐻q. Then𝑀 is a left ideal in ℒ𝑝p¨qp𝐻q iff 𝐿𝑥p𝑀q Ď𝑀 for all 𝑥 P 𝐻.
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Proof. Let 𝑀 Ď ℒ𝑝p¨qp𝐻q be a left ideal. For any 𝑓 P𝑀 and 𝜖 ą 0, using
Theorem 2, we get the fact that p𝑒𝑉 q𝑉 PIm is a left approximate identity
in ℒ𝑝p¨qp𝐻q, so that }𝑒𝑉 ˚ 𝑓 ´ 𝑓}𝑝p¨q ă 𝜖. Moreover, p𝐿𝑥𝑒𝑉 q ˚ 𝑓 P 𝑀 ,
since ℒ𝑝p¨qp𝐻q is a left translation invariant and 𝑀 is a left ideal. Thus,
}𝐿𝑥𝑒𝑉 ˚ 𝑓 ´ 𝐿𝑥𝑓}𝑝p¨q “ }𝑒𝑉 ˚ 𝑓 ´ 𝑓}𝑝p¨q ă 𝜖. Therefore, 𝐿𝑥𝑓 P 𝑀 , since 𝑀
is closed.

Conversely, suppose that 𝑀 is a left translation invariant subspace of
ℒ𝑝p¨qp𝐻q, i.e., 𝐿𝑥p𝑀q Ď 𝑀 for all 𝑥 P 𝐻. Let us prove that 𝑀 is a left
ideal. To prove this, we need to show that 𝑗 ˚ 𝑖 P 𝑀 for all 𝑖 P 𝑀 and
𝑗 P ℒ𝑝p¨qp𝐻q. Suppose that there exists 𝑖 P 𝑀 and 𝑗 P ℒ𝑝p¨qp𝐻q, such
that 𝑗 ˚ 𝑖 R 𝑀 . Then, by the consequence of the Hahn-Banach theorem,
D a bounded linear functional Ψ on ℒ𝑝p¨qp𝐻qq, such that Ψp𝑀q “ t0u and
𝐹 p𝑗 ˚ 𝑖q ‰ 0. Further, since 𝑝 is a bounded exponent and 𝜇 is 𝜎-finite,
the dual space of ℒ𝑝p¨qp𝐻q is ℒ𝑝1p¨qp𝐻q, where 𝑝1 is the conjugate exponent
of 𝑝. So, the bounded linear functional Ψ P

`

ℒ𝑝p¨qp𝐻q
˘˚ can be uniquely

determine by 𝜙 P ℒ𝑝1p¨qp𝐻q, such as

Ψp𝜉q “

ż

𝐻

𝜉𝜙𝑑𝜇, 𝜉 P ℒ𝑝p¨q
p𝐻q.

Therefore,

Ψp𝑗 ˚ 𝑖q“

ż

𝐻

𝜙p𝑥qp𝑗 ˚ 𝑖qp𝑥q𝑑𝜇p𝑥q “

ż

𝐻

𝜙p𝑥q

ż

𝐻

´

𝑗p𝑦q𝑖p𝑦´1𝑥q𝑑𝜇p𝑦q
¯

𝑑𝜇p𝑥q “

“

ż

𝐻

𝑗p𝑦q
´

ż

𝐻

𝜙p𝑥q𝐿𝑦´1𝑖p𝑥q𝑑𝜇p𝑥q
¯

𝑑𝜇p𝑦q “

ż

𝐻

𝑗p𝑦qΨp𝐿𝑦´1𝑖q𝑑𝜇p𝑦q “ 0.

So, 𝐿𝑦𝑓 P 𝑀 and Ψp𝑀q “ t0u, which contradicts our assumption that
Ψp𝑗 ˚ 𝑖q ‰ 0. This completes the proof. l

Corollary. If 𝑀 is a subspace of ℒ𝑝p¨qp𝐻q that is closed, then 𝑀 a right
ideal in ℒ𝑝p¨qp𝐻q iff 𝑀 Ď ℒ𝑝p¨qp𝐻q is right translation invariant.
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