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ON ℐ2 AND ℐ˚
2 -CONVERGENCE IN ALMOST SURELY

OF COMPLEX UNCERTAIN DOUBLE SEQUENCES

Abstract. In this study, we investigate the notions of ℐ2-converge-
nce almost surely (a.s.) and ℐ˚

2 -convergence a.s. of complex uncer-
tain double sequences in an uncertainty space, and obtain some of
their features and identify the relationships between them. In ad-
dition, we put forward the concepts of ℐ2 and ℐ˚

2 -Cauchy sequence
a.s. of complex uncertain double sequences and investigate their
relationships.
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1. Introduction and Background. The concept of statistical con-
vergence was introduced by Fast [7] and then it was further investigated
from the sequence-space point of view by several authors (see, for exam-
ple, [8], [15]). Statistical convergence has become one of the most ac-
tive areas of research due to its wide applicability in various branches of
mathematics, such as number theory, mathematical analysis, probability
theory, etc. The study of statistical convergence of double sequence has
been initiated by Moricz [16], Mursaleen and Edely [17], Tripathy [23],
independently. The notion of the ideal convergence is a common general-
ization of the classical notions of convergence and statistical convergence.
The notion of ℐ-convergent was further investigated from the sequence-
space point of view and linked with the summability theory by Kostyrko
et al. [12]. Later, this concept has been generalized in many directions.
Das et al. [2] presented the notion of ℐ-convergence of double sequences
in a metric space and worked out some features of this convergence. More
details on statistical convergence, ℐ-convergence, and on applications of
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this concept can be found in Dündar and Altay [6], Gürdal and Huban [9],
Gürdal and Şahiner [10], Nabiev et al. [18], and Savaş and Gürdal [21], [22].

Liu [13] was the first to introduce the uncertainty theory based on
an uncertain measure that satisfies normality, duality, subadditivity, and
product axioms. Nowadays uncertainty theory has become one of the most
active areas of research due to its wide applicability in various domains
such as uncertain programming, uncertain optimal control, uncertain risk
analysis, uncertain differential equation, etc. For more details, one may
refer to [14]. In order to identify complex uncertain sequences, the notion
of uncertain variables was defined over the uncertain space. Complex un-
certain sequences are measurable functions from an uncertain space to the
set of all complex numbers C. Over the last few years, the study of con-
vergence of sequences in the complex uncertain space has drawn attention
of the researchers. In 2016, Chen et. al. [1] investigated various types of
convergence of sequences, such as convergence almost surely, convergence
in measure, convergence in mean, and convergence in distribution, in the
complex uncertain space. He mainly studied the interrelationship between
the notions.

The notion of statistical convergence was first developed in terms of
complex uncertain sequences by Tripathy and Nath [24]. Later on, a lot
of work has been carried out in this direction till today (see, for example,
[3], [4], [5], [11], [19], [20], [24]).

The aim of this study is to present the notion of ℐ˚
2 -convergence almost

surely in complex uncertain theory, examine several properties, and iden-
tify the relationships between ℐ2 and ℐ˚

2 -convergence almost surely of com-
plex uncertain sequence. In addition, we put forward ℐ2 and
ℐ˚
2 -Cauchy sequence almost surely of complex uncertain sequence.

2. Preliminaries In this section, we gather the necessary results and
techniques on which we will rely to accomplish our main results.

Utilizing the notion of ideals, Kostyrko et al. [12] determined the notion
of ℐ and ℐ˚-convergence.

Assume 𝑌 ‰ H; ℐ Ă 2𝑌 is called an ideal on 𝑌 provided that p𝑎q for
all 𝑆,𝑇 P ℐ implies 𝑆 Y 𝑇 P ℐ; p𝑏q for all 𝑆 P ℐ and 𝑇 Ă 𝑆 implies 𝑇 P ℐ.

Assume 𝑌 ‰ H; ℱ Ă 2𝑌 is named a filter on 𝑌 provided that p𝑎q for
all 𝑆,𝑇 P ℱ implies 𝑆X𝑇 P ℱ ; p𝑏q for all 𝑆 P ℱ and 𝑇 Ą 𝑆 implies 𝑇 P ℱ .

An ideal ℐ is called non-trivial provided that 𝑌 R ℐ and ℐ ‰ H.
A non-trivial ideal ℐ Ă 𝑃 p𝑌 q is known as an admissible ideal in 𝑌 iff
ℐ Ą tt𝑤u : 𝑤 P 𝑌 u. At that time, the filter ℱ “ ℱpℐq “ t𝑌 ´ 𝑆 : 𝑆 P ℐu



On ℐ2 And ℐ˚
2 -Convergence Almost Surely 53

is called the filter connected with the ideal.
A nontrivial ideal ℐ2 of N ˆ N is called strongly admissible (also ad-

missible ideal) when t𝑖u ˆ N and N ˆ t𝑖u belong to ℐ2 for each 𝑖 P N.

ℐ0
2 “ t𝐾 Ď N ˆ N : pD𝑚 p𝐾q P Nq pD𝑖, 𝑗 ⩾ 𝑚 p𝐾q ñ p𝑖, 𝑗q R 𝐾qu

Then ℐ0
2 is a nontrivial strongly admissible ideal and, obviously, an ideal

ℐ2 is strongly admissible iff ℐ0
2 Ď ℐ2.

Definition 1. [2] Assume p𝑌, 𝜌q is a metric space; A sequence 𝑠 “ p𝑠𝑚𝑛q

in 𝑋 is called ℐ2-convergent to 𝑠0 P 𝑌 , if for any 𝜇 ą 0 we get

𝐴p𝜀q “ tp𝑚,𝑛q P N ˆ N : 𝜌p𝑠𝑚𝑛, 𝑠0q ⩾ 𝜇u P ℐ2.

