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ON 7, AND Z;-CONVERGENCE IN ALMOST SURELY
OF COMPLEX UNCERTAIN DOUBLE SEQUENCES

Abstract. In this study, we investigate the notions of Zo-converge-
nce almost surely (a.s.) and Zj-convergence a.s. of complex uncer-
tain double sequences in an uncertainty space, and obtain some of
their features and identify the relationships between them. In ad-
dition, we put forward the concepts of 7o and Z5-Cauchy sequence
a.s. of complex uncertain double sequences and investigate their
relationships.
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1. Introduction and Background. The concept of statistical con-
vergence was introduced by Fast [7| and then it was further investigated
from the sequence-space point of view by several authors (see, for exam-
ple, [8], [15]). Statistical convergence has become one of the most ac-
tive areas of research due to its wide applicability in various branches of
mathematics, such as number theory, mathematical analysis, probability
theory, etc. The study of statistical convergence of double sequence has
been initiated by Moricz [16], Mursaleen and Edely [17], Tripathy [23],
independently. The notion of the ideal convergence is a common general-
ization of the classical notions of convergence and statistical convergence.
The notion of Z-convergent was further investigated from the sequence-
space point of view and linked with the summability theory by Kostyrko
et al. [12]. Later, this concept has been generalized in many directions.
Das et al. |2] presented the notion of Z-convergence of double sequences
in a metric space and worked out some features of this convergence. More
details on statistical convergence, Z-convergence, and on applications of
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this concept can be found in Diindar and Altay 6], Giirdal and Huban [9],
Giirdal and Sahiner [10], Nabiev et al. [18], and Savag and Giirdal [21], [22].

Liu [13] was the first to introduce the uncertainty theory based on
an uncertain measure that satisfies normality, duality, subadditivity, and
product axioms. Nowadays uncertainty theory has become one of the most
active areas of research due to its wide applicability in various domains
such as uncertain programming, uncertain optimal control, uncertain risk
analysis, uncertain differential equation, etc. For more details, one may
refer to [14]. In order to identify complex uncertain sequences, the notion
of uncertain variables was defined over the uncertain space. Complex un-
certain sequences are measurable functions from an uncertain space to the
set of all complex numbers C. Over the last few years, the study of con-
vergence of sequences in the complex uncertain space has drawn attention
of the researchers. In 2016, Chen et. al. [1]| investigated various types of
convergence of sequences, such as convergence almost surely, convergence
in measure, convergence in mean, and convergence in distribution, in the
complex uncertain space. He mainly studied the interrelationship between
the notions.

The notion of statistical convergence was first developed in terms of
complex uncertain sequences by Tripathy and Nath [24]|. Later on, a lot
of work has been carried out in this direction till today (see, for example,
81, [41, [5], [11], [19], [20], [24]).

The aim of this study is to present the notion of ZJ-convergence almost
surely in complex uncertain theory, examine several properties, and iden-
tify the relationships between Z, and Zj-convergence almost surely of com-
plex uncertain sequence. In addition, we put forward Z, and
Z5-Cauchy sequence almost surely of complex uncertain sequence.

2. Preliminaries In this section, we gather the necessary results and
techniques on which we will rely to accomplish our main results.

Utilizing the notion of ideals, Kostyrko et al. [12] determined the notion
of Z and Z*-convergence.

Assume Y # @¥; T < 2Y is called an ideal on Y provided that (a) for
all ST € Z implies SUT € Z; (b) for all SeZ and T < S implies T € Z.

Assume Y # &¥; F < 2 is named a filter on Y provided that (a) for
all ST € F implies SNnT € F; (b) for all S € F and T' > S implies T € F.

