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Abstract. In this paper, we investigate some sufficient conditions
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1. Introduction. The well-known Mittag-Leffler function 𝐸𝛼p𝑧q and
its two-parameter version 𝐸𝛼,𝜅p𝑧q, which are defined, respectively, by (see,
for example, [5]):

𝐸𝛼p𝑧q “

8
ÿ

𝑛“0

𝑧𝑛

Γp𝛼𝑛 ` 1q
and 𝐸𝛼,𝜅p𝑧q “

8
ÿ

𝑛“0

𝑧𝑛

Γp𝛼𝑛 ` 𝜅q
, p𝑧, 𝛼, 𝜅 P Cq.

One can see that this series converges in the whole complex plane
for all Rep𝛼q ą 0. For all Rep𝛼q ă 0, this power series diverges every-
where on Czt0u. For Rep𝛼q “ 0, the radius of convergence is equal to
𝜌 “ 𝑒

𝜋
2

| Im𝛼|. Applications and generalizations of the Mittag-Leffler func-
tion have an important place in physics, biology, chemistry, engineering,
and other applied sciences.

In 1948, Yu. N. Rabotnov, who worked in solid mechanics, including
plasticity, creep theory, hereditary mechanics, failure mechanics, nonelas-
tic stability, composites, and shell theory, introduced a special function
applied in viscoelasticity [7]. This function, known today as the Rabot-
nov fractional exponential function, or briefly the Rabotnov function, is
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defined as follows:

𝑅𝛼,𝛽p𝑧q “ 𝑧𝛼
8
ÿ

𝑛“0

𝛽𝑛

Γ pp𝑛 ` 1qp1 ` 𝛼qq
𝑧𝑛p1`𝛼q

and 𝑧𝛼 means the principal branch of the corresponding multi-valued func-
tion defined in the whole complex plane cut along the negative real semi-
axis. The convergence of this series at any values of the argument is evi-
dent. Note that for 𝛼 “ 0 it reduces to the standard exponential expp𝛽𝑧q.
The Rabotnov function is the particular case of the Mittag-Leffler func-
tion. The relation between the Rabotnov function and the Mittag-Leffler
function can be written as follows:

𝑅𝛼,𝛽p𝑧q “ 𝑧𝛼𝐸1`𝛼,1`𝛼p𝛽𝑧1`𝛼
q.

For more details, see [5].
A function 𝑓 is said to be univalent in a domain 𝐷 if it provides a

one-to-one mapping onto its image, 𝑓p𝐷q. Namely, 𝑓 : 𝐷 Ď C Ñ C is said
to be univalent in 𝐷 if 𝑓p𝑧1q “ 𝑓p𝑧2q for 𝑧1, 𝑧2 P 𝐷 implies that 𝑧1 “ 𝑧2.

If an univalent function 𝑓 maps 𝐷 onto a convex domain, then 𝑓 is
called a convex function.

A domain 𝐷 in the plane is said to be starlike if the line segment
joining any point of 𝐷 to the origin lies inside 𝐷. A function 𝑓 is called
starlike, if 𝑓p𝐷q is a starlike domain.

Let 𝒜 be the class of functions of the form

𝑓 p𝑧q “ 𝑧 `

8
ÿ

𝑛“2

𝑎𝑛𝑧
𝑛,

which are analytic in the open unit disk U “ t𝑧 P C : |𝑧| ă 1u. We denote
by 𝒮 the subclass of 𝒜 consisting of functions 𝑓 P 𝒜, which are univalent
in U.

It is well-known that a function 𝑓 P 𝒮 is starlike of order 𝛾p0 ⩽ 𝛾 ă 1q

if and only if

Re

"

𝑧𝑓 1p𝑧q

𝑓p𝑧q

*

ą 𝛾, p𝑧 P Uq.