In that case, we indicate

ℐ2 ´ lim
𝑚,𝑛Ñ8

𝑠𝑚𝑛 “ 𝑠0.

Das et al. [2] defined the condition (𝐴𝑃2) and obtained some significant
relations between ℐ2 and ℐ˚

2 -convergence for sequences in a metric space.

Definition 2. [13] Let 𝐿 be a 𝜎-algebra on a nonempty set Γ. A set
function ℳ on Γ is called an uncertain measure if it supplies the following
axioms:
Axiom 1 (Normality): ℳtΓu “ 1;
Axiom 2 (Duality): ℳtΛu ` ℳtΛ𝑐u “ 1 for any Λ P 𝐿;
Axiom 3 (Subadditivity): For all countable sequence of tΛ𝑗u P 𝐿, we get

ℳ
!

8
ď

𝑗“1

Λ𝑗

)

⩽
8
ÿ

𝑗“1

ℳtΛ𝑗u.

The triplet pΓ, 𝐿,ℳq is named an uncertainty space and each element
Λ in 𝐿 is called an event. In order to obtain an uncertain measure of a
compound event, a product uncertain measure is defined by Liu [13] as:

ℳ
!

8
ź

𝑘“1

Λ𝑘

)

“

8
ľ

𝑘“1

ℳtΛ𝑘u.

Definition 3. [1] A complex uncertain variable is a measurable function
𝜁 from an uncertainty pΓ, 𝐿,ℳq to the set of complex numbers, i.e., for
any Borel set B of complex numbers, the set

t𝜁 P 𝐵u “ t𝛾 P Γ: 𝜁 p𝛾q P 𝐵u
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is an event.

Definition 4. [1] A complex uncertain sequence t𝜑𝑚u is called to be
convergent a.s. to 𝜑, provided that for all 𝜇 ą 0 there is an event Λ with
ℳtΛu “ 1, such that

lim
𝑚Ñ8

}𝜑𝑚 p𝛾q ´ 𝜑 p𝛾q} “ 0

for all 𝛾 P Λ. In that case, we indicate 𝜑𝑚
𝐴𝑠

ÝÑ 𝜑.

Definition 5. [24] A complex uncertain sequence t𝜑𝑚u is called statis-
tically convergent a.s. to 𝜑, provided that for all 𝜇 ą 0 there is an event
Λ with ℳtΛu “ 1, such that

lim
𝑚Ñ8

1

𝑚
|t𝑘 ⩽ 𝑚 : }𝜑𝑘 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u| “ 0,

for each 𝛾 P Λ. In that case, we denote 𝜑𝑚
𝑆𝐴𝑠

ÝÑ 𝜑.

Definition 6. [5] A complex uncertain double sequence t𝜑𝑚𝑛u is called
convergent a.s. to 𝜑, provided that for all 𝜇 ą 0 there is an event Λ with
ℳtΛu “ 1, such that

lim
𝑚,𝑛Ñ8

}𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} “ 0

for all 𝛾 P Λ. In that case, we indicate 𝜑𝑚𝑛
𝐴𝑠

ÝÑ 𝜑.

Definition 7. [4] A complex uncertain sequence t𝜑𝑚𝑛u is called statis-
tically convergent a.s. to 𝜑, provided that for all 𝜇 ą 0 there is an event
Λ with ℳtΛu “ 1, such that

lim
𝑚,𝑛Ñ8

1

𝑚𝑛
|t𝑗 ⩽ 𝑚, 𝑘 ⩽ 𝑛 : }𝜑𝑗𝑘 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u| “ 0,

for each 𝛾 P Λ. In that case, we denote 𝜑𝑚
𝑆𝐴𝑠

ÝÑ 𝜑.

3. Main Results.

Definition 8. A complex uncertain double sequence t𝜑𝑚𝑛u is said to be
ℐ2-convergent a.s. to 𝜑, provided that for all 𝜇 ą 0 there is an event Λ
with ℳtΛu “ 1, such that

tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u P ℐ2
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for all 𝛾 P Λ. Symbolically we denote 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑.

Theorem 1. If 𝜑𝑚𝑛
𝐴𝑠

ÝÑ 𝜑, then 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑.

Proof. It follows directly from the fact that ℐ2 “ ℐ𝑓
2 is the ideal of all

finite subsets of N ˆ N. l

The converse of Theorem 1 is not typically true, as shown in the case
below.

Example 1. Contemplate the uncertainty space pΓ, 𝐿,ℳq

to be t𝛾1,𝛾2, . . .u with power set and ℳ pΓq “ 1 and ℳ pHq “ 0 and

ℳ pΛq “

$

’

’

&

’

’

%

sup𝛾𝑚`𝑛PΛ
𝑚`𝑛

2p𝑚`𝑛q`1
, if sup𝛾𝑚`𝑛PΛ

𝑚`𝑛
2p𝑚`𝑛q`1

ă 1
2
,

1 ´ sup𝛾𝑚`𝑛PΛ𝑐
𝑚`𝑛

2p𝑚`𝑛q`1
, if sup𝛾𝑚`𝑛PΛ𝑐

𝑚`𝑛
2p𝑚`𝑛q`1

ă 1
2
,

1
2
, otherwise,

for 𝑚,𝑛 “ 1, 2, . . .. Also, the complex uncertain variables determined by

𝜑𝑚𝑛 p𝛾q “

#

𝑖𝛽𝑚𝑛, if 𝛾 P t𝛾1,𝛾4,𝛾9, . . .u ,

0, otherwise,

where

𝛽𝑚𝑛 “

#

𝑚𝑛, if 𝑚 “ 𝑢2, 𝑛 “ 𝑣2, 𝑢, 𝑣 P N,

0, otherwise

and 𝜑 ” 0. Take ℐ2 “ ℐ𝑓
2 . For any 𝜇 ą 0 and an event Λ with ℳpΛq“1,

we get

tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u “

“ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q} ⩾ 𝜇u “ tp1, 1q , p4, 4q , p9, 9q , . . .u P ℐ2

for each 𝛾 P Λ. Thus, the sequence t𝜑𝑚𝑛u is ℐ2-convergent a.s. to 𝜑 ” 0

(𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 0), however it is not convergent a.s. to 𝜑 ” 0.