An ideal 7 is called non-trivial provided that Y ¢ 7 and 7 # (.
A non-trivial ideal Z < P(Y) is known as an admissible ideal in Y iff

Z o {{w}: weY}. At that time, the filter F = F(Z) = {Y — S: Se T}
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is called the filter connected with the ideal.
A nontrivial ideal Z; of N x N is called strongly admissible (also ad-
missible ideal) when {i} x N and N x {i} belong to Z, for each i € N.

IV ={K<NxN: 3m(K)eN)3i,j >m(K)= (i,j) ¢ K)}
Then Z7 is a nontrivial strongly admissible ideal and, obviously, an ideal
T, is strongly admissible iff Z9 < Z,.

Definition 1. [2] Assume (Y, p) is a metric space; A sequence s = (Syn)
in X is called Zy-convergent to sg € Y, if for any u > 0 we get

A<8) = {<m7n) e Nx N: p(smna 30) Z ,u} € I2-
In that case, we indicate

Io— lim s, = So.
m,n—00
Das et al. [2] defined the condition (AP2) and obtained some significant
relations between 7, and Zj-convergence for sequences in a metric space.

Definition 2. [13] Let L be a o-algebra on a nonempty set I'. A set
function M on I' is called an uncertain measure if it supplies the following
axioms:

Axiom 1 (Normality): M{T'} = 1,

Axiom 2 (Duality): M{A} + M{A°} =1 for any A e L;

Axiom 3 (Subadditivity): For all countable sequence of {A;} € L, we get

m{ @Aj} < iM{Aj}.

The triplet (I'; L, M) is named an uncertainty space and each element
A in L is called an event. In order to obtain an uncertain measure of a
compound event, a product uncertain measure is defined by Liu [13] as:

M{EAk} - Z\IM{Ak}.

Definition 3. [I] A complex uncertain variable is a measurable function
¢ from an uncertainty (I', L, M) to the set of complex numbers, i.e., for
any Borel set B of complex numbers, the set

{¢eB}={yel':((y) e B}
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IS an event.

Definition 4. [I] A complex uncertain sequence {¢,,} is called to be

convergent a.s. to ¢, provided that for all ;> 0 there is an event A with
M{A} = 1, such that

lim o, (v) = ¢ ()] =0

for all v € A. In that case, we indicate ¢,, ECR Q.

Definition 5. [24] A complex uncertain sequence {¢,,} is called statis-

tically convergent a.s. to ¢, provided that for all yu > 0 there is an event
A with M{A} = 1, such that

Tim |k <m ok () — 6 ()] > ] = 0,

As
for each v € A. In that case, we denote ¢, 5 O.

Definition 6. [5] A complex uncertain double sequence {¢,,,} is called
convergent a.s. to ¢, provided that for all ;1 > 0 there is an event A with

M{A} =1, such that

m g (7) =@ (7)] = 0

m,n— 00

for all v € A. In that case, we indicate ¢, ELR 0.

Definition 7. [4] A complex uncertain sequence {¢ny} Is called statis-
tically convergent a.s. to ¢, provided that for all y > 0 there is an event
A with M{A} = 1, such that

lim (< m.k<ns o5 () — 6 (] = ] =0,

m,n—0 Mn

As
for each v € A. In that case, we denote ¢,, 5 0.

3. Main Results.

Definition 8. A complex uncertain double sequence {¢,,,} is said to be
Ts-convergent a.s. to ¢, provided that for all u > 0 there is an event A
with M{A} =1, such that

{(m,n) € NxN: [¢mn (v) =0 (7)| = p} € I



On Z, And I3 -Convergence Almost Surely 55

for all v € A. Symbolically we denote ¢, As(Z2) b.
Theorem 1. If ¢,,, As) o, then ¢y, 3 As(T2) &,

Proof. It follows directly from the fact that Z, = ZJ is the ideal of all
finite subsets of N x N. [J

The converse of Theorem 1 is not typically true, as shown in the case
below.