Denote by 𝒮˚p𝛾q the class of all functions that are starlike of order 𝛾.
Furthermore, a function 𝑓 P 𝒮 is convex of order 𝛾 p0 ⩽ 𝛾 ă 1q if and
only if

Re

"

1 `
𝑧𝑓2p𝑧q

𝑓 1p𝑧q

*

ą 𝛾, p𝑧 P Uq.
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Denote the class of convex functions of order 𝛾 by 𝒞p𝛾q. Note that
𝒞p0q “ 𝒞, and 𝒮˚p0q “ 𝒮˚, where 𝒞 and 𝒮˚ denote the classes of convex
and starlike functions, respectively. Furthermore, for all 0 ⩽ 𝛾 ă 1, we
have 𝒞p𝛾q Ă 𝒮˚p𝛾q. For more details about the univalent functions, see [3].

For 0 ⩽ 𝛾 ă 1 and 0 ⩽ 𝜆 ă 1, Thulasiram et al. [11] introduced the
subclass 𝒢p𝜆, 𝛾q of functions 𝑓 P 𝒜 that satisfy the condition:

Re

ˆ

𝑧𝑓 1p𝑧q ` 𝜆𝑧2𝑓2p𝑧q

𝑓p𝑧q

˙

ą 𝛾, p𝑧 P Uq.

Furthermore, let us define 𝑓 P 𝒦p𝜆, 𝛾q ô 𝑧𝑓 1 P 𝒢p𝜆, 𝛾q. Clearly, for
𝜆 “ 0 we have 𝒢 p0, 𝛾q “ 𝒮˚ p𝛾q and 𝒦 p0, 𝛾q “ 𝒞 p𝛾q.

In order to obtain our results, we need the following Lemmas given by
Thulasiram et al and Şeker et al.

Lemma 1. [11] A function 𝑓 P 𝒜 belongs to the class 𝒢 p𝜆,𝛾q if

8
ÿ

𝑛“2

p𝑛 ` 𝜆𝑛 p𝑛 ´ 1q ´ 𝛾q |𝑎𝑛| ⩽ 1 ´ 𝛾.

Lemma 2. [8] A function 𝑓 P 𝒜 belongs to the class 𝒦 p𝜆,𝛾q if

8
ÿ

𝑛“2

𝑛 p𝑛 ` 𝜆𝑛 p𝑛 ´ 1q ´ 𝛾q |𝑎𝑛| ⩽ 1 ´ 𝛾.

Starlikeness, convexity, close-to-convexity, and some other geomet-
ric properties of special functions, such as Bessel, Struve, Wright, Dini,
Mittag-Leffler, Miller-Ross, hypergeometric, etc., have been studied by
many mathematicians recently (see, for example, [8], [4], [9], [10], [1], [6],
[2]). Motivated by the these works, we obtained sufficient conditions for
the Rabotnov function to be in the classes 𝒢 p𝛽, 𝛼q and 𝒦 p𝛽, 𝛼q.

Throughout this paper, we restrict our attention to the case of real-
valued 𝛼 ⩾ 0, 𝛽 ą 0, and 𝑧 P U. It is clear that the Rabotnov function
𝑅𝛼,𝛽p𝑧q does not belong to the family 𝒜. Thus, it is natural to consider
the following normalization of the Rabotnov functions:

R𝛼,𝛽p𝑧q “ 𝑧1{p1`𝛼qΓp1`𝛼q𝑅𝛼,𝛽p𝑧1{p1`𝛼q
q “ 𝑧`

8
ÿ

𝑛“2

𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
𝑧𝑛. (1)

The following lemma given by Sümer Eker et al. allows us to prove
our theorems:
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Lemma 3. [9] If 𝑛 P N and 𝛼 ⩾ 0, then

p1 ` 𝛼q
𝑛´1

p𝑛 ´ 1q!Γp1 ` 𝛼q ⩽ Γ pp1 ` 𝛼q𝑛q .

Proof. Let us prove the lemma by induction for all 𝑛 P N “ t1, 2, . . .u.
The case 𝑛 “ 1 is trivial. Now assume that the inequality holds for 𝑛 “ 𝑘.
Hence, by the induction assumption, we get

p1 ` 𝛼q
𝑘𝑘!Γp1 ` 𝛼q “ p1 ` 𝛼q𝑘p1 ` 𝛼q

𝑘´1
p𝑘 ´ 1q!Γp1 ` 𝛼q ⩽

⩽ p1 ` 𝛼q𝑘Γpp1 ` 𝛼q𝑘q “ Γpp1 ` 𝛼q𝑘 ` 1q ⩽

⩽ Γpp1 ` 𝛼qp𝑘 ` 1qq.