Theorem 2. If 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑, then 𝜑 is uniquely determined.

Proof. If possible, assume 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑1 and 𝜑𝑚𝑛

𝐴𝑠pℐ2q
ÝÑ 𝜑2 for some

𝜑1 p𝛾q ‰ 𝜑2 p𝛾q, for all 𝛾 P Λ. Let 𝜇 ą 0 be arbitrary. At that time,
for any 𝜇 ą 0, we obtain:

𝑈 “

!

p𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑1 p𝛾q} ă
𝜇

2

)

P ℱ pℐ2q and
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𝑉 “

!

p𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑2 p𝛾q} ă
𝜇

2

)

P ℱ pℐ2q .

As 𝑈 X 𝑉 P ℱ pℐ2q and H R ℱ pℐ2q, this means that 𝑈 X 𝑉 ‰ H. Take
p𝑝, 𝑟q P 𝑈 X 𝑉 . Then

}𝜑𝑝𝑟 p𝛾q ´ 𝜑1 p𝛾q} ă
𝜇

2
and }𝜑𝑝𝑟 p𝛾q ´ 𝜑2 p𝛾q} ă

𝜇

2
.

As a result, we get

}𝜑1 p𝛾q ´ 𝜑2 p𝛾q} “ }𝜑𝑝𝑟 p𝛾q ´ 𝜑2 p𝛾q ` 𝜑1 p𝛾q ´ 𝜑𝑝𝑟 p𝛾q} ⩽

⩽ }𝜑𝑝𝑟 p𝛾q ´ 𝜑2 p𝛾q} ` }𝜑𝑝𝑟 p𝛾q ´ 𝜑1 p𝛾q} ă

ă
𝜇
2

`
𝜇
2

ă 𝜇.

Hence, 𝜑 is uniquely determined. l

Theorem 3. Let p𝜑𝑚𝑛q and p𝜑˚
𝑚𝑛q be complex uncertain double sequences.

If 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ , 𝜑 and 𝜑˚

𝑚𝑛

𝐴𝑠pℐ2q
ÝÑ 𝜑˚, then

i) 𝜑𝑚𝑛 ¯ 𝜑˚
𝑚𝑛

𝐴𝑠pℐ2q
ÝÑ 𝜑 ¯ 𝜑˚,

ii) 𝛼𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝛼𝜑, where 𝛼 P C.

Proof. i) Assume 𝜇 ą 0. Then

𝑈 “

!

p𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ă
𝜇

2

)

P ℱ pℐ2q and

𝑉 “

!

p𝑚,𝑛q P N ˆ N : }𝜑˚
𝑚𝑛 p𝛾q ´ 𝜑˚

p𝛾q} ă
𝜇

2

)

P ℱ pℐ2q .

As 𝑈 X 𝑉 P ℱpℐ2q and H R ℱpℐ2q, then 𝑈 X 𝑉 ‰ H. Let p𝑝, 𝑟q P 𝑈 X 𝑉 .
Then we obtain

}p𝜑𝑚𝑛 p𝛾q ` 𝜑˚
𝑚𝑛 p𝛾qq ´ p𝜑 p𝛾q ` 𝜑˚

p𝛾qq} ⩽ }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} `

` }𝜑˚
𝑚𝑛 p𝛾q ´ 𝜑˚

p𝛾q} ă
𝜇

2
`
𝜇

2
ă 𝜇,

namely,

tp𝑚,𝑛q P N ˆ N : }p𝜑𝑚𝑛 p𝛾q ` 𝜑˚
𝑚𝑛 p𝛾qq ´ p𝜑 p𝛾q ` 𝜑˚

p𝛾qq} ă 𝜇u P ℱ pℐ2q .

Hence, 𝜑𝑚𝑛 ` 𝜑˚
𝑚𝑛

𝐴𝑠pℐ2q
ÝÑ 𝜑 ` 𝜑˚.

ii) The proof is simple, thus it is omitted. l
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Theorem 4. Let p𝜑𝑚𝑛q and p𝜑˚
𝑚𝑛q be complex uncertain double sequences.

If 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑 and 𝜑˚

𝑚𝑛

𝐴𝑠pℐ2q
ÝÑ 𝜑˚, and there are positive numbers 𝑢 and 𝑣,

such that }𝜑𝑚𝑛} ⩽ 𝑢 and }𝜑˚} ⩽ 𝑣 for any 𝑚,𝑛, then

i) 𝜑𝑚𝑛𝜑
˚
𝑚𝑛

𝐴𝑠pℐ2q
ÝÑ 𝜑𝜑˚;

ii)
𝜑𝑚𝑛

𝜑˚
𝑚𝑛

𝐴𝑠pℐ2q
ÝÑ

𝜑

𝜑˚
, where p𝜑˚

𝑚𝑛q ‰ 0 and 𝜑˚ ‰ 0.

Proof. i) Assume 𝜇 ą 0 and 𝑢, 𝑣 ą 0; then

𝑈 “

!

p𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 ´ 𝜑} ă
𝜇

2𝑣

)

P ℱ pℐ2q and

𝑉 “

!

p𝑚,𝑛q P N ˆ N : }𝜑˚
𝑚𝑛 ´ 𝜑˚

} ă
𝜇

2𝑢

)

P ℱ pℐ2q .

Since 𝑈 X 𝑉 P ℱ pℐ2q and H R ℱ pℐ2q, this means 𝑈 X 𝑉 ‰ H. So, for all
p𝑝, 𝑟q P 𝑈 X 𝑉 we obtain

}𝜑𝑚𝑛𝜑
˚
𝑚𝑛 ´ 𝜑𝜑˚

} “ }𝜑𝑚𝑛𝜑
˚
𝑚𝑛 ´ 𝜑𝑚𝑛𝜑

˚
` 𝜑𝑚𝑛𝜑

˚
´ 𝜑𝜑˚

} ⩽

⩽ }𝜑𝑚𝑛𝜑
˚
𝑚𝑛 ´ 𝜑𝑚𝑛𝜑

˚
} ` }𝜑𝑚𝑛𝜑

˚
´ 𝜑𝜑˚

} ⩽

⩽ 𝑢 }𝜑˚
𝑚𝑛 ´ 𝜑˚

} ` 𝑣 }𝜑𝑚𝑛 ´ 𝜑} ă 𝑢
𝜇

2𝑢
` 𝑣

𝜇

2𝑣
“ 𝜇,

namely,

tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛𝜑
˚
𝑚𝑛 ´ 𝜑𝜑˚

} ă 𝜇u P ℱ pℐ2q .

Hence, 𝜑𝑚𝑛𝜑
˚
𝑚𝑛

𝐴𝑠pℐ2q
ÝÑ 𝜑𝜑˚.

ii). It is similar to the proof of i), so is omitted. l

Theorem 5. If each subsequence of a complex uncertain double sequence
t𝜑𝑚𝑛u is ℐ2-convergent a.s. to 𝜑, then t𝜑𝑚𝑛u is ℐ2-convergent a.s. to 𝜑.

Proof. Assume that each subsequence of a complex uncertain double
sequence t𝜑𝑚𝑛u is ℐ2-convergent a.s. to 𝜑, but t𝜑𝑚𝑛u is not ℐ2-convergent
a.s. to 𝜑. At that time, there exists some 𝜇 ą 0, such that

𝑇 “ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u R ℐ2.

So 𝑇 has to be an infinite set. Assume

𝑇 “ t𝑚1 ă 𝑚2 ă . . .𝑚𝑟 ă . . . ; 𝑛1 ă 𝑛2 ă . . . ă 𝑛𝑠 ă . . .u .
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Now, determine a sequence p𝜑˚
𝑟𝑠q as 𝜑˚

𝑟𝑠 “ 𝜑𝑚𝑟𝑛𝑠 for all 𝑟, 𝑠 P N. Then
p𝜑˚

𝑟𝑠q is a subsequence of p𝜑𝑚𝑛q, which is not ℐ2-convergent a.s. to 𝜑 :
a contradiction. l

The converse of Theorem 5 is not typically true, as shown in the case
below.

Example 2. According to Example 1, we see that the complex uncertain
double sequence t𝜑𝑚𝑛u is ℐ2-convergent a.s. to 𝜑 ” 0. Now, we construct
a subsequence p𝜑˚

𝑟𝑠q of t𝜑𝑚𝑛u by p𝜑˚
𝑟𝑠q “ p𝜑𝑚𝑟𝑛𝑠q, where 𝑚𝑟 “ 𝑟2, 𝑛𝑠 “ 𝑠2,

𝑟, 𝑠 P N, which is not ℐ2-convergent a.s. to 𝜑 ” 0.

Theorem 6. Let t𝜑𝑚𝑛u , t𝜑˚
𝑚𝑛u be two complex uncertain double se-

quences, such that t𝜑˚
𝑚𝑛u converges a.s. to 𝜑 and

tp𝑚,𝑛q P N ˆ N : 𝜑𝑚𝑛 ‰ 𝜑˚
𝑚𝑛u P ℐ2.

Then t𝜑𝑚𝑛u is ℐ2-convergent a.s. to 𝜑.

Proof. Presume the complex uncertain sequence t𝜑˚
𝑚𝑛u -convergent a.s.

to 𝜑 and tp𝑚,𝑛q P N ˆ N : 𝜑𝑚𝑛 ‰ 𝜑˚
𝑚𝑛u P ℐ2. Then, for all 𝜇 ą 0,

tp𝑚,𝑛q P N ˆ N : }𝜑˚
𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u

is a finite set, and, so,

tp𝑚,𝑛q P N ˆ N : }𝜑˚
𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u P ℐ2.

Now,
tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u Ď

Ď tp𝑚,𝑛q P N ˆ N : }𝜑˚
𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u Y

Y tp𝑚,𝑛q P N ˆ N : 𝜑𝑚𝑛 ‰ 𝜑˚
𝑚𝑛u P ℐ2.

As a result, we obtain 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑. l

Definition 9. A complex uncertain double sequence t𝜑𝑚𝑛u is named to
be ℐ˚

2 -convergent a.s. to 𝜑 if there exists a 𝐿 P ℱpℐ2q ( 𝑍 “ pNˆNqz𝐿 P ℐ2)
and an event Λ with ℳ pΛq “ 1, such that

lim
𝑚,𝑛Ñ8
p𝑚,𝑛qP𝐿

}𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} “ 0

for each 𝛾 P Λ. Symbolically we write 𝜑𝑚𝑛

𝐴𝑠pℐ˚
2 q

ÝÑ 𝜑.
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Example 3. Take into account the uncertainty space pΓ, 𝐿,ℳq to be
Γ “ t𝛾1, 𝛾2, 𝛾3, . . .u with ℳ pΛq “