This completes the proof. l

From Lemma 3, for 𝑛 P N and 𝛼 ⩾ 0, we can write:

Γp1 ` 𝛼q

Γ pp1 ` 𝛼q𝑛q
⩽

1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
. (2)

2. Main Results.

Theorem 1. Let 𝛼 ⩾ 0 and 𝛽 ą 0. If the following condition is satisfied:

𝑒
𝛽

1`𝛼

ˆ

𝜆𝛽2

p1 ` 𝛼q2
`

p1 ` 2𝜆q𝛽

1 ` 𝛼
` 1 ´ 𝛾

˙

⩽ 2p1 ´ 𝛾q,

then the normalized Rabotnov function R𝛼,𝛽p𝑧q given by (1) belongs to
the class 𝒢 p𝜆,𝛾q.

Proof. By virtue of Lemma 1, it suffices to show that

8
ÿ

𝑛“2

p𝑛 ` 𝜆𝑛 p𝑛 ´ 1q ´ 𝛾q

ˇ

ˇ

ˇ

ˇ

𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q

ˇ

ˇ

ˇ

ˇ

⩽ 1 ´ 𝛾. (3)

Let

𝐿1p𝜆, 𝛾, 𝛼q “

8
ÿ

𝑛“2

p𝑛 ` 𝜆𝑛 p𝑛 ´ 1q ´ 𝛾q
𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
.

Writing
$

’

&

’

%

𝑛3 “ p𝑛 ´ 1qp𝑛 ´ 2qp𝑛 ´ 3q ` 6p𝑛 ´ 1qp𝑛 ´ 2q ` 7p𝑛 ´ 1q ` 1,

𝑛2 “ p𝑛 ´ 1qp𝑛 ´ 2q ` 3p𝑛 ´ 1q ` 1,

𝑛 “ p𝑛 ´ 1q ` 1,
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and using (2), we get

𝐿1p𝜆, 𝛾, 𝛼q “

8
ÿ

𝑛“2

`

𝜆𝑛2
` p1 ´ 𝜆q𝑛 ´ 𝛾

˘ 𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
“

“

8
ÿ

𝑛“2

r𝜆p𝑛 ´ 1qp𝑛 ´ 2q ` p1 ` 2𝜆q p𝑛 ´ 1q ` 1 ´ 𝛾s
𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
“

“

8
ÿ

𝑛“2

𝜆p𝑛 ´ 1qp𝑛 ´ 2q𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
`

8
ÿ

𝑛“2

p1 ` 2𝜆qp𝑛 ´ 1q𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
`

`

8
ÿ

𝑛“2

p1 ´ 𝛾q𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
⩽

⩽ 𝜆
8
ÿ

𝑛“2

p𝑛 ´ 1qp𝑛 ´ 2q𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
` p1 ` 2𝜆q

8
ÿ

𝑛“2

p𝑛 ´ 1q𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
`

` p1 ´ 𝛾q

8
ÿ

𝑛“2

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
“

“ 𝜆
8
ÿ

𝑛“3

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 3q!
` p1 ` 2𝜆q

8
ÿ

𝑛“2

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 2q!
`

` p1 ´ 𝛾q

8
ÿ

𝑛“2

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
“

“
𝜆𝛽2

p1 ` 𝛼q2
𝑒

𝛽
1`𝛼 `

p1 ` 2𝜆q𝛽

p1 ` 𝛼q
𝑒

𝛽
1`𝛼 ` p1 ´ 𝛾q

´

𝑒
𝛽

1`𝛼 ´ 1
¯

.