ř

𝛾𝑚,𝛾𝑛PΛ

1
2𝑚`𝑛 . Also, the complex uncer-

tain variables defined by

𝜑𝑚𝑛 p𝛾q “

#

𝑖𝛽𝑚𝑛, if 𝛾 “ 𝛾𝑚`𝑛,

0, otherwise,

where

𝛽𝑚𝑛 “

#

𝑚𝑛, if 𝑚 “ 𝑢2, 𝑛 “ 𝑣2, 𝑢, 𝑣 P N,
0, otherwise,

and 𝜑 ” 0. Take ℐ2 “ ℐ𝑓
2 . Then there is a set 𝐿 “ pN ˆ Nq z𝐾 P ℱ pℐ2q,

where 𝐾 “ tp1,1q , p4,4q , p9,9q , . . .u P ℐ2, for which

lim
𝑚,𝑛Ñ8
p𝑚,𝑛qP𝐿

}𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} “ 0

for each 𝛾 P Λ with ℳ pΛq “ 1. Thus, the sequence t𝜑𝑚𝑛u is ℐ˚
2 -convergent

a.s. to 𝜑 ” 0.

Theorem 7. If 𝜑𝑚𝑛

𝐴𝑠pℐ˚
2 q

ÝÑ 𝜑, then 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑.

Proof. Let us assume that 𝜑𝑚𝑛

𝐴𝑠pℐ˚
2 q

ÝÑ 𝜑. Then there is a set 𝐿 P ℱ pℐ2q

(i.e. 𝑍 “ pN ˆ Nq z𝐿 P ℐ2) and an event Λ with ℳ pΛq “ 1, so that

lim
𝑚,𝑛Ñ8
p𝑚,𝑛qP𝐿

}𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} “ 0

for all 𝛾 P Λ. This means that there exists 𝑘0 P N, such that
}𝜑𝑚𝑛p𝛾q ´ 𝜑p𝛾q} ă 𝜇 for all p𝑚,𝑛q P 𝐿 and 𝑚,𝑛 ⩾ 𝑘0. Then we obtain

𝑇 p𝜇, 𝛾q “ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u Ă

Ă 𝑍 Y p𝐿 X ppt1, 2, . . . ,p𝑘0 ´ 1qu ˆ Nq Y pN ˆ t1, 2, . . . ,p𝑘0 ´ 1quqqq .

Now

𝑍 Y p𝐿 X ppt1,2, . . . ,p𝑘0 ´ 1qu ˆ Nq Y pN ˆ t1, 2, . . . ,p𝑘0 ´ 1quqqq P ℐ2.

This indicates that 𝑇 p𝜇, 𝛾q P ℐ2. Therefore, 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑. l
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Remark. But the converse of Theorem 7 is not true in general.

Example 4. Assume N “
8,8
Ť

𝑢,𝑣“1,1

𝐷𝑢𝑣, where

𝐷𝑢𝑣 “ tp2𝑢´1𝑘, 2𝑣´1𝑡q : 2 does not divide 𝑘 and 𝑡, 𝑘, 𝑡 P N, u

be the decomposition of N ˆ N, such that all 𝐷𝑢𝑣 are infinite and
𝐷𝑢𝑣 X 𝐷𝑟𝑠 “ H, for p𝑢, 𝑣q ‰ p𝑟, 𝑠q. Presume ℐ2 be the class of all subsets
of N ˆ N that can intersect only finite number of 𝐷𝑢𝑣’s. Then ℐ2 is a
nontrivial admissible ideal of N ˆ N. Now we consider the uncertainty
space pΓ, 𝐿,ℳq to be t𝛾1, 𝛾2, 𝛾3, . . .u with power set and ℳ pΓq “ 1 and
ℳ pHq “ 0 and

ℳ pΛq “

$

’

’

&

’

’

%

sup𝛾𝑚`𝑛PΛ
𝑚`𝑛

2p𝑚`𝑛q`1
, if sup𝛾𝑚`𝑛PΛ

𝑚`𝑛
2p𝑚`𝑛q`1

ă 1
2
,

1 ´ sup𝛾𝑚`𝑛PΛ𝑐
𝑚`𝑛

2p𝑚`𝑛q`1
, if sup𝛾𝑚`𝑛PΛ𝑐

𝑚`𝑛
2p𝑚`𝑛q`1

ă 1
2
,

1
2
, otherwise,

for 𝑚,𝑛 “ 1, 2, . . .. Also, the complex uncertain variables determined by

𝜑𝑚𝑛 p𝛾q “

#

𝑖𝛽𝑚𝑛, if 𝛾 P t𝛾1,𝛾2,𝛾3, . . .u ,

0, otherwise,

where 𝛽𝑚𝑛 “ 1
𝑢𝑣

, if p𝑚,𝑛q P 𝐷𝑢𝑣 for 𝑚,𝑛 “ 1, 2, . . . and 𝜑 ” 0. It is
obvious that the sequence t𝜑𝑚𝑛u is ℐ2-convergent a.s. to 𝜑 ” 0. Hovewer,
this sequence is not ℐ˚

2 -convergent a.s. to 𝜑 ” 0. Since for any 𝑍 P ℐ2 there

exists p𝑤, 𝑧q P NˆN, such that 𝑍 Ď
𝑤,𝑧
Ť

𝑢,𝑣“1,1

𝐷𝑢𝑣, and a result 𝐷p𝑤`1qp𝑧`1q Ď

pN ˆ Nq z𝑍. Let 𝐿 “ pN ˆ Nq z𝑍, then 𝐿 P 𝐹 pℐ2q for which we can define
a subsequence that is not convergent a.s. to 𝜑 ” 0. As a result, the
sequence t𝜑𝑚𝑛u is not ℐ˚

2 -convergent a.s. to 𝜑 ” 0.

Theorem 8. Let t𝜑𝑚𝑛u be a complex uncertain double sequence in an

uncertainty space pΓ, 𝐿,ℳq, such that 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑, then 𝜑𝑚𝑛

𝐴𝑠pℐ˚
2 q

ÝÑ 𝜑,
when ℐ2 satisfies the condition (𝐴𝑃2).

Proof. Let us assume that 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑. Then there is an event Λ with

ℳ pΛq “ 1 and for any 𝜇 ą 0 the set

𝑇 p𝜇, 𝛾q “ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u P ℐ2



On ℐ2 And ℐ˚
2 -Convergence Almost Surely 61

for each 𝛾 P Λ. Now, we establish a countable family of mutually disjoint
sets t𝑇𝑘 p𝛾qu𝑘PN in ℐ2 by considering

𝑇1 p𝛾q :“ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 1u

and

𝑇𝑘p𝛾q :“
!

p𝑚,𝑛q P N ˆ N :
1

𝑘
⩽ }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ă

1

𝑘 ´ 1

)

“

“𝑇
´

𝛾,
1

𝑘

¯

z𝑇
´

𝛾,
1

𝑘 ´ 1

¯

.

Since ℐ2, the condition (𝐴𝑃2) holds, so, for the above countable collection
t𝑇𝑘 p𝛾qu𝑘PN, there exists another countable family of subsets t𝑉𝑘 p𝛾qu𝑘PN

supplying 𝑇𝑖 p𝛾q∆𝑉𝑖 p𝛾q is finite for all 𝑖 P N and 𝑉 p𝛾q “
8
Ť

𝑖“1

𝑉𝑖 p𝛾q P ℐ2.

We shall prove that for 𝐿 P 𝐹 pℐ2q we have lim
𝑚,𝑛Ñ8
p𝑚,𝑛qP𝐿

}𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} “ 0.

Let 𝛿 ą 0 be arbitrary. Utilizing the Archimedean property, we can select
𝑘 P N, such that 1

𝑘`1
ă 𝛿. Then

tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝛿u Ď

Ď
␣

p𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 1
𝑘`1

(

“
𝑘`1
Ť

𝑖“1

𝑇𝑖 p𝛾q P ℐ2.

Since 𝑇𝑖 p𝛾q∆𝑉𝑖 p𝛾q is finite, p𝑖 “ 1, 2, . . . , 𝑘 ` 1q there is an 𝑝0 P N,
such that

𝑘`1
ď

𝑖“1

𝑉𝑖p𝛾q X tp𝑚,𝑛q : 𝑚 ⩾ 𝑝0 ^ 𝑛 ⩾ 𝑝0u “

“

𝑘`1
ď

𝑖“1

𝑇𝑖p𝛾q X tp𝑚,𝑛q : 𝑚 ⩾ 𝑝0 ^ 𝑛 ⩾ 𝑝0u .

Select p𝑚,𝑛q P pN ˆ Nq z𝑉 p𝛾q P 𝐹 pℐ2q, such that 𝑚 ⩾ 𝑝0 ^ 𝑛 ⩾ 𝑝0. So,

we have to get p𝑚,𝑛q R
𝑘`1
Ť

𝑖“1

𝑉𝑖 p𝛾q and, so, p𝑚,𝑛q R
𝑘`1
Ť

𝑖“1

𝑇𝑖 p𝛾q. Afterwards,

there is an event with ℳ pΛq “ 1, such that }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ă 1
𝑘`1

ă 𝜇

for all 𝛾 P Λ. Hence 𝜑𝑚𝑛

𝐴𝑠pℐ˚
2 q

ÝÑ 𝜑. l
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Definition 10. A complex uncertain double sequence t𝜑𝑚𝑛u is named
to be ℐ2-Cauchy sequence a.s., provided that for all 𝜇 ą 0 there exist
𝑚0,𝑛0 P N and an event Λ with ℳ pΛq “ 1, such that

tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ⩾ 𝜇u P ℐ2,

for all 𝛾 P Λ.

Theorem 9. If a complex uncertain double sequence t𝜑𝑚𝑛u is ℐ2-convergent
a.s. to 𝜑, then it is ℐ2-Cauchy sequence a.s.

Proof. Let 𝜑𝑚𝑛
𝐴𝑠pℐ2q
ÝÑ 𝜑. Then, for all 𝜇 ą 0, there is an event Λ with

ℳ pΛq “ 1, so that

𝑃 p𝜇, 𝛾q “ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑 p𝛾q} ⩾ 𝜇u P ℐ2

for each 𝛾 P Λ. Obviously, pN ˆ Nq z𝑃 p𝜇, 𝛾q P 𝐹 pℐ2q and, so, it is non-
empty. Select p𝑚0, 𝑛0q P pN ˆ Nq z𝑃 p𝜇, 𝛾q. Then we obtain

}𝜑𝑚0𝑛0 p𝛾q ´ 𝜑 p𝛾q} ă 𝜇,

for all 𝛾 P Λ. Let

𝑅 p𝜇, 𝛾q “ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ⩾ 2𝜇u P ℐ2

for all 𝛾 P Λ. Now, we demonstrate that the following inclusion is true:
𝑅 p𝜇, 𝛾q Ď 𝑃 p𝜇, 𝛾q. For if p𝑟, 𝑠q P 𝑅 p𝜇, 𝛾q, we get

2𝜇 ⩽ }𝜑𝑟𝑠 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ⩽ }𝜑𝑟𝑠 p𝛾q ´ 𝜑 p𝛾q} ` }𝜑𝑚0𝑛0 p𝛾q ´ 𝜑 p𝛾q} ă

ă }𝜑𝑟𝑠 p𝛾q ´ 𝜑 p𝛾q} ` 𝜇,

which yields p𝑟, 𝑠q P 𝑃 p𝜇, 𝛾q. As a result, we conlude that 𝑅 p𝜇, 𝛾q P ℐ2,
namely, t𝜑𝑚𝑛u is ℐ2-Cauchy sequence a.s. l

Remark 1. The converse of the Theorem 9 is an open problem and we
leave it.