Thus (3) holds if the following condition is satisfied:

𝜆𝛽2

p1 ` 𝛼q2
𝑒

𝛽
1`𝛼 `

p1 ` 2𝜆q𝛽

p1 ` 𝛼q
𝑒

𝛽
1`𝛼 ` p1 ´ 𝛾q

´

𝑒
𝛽

1`𝛼 ´ 1
¯

⩽ 1 ´ 𝛾,

which is equivalent to

p1 ´ 𝛾q

´

2 ´ 𝑒
𝛽

1`𝛼

¯

´
𝜆𝛽2

p1 ` 𝛼q2
𝑒

𝛽
1`𝛼 ´

p1 ` 2𝜆q𝛽

1 ` 𝛼
𝑒

𝛽
1`𝛼 ⩾ 0

or, equivalently,

𝑒
𝛽

1`𝛼

ˆ

𝜆𝛽2

p1 ` 𝛼q2
`

p1 ` 2𝜆q𝛽

1 ` 𝛼
` 1 ´ 𝛾

˙

⩽ 2p1 ´ 𝛾q.
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Figure 1: Mapping of R0, 32
100

p𝑧q over U

This completes the proof of Theorem 1. l

Example. The function R0, 32
100

p𝑧q is in the class 𝒢p𝜆,𝛾q. Figure 1 shows
the case of 𝜆 “ 𝛾 “ 1{10.

Theorem 2. Let 𝛼 ⩾ 0 and 𝛽 ą 0. If the following condition is satisfied:

𝑒
𝛽

1`𝛼

ˆ

𝜆𝛽3

p1 ` 𝛼q3
`

p1 ` 5𝜆q𝛽2

p1 ` 𝛼q2
`

p3 ` 4𝜆 ´ 𝛾q𝛽

1 ` 𝛼
` 1 ´ 𝛾

˙

⩽ 2p1 ´ 𝛾q,

then the normalized Rabotnov function R𝛼,𝛽p𝑧q given by (1) belongs to
the class 𝒦 p𝜆,𝛾q.

Proof. By virtue of Lemma 2, it suffices to show that

8
ÿ

𝑛“2

𝑛 p𝑛 ` 𝜆𝑛 p𝑛 ´ 1q ´ 𝛾q

ˇ

ˇ

ˇ

ˇ

𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q

ˇ

ˇ

ˇ

ˇ

⩽ 1 ´ 𝛾. (4)

Let

𝐿2p𝜆,𝛾,𝛼q “

8
ÿ

𝑛“2

𝑛 p𝑛 ` 𝜆𝑛 p𝑛 ´ 1q ´ 𝛾q
𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
.

Following the expressions for 𝑛3, 𝑛2, and 𝑛, as in the proof of Theorem 1,
and using (2), we obtain

𝐿2p𝜆,𝛾,𝛼q “

8
ÿ

𝑛“2

`

𝜆𝑛3
` p1 ´ 𝜆q𝑛2

´ 𝛾𝑛
˘ 𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
“
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“

8
ÿ

𝑛“2

”

𝜆p𝑛 ´ 1qp𝑛 ´ 2qp𝑛 ´ 3q ` p1 ` 5𝜆qp𝑛 ´ 2q p𝑛 ´ 1q `

` p3 ` 4𝜆 ´ 𝛾qp𝑛 ´ 1q ` p1 ´ 𝛾q

ı𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
“

“

8
ÿ

𝑛“2

𝜆p𝑛 ´ 1qp𝑛 ´ 2qp𝑛 ´ 3q𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
`

`

8
ÿ

𝑛“2

p1 ` 5𝜆qp𝑛 ´ 1qp𝑛 ´ 2q𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
`

`

8
ÿ

𝑛“2

p3 ` 4𝜆 ´ 𝛾qp𝑛 ´ 1q𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
`

8
ÿ

𝑛“2

p1 ´ 𝛾q𝛽𝑛´1Γp1 ` 𝛼q

Γpp1 ` 𝛼q𝑛q
⩽

⩽ 𝜆
8
ÿ

𝑛“2

p𝑛 ´ 1qp𝑛 ´ 2qp𝑛 ´ 3q𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
`p1 ` 5𝜆q