Definition 11. A complex uncertain double sequence t𝜑𝑚𝑛u is named
to be ℐ˚

2 -Cauchy sequence a.s., provided that there is a set 𝐿 P 𝐹 pℐ2q

(i.e. 𝑍 “ pN ˆ Nq å 𝐿 P ℐ2) and there is an event Λ with ℳ pΛq “ 1, so
that for all 𝜇 ą 0 and for p𝑚,𝑛q, p𝑚0, 𝑛0q P 𝐿, 𝑚,𝑛,𝑚0, 𝑛0 ą 𝑘0 “ 𝑘0 p𝜇q

}𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ă 𝜇,
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for each 𝛾 P Λ. Also, we write

lim
𝑚,𝑛,𝑚0,𝑛0Ñ8

}𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} “ 0,

where p𝑚,𝑛q, p𝑚0, 𝑛0q P 𝐿.

Theorem 10. If a complex uncertain sequence t𝜑𝑚𝑛u is ℐ˚
2 -Cauchy

sequence a.s., then it is ℐ2-Cauchy sequence a.s.

Proof. Let the complex uncertain sequence t𝜑𝑚𝑛u be ℐ˚
2 -Cauchy sequence

a.s. Then there exists a set 𝐿 P 𝐹 pℐ2q and there exists an event Λ with
ℳ pΛq “ 1, so that

}𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ă 𝜇,

for any 𝜇 ą 0 and for all 𝑚,𝑛,𝑚0, 𝑛0 ą 𝑘0 “ 𝑘0 p𝜇q.
Assume 𝑍 “ pN ˆ Nq å 𝐿 P ℐ2. Then, for any 𝜇 ą 0

𝑇 p𝜇,𝛾q “ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ⩾ 𝜇u Ă

Ă 𝑍 Y p𝐿 X ppt1, 2, . . . ,p𝑘0 ´ 1qu ˆ Nq Y pN ˆ t1, 2, . . . ,p𝑘0 ´ 1quqqq P ℐ2.

Hence, the sequence t𝜑𝑚𝑛u is ℐ2 -Cauchy sequence a.s. l

Remark 2. But the converse of Theorem 10 is not true in general.

Example 5. Assume N “
8,8
Ť

𝑢,𝑣“1,1

𝐷𝑢𝑣, where

𝐷𝑢𝑣 “
␣`

2𝑢´1𝑘, 2𝑣´1𝑡
˘

: 2 does not divide 𝑘 and 𝑡, 𝑘, 𝑡 P N
(

be the decomposition of N ˆ N, such that all 𝐷𝑢𝑣 are infinite and
𝐷𝑢𝑣 X 𝐷𝑟𝑠 “ H, for p𝑢, 𝑣q ‰ p𝑟, 𝑠q. Presume ℐ2 be the class of all subsets
of N ˆ N that can intersect only finite number of 𝐷𝑢𝑣’s. Then ℐ2 is a
nontrivial admissible ideal of N ˆ N. Now, consider the uncertainty space
pΓ, 𝐿,ℳq to be t𝛾1, 𝛾2, 𝛾3, . . .u with the power set and ℳ pΓq “ 1 and
ℳ pHq “ 0 and

ℳ pΛq “
ÿ

𝛾𝑚,𝛾𝑛PΛ

1

2𝑚`𝑛
for 𝑚,𝑛 “ 1, 2, 3, . . . .

Also, the complex uncertain variables are identified by

𝜑𝑚𝑛 p𝛾q “ 𝑖𝛽𝑚𝑛, if 𝛾 P t𝛾1, 𝛾2, 𝛾3, . . .u ,
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where 𝛽𝑚𝑛 “ 1
𝑢𝑣`1

, if p𝑚,𝑛q P 𝐷𝑢𝑣 for 𝑚,𝑛 “ 1, 2, . . . and 𝜑 ” 0. It
is obvious that the sequence t𝜑𝑚𝑛u is ℐ2-convergent a.s. to 𝜑 ” 0. By
Theorem 9, the sequence t𝜑𝑚𝑛u is ℐ2-Cauchy sequence a.s.

Next, we have to demonstrate that the complex uncertain double
sequence t𝜑𝑚𝑛u is not ℐ˚

2 -Cauchy sequence a.s. For this, suppose, if
possible, that the sequence t𝜑𝑚𝑛u is ℐ˚

2 -Cauchy sequence a.s. Then D

a set 𝐿 P ℱ pℐ2q and for every 𝜇 ą 0, for all p𝑚,𝑛q, p𝑚0, 𝑛0q P 𝐿,
D 𝑘0 “ 𝑘0 p𝜇q P N and there exists an event Λ with 𝑀 tΛu “ 1, such
that

}𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ă 𝜇, @𝑚,𝑛,𝑚0, 𝑛0 ą 𝑘0 “ 𝑘0 p𝜇q (1)

for each 𝛾 P Λ. Since pN ˆ Nq z𝐿 P ℐ2, there exists a p𝑤, 𝑧q P N ˆ N such
that pN ˆ Nq z𝐿 Ă 𝐷11 Y 𝐷22 Y . . . Y 𝐷𝑤𝑧. But 𝐷𝑖𝑗 Ă 𝐿 @𝑖 ą 𝑤, 𝑗 ą 𝑧.
In particular, 𝐷p𝑤`1qp𝑧`1q,𝐷p𝑤`2qp𝑧`2q Ď 𝐿. We see that from the construc-
tion of 𝐷𝑢𝑣’s, for given any 𝑘0 p𝜇q P N there are p𝑚,𝑛q P 𝐷p𝑤`1qp𝑧`1q,
p𝑚0, 𝑛0q P 𝐷p𝑤`2qp𝑧`2q such that 𝑚,𝑛,𝑚0, 𝑛0 ą 𝑘0 “ 𝑘0 p𝜇q. Therefore

›

›

›
𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q

›

›

›
“

›

›

›

𝑖𝑗

p𝑤 ` 1q p𝑧 ` 1q
´

𝑖𝑗

p𝑤 ` 2q p𝑧 ` 2q

›

›

›
“

“
1

p𝑤 ` 1q p𝑧 ` 1q
´

1

p𝑤 ` 2q p𝑧 ` 2q
.

If we take 𝜀 “ 1{p3 p𝑤 ` 1q p𝑧 ` 1qq, then there is 𝑘0 “ 𝑘0 p𝜇q P N, when-
ever p𝑚,𝑛q, p𝑚0, 𝑛0q P 𝐿 with 𝑚,𝑛,𝑚0, 𝑛0 ą 𝑘0 “ 𝑘0 p𝜇q, such that the
Equation 1 holds. This is a contradiction, so our assumption was wrong
and, so, t𝜑𝑚𝑛u is not ℐ˚

2 -Cauchy sequence a.s.

Theorem 11. Let t𝜑𝑚𝑛u be a complex uncertain double sequence in an
uncertainty space pΓ, 𝐿,ℳq, such that t𝜑𝑚𝑛u is ℐ2-Cauchy sequence a.s.
Then t𝜑𝑚𝑛u is ℐ˚

2 -Cauchy sequence a.s. if ℐ2 supplies the condition (𝐴𝑃2).

Proof. Let t𝜑𝑚𝑛u be an ℐ2-Cauchy sequence a.s. Then, for all 𝜇 ą 0 there
exists 𝑚0,𝑛0 P N and an event Λ with ℳ pΛq “ 1, so that

𝑇 p𝜇,𝛾q “ tp𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ⩾ 𝜇u P ℐ2,

for all 𝛾 P Λ.
In particular, for 𝜇 “ 1

𝑠
, 𝑠 P N we get

𝑈𝑠 p𝜇q “

!

p𝑚,𝑛q P N ˆ N : }𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} ă
1

𝑠

)

for all 𝛾 P Λ with ℳ pΛq “ 1.
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Since ℐ2 supplies the condition (𝐴𝑃2), then there is a set 𝐿 P 𝐹 pℐ2q

and 𝐿z𝑈𝑠 is finite for all 𝑠 P N. According to the Archimedean property,
we select 𝑖0 P N such that 2

𝑖0
ă 𝜇. Then 𝐿z𝑈𝑖0 is a finite set, so there ex-

ist 𝑘0, 𝑙0 P N, such that 𝑚,𝑛,𝑚0,𝑛0 P 𝑈𝑖0 for all 𝑚,𝑛,𝑚0, 𝑛0 ą 𝑘0, 𝑙0,
i.e., }𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑘0𝑙0 p𝛾q} ă 1

𝑖0
and }𝜑𝑚0𝑛0 p𝛾q ´ 𝜑𝑘0𝑙0 p𝛾q} ă 1

𝑖0
for all

𝑚,𝑛,𝑚0,𝑛0 ą 𝑘0, 𝑙0 and for all 𝛾 P Λ with ℳ pΛq “ 1.
Now,

}𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q} “ }𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑘0𝑙0 p𝛾q ´ 𝜑𝑚0𝑛0 p𝛾q ` 𝜑𝑘0𝑙0 p𝛾q} ⩽

⩽ }𝜑𝑚𝑛 p𝛾q ´ 𝜑𝑘0𝑙0 p𝛾q} ` }𝜑𝑚0𝑛0 p𝛾q ´ 𝜑𝑘0𝑙0 p𝛾q} ă

ă
1

𝑖0
`

1

𝑖0
“

2

𝑖0
ă 𝜇, @𝑚,𝑛,𝑚0, 𝑛0 ą 𝑘0, 𝑙0

and for all 𝛾 P Λ with ℳ pΛq “ 1.
Hence, the complex uncertain sequence t𝜑𝑚𝑛u is ℐ˚

2 -Cauchy sequence a.s. l

4. Conclusion The main aim of this paper is to present the notion of
ℐ˚
2 -convergent almost surely of complex uncertain double sequence, study

some of their properties, and identify the relationships between ℐ2 and
ℐ˚
2 -convergent almost surely of complex uncertain double sequences. Also,

we investigate ℐ2 and ℐ˚
2 -Cauchy sequence almost surely and study the

relationship between them. These ideas and results are expected to be
a source for researchers in the area of convergence of complex uncertain
sequences. Also, these concepts can be generalized and applied for further
studies.

5. Acknowledgment The authors thank the anonymous referees for
their constructive suggestions to improve the quality of the paper.
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[18] Nabiev A., Pehlivan S., Gürdal M. On ℐ-Cauchy sequences. Taiwanese J.
Math., 2007, vol. 12, pp. 569 – 576.

https://doi.org/10.1007/s13324-020-00419-7
https://doi.org/10.1142/S1793005720500271
https://doi.org/10.1016/S0252-9602(14)60009-6
https://doi.org/10.1524/anly.1985.5.4.301 
https://doi.org/10.1007/s13398-018-0591-z 


On ℐ2 And ℐ˚
2 -Convergence Almost Surely 67

[19] Peng Z., Iwamura K. A sufficient and necessary condition of uncertainty
distribution. J. Interdiscip. Math., 2010, vol. 13, no. 3, pp. 277 – 285.

[20] Saha S., Tripathy B. C., Roy S. On almost convergence of complex uncer-
tain sequences. New Math. Nat. Comput., 2020, vol. 16, no. 3, pp. 573 – 580.
DOI: https://doi.org/10.1142/S1793005720500349
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