8
ÿ

𝑛“2

p𝑛 ´ 1qp𝑛 ´ 2q𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
`

` p3 ` 4𝜆 ´ 𝛾q

8
ÿ

𝑛“2

p𝑛 ´ 1q𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
`p1´𝛾q

8
ÿ

𝑛“2

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
“

“ 𝜆
8
ÿ

𝑛“4

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 4q!
` p1 ` 5𝜆q

8
ÿ

𝑛“3

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 3q!
`

` p3 ` 4𝜆 ´ 𝛾q

8
ÿ

𝑛“2

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 2q!
` p1 ´ 𝛾q

8
ÿ

𝑛“2

𝛽𝑛´1

p1 ` 𝛼q𝑛´1p𝑛 ´ 1q!
“

“
𝜆𝛽3

p1 ` 𝛼q3
𝑒

𝛽
1`𝛼 `

p1 ` 5𝜆q𝛽2

p1 ` 𝛼q2
𝑒

𝛽
1`𝛼 `

p3 ` 4𝜆 ´ 𝛾q𝛽

p1 ` 𝛼q
𝑒

𝛽
1`𝛼 `p1´𝛾qp𝑒

𝛽
1`𝛼 ´1q.

Thus, (4) holds if the following condition is satisfied:

𝜆𝛽3

p1 ` 𝛼q3
𝑒

𝛽
1`𝛼 `

p1 ` 5𝜆q𝛽2

p1 ` 𝛼q2
𝑒

𝛽
1`𝛼 `

`
p3 ` 4𝜆 ´ 𝛾q𝛽

p1 ` 𝛼q
𝑒

𝛽
1`𝛼 ` p1 ´ 𝛾q

´

𝑒
𝛽

1`𝛼 ´ 1
¯

⩽ 1 ´ 𝛾,

which is equivalent to

𝑒
𝛽

1`𝛼

ˆ

𝜆𝛽3

p1 ` 𝛼q3
`

p1 ` 5𝜆q𝛽2

p1 ` 𝛼q2
`

p3 ` 4𝜆 ´ 𝛾q𝛽

1 ` 𝛼
` 1 ´ 𝛾

˙

⩽ 2p1 ´ 𝛾q.

This, evidently, completes the proof of the Theorem. l
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Figure 2: Mapping of R0, 9
100

p𝑧q over U

Example. The function R0, 9
100

p𝑧q is in the class 𝒦p𝜆,𝛾q. Figure 2 shows
the case of 𝜆 “ 1{20 and 𝛾 “ 1{10.

By setting 𝜆 “ 0 in our theorems, we obtain the following corollaries:

Corollary 1. Let 𝛼 ⩾ 0 and 𝛽 ą 0. If the following condition is satisfied:

𝑒
𝛽

1`𝛼

ˆ

𝛽

1 ` 𝛼
` 1 ´ 𝛾

˙

⩽ 2p1 ´ 𝛾q,

then the normalized Rabotnov function R𝛼,𝛽p𝑧q given by (1) belongs to
the class 𝒮˚ p𝛾q.

Corollary 2. Let 𝛼 ⩾ 0 and 𝛽 ą 0. If the following condition is satisfied:

𝑒
𝛽

1`𝛼

ˆ

𝛽2

p1 ` 𝛼q2
`

p3 ´ 𝛾q𝛽

1 ` 𝛼
` 1 ´ 𝛾

˙

⩽ 2p1 ´ 𝛾q,

then the normalized Rabotnov function R𝛼,𝛽p𝑧q given by (1) belongs to
the class 𝒞 p𝛾q.

If we take 𝜆 “ 0 and 𝛾 “ 0 in our theorems, the results of the calcu-
lations for obtained inequalities coincide with the theorems given by Eker
and Ece [9].

Corollary 3. Let 𝛼 ⩾ 0 and 𝛽 ą 0. If 𝛼 ą
𝛽

𝑊 p2𝑒q´1
´ 1, where 𝑊 is the

Lambert 𝑊 function, then the normalized Rabotnov function R𝛼,𝛽p𝑧q is
starlike in U.
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Corollary 4. Let 𝛼 ⩾ 0 and 𝛽 ą 0. If 𝛽
1`𝛼

ă 0.199496, then the normal-
ized Rabotnov function R𝛼,𝛽p𝑧q is convex in U.
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