Example 1. Contemplate  the  uncertainty  space (I, L, M)
to be {71,72, ...} with power set and M (I') = 1 and M () = 0 and

SUDy, e #’ if B # < %’
M(A) =13 1—sup,  cx #, if sup., . cae Q(T:;'”jr—tf)lﬂ <1,
%, otherwise,
for m,n =1,2,.... Also, the complex uncertain variables determined by

gbmn ( ) = {Zﬂmn’ if Ve {717747797 .. } ,

0, otherwise,

where

an =

mn, if m=u?,n =11 u,veN,
0, otherwise

and ¢ = 0. Take T, = ZJ. For any 1 > 0 and an event A with M(A)=1,
we get

{(m,n) e N X N [¢mn (7) =6 (V] > u} =

= {(m,n) e NxN: [dn (V)] = 1} = {(1,1),(4,4),(9,9),.. J €T

for each v € A. Thus, the sequence {¢,,,} is Zy-convergent a.s. to ¢ =0

(mn LZ) 0), however it is not convergent a.s. to ¢ = 0.

Theorem 2. If ¢,,, — 4o() ¢, then ¢ is uniquely determined.
Proof. If possible, assume ¢,,, A(2) ¢1 and gzﬁmn (bg for some

61 (y) # ¢a(7), for all v € A. Let u > 0 be arbltrary. At that time,
for any p > 0, we obtain:

U= {(m,n)eNxN: [6rm (7) — 61 ()] < 2}ef(12) and



56 O. Kisi, M. Giirdal

V= {(m,n) e NxN: 6 () = 62 (D < £} € F(T2).
AsUnV e F(I,) and J ¢ F (Z,), this means that U n'V # 5. Take
(p,7) € U n'V. Then

f 7

60 (v) = &1 (] < 5 and [ () = 2 (M) < 5

As a result, we get

p1 (7) = 2 (M = [ dpr (7) = D2 (7) + 61 (V) — Ppr (V)] <
|ppr (V) = 2 (V)] + bpr (7) — &1 (V)] <

N

A
IS1ES
+
roE
A
=

Hence, ¢ is uniquely determined. []

Theorem 3 Let (¢mn) and ( ) be complex uncertain double sequences.
If ¢mn ,¢ nd ¢}, ¢* then

i) Gun F Oy G F 0,

i) apmn 4oZ) a¢, where o € C.

Proof. i) Assume p > 0. Then
U= {(m.n) e NxN: |6mn (1) =0 (3)| < §} € F(Z) and
V= {(m.n) e NxN: ¢, (1) = ¢* (M| <5} e F(@).

AsUnVeF(I,) and J ¢ F(Ly), then UnV # . Let (p,r)eUnV.
Then we obtain

[(@mn (V) + & (7)) = (@ (7) + &" (M) < llmn (v) =& (V)] +

o () = 6" (D <G+ 5 <n

2

namely,

{(m,n) € Nx N: [[(¢mn (V) + G (7)) = (0 (7) + 0" ()] < 1} € F(Z2).

Hence, ¢ + 07, gb + o*.
ii) The proof is simple, thus it is omitted. []
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Theorem 4. Let (¢mn) and (¢k..) be complex uncertain double sequences.

If ¢y — A ¢ and ¢}, ng* and there are positive numbers v and v,
such that || < u and quﬁ*” v for any m,n, then

. Ao(T2)
i) Qi@ — O*;
11) ¢mn AS(I2) gb

mn o’

Proof. i) Assume p > 0 and u,v > 0; then

where (¢},,) # 0 and ¢* # 0.

U= {(m,n) eNXN: ||ppnn — ¢ < %} € F(Z,) and
V= {(mn) eNxN: ¢}, —¢"| < -} e F(Ta).

Since U n'V € F (Zy) and J ¢ F (Z), this means U n'V # . So, for all
(p,r) € U n'V we obtain

| mnPpn — GO%| = [Pmnin — Gmnd” + Gmnd™ — 9| <

oo

< * o H* . =
namely,
{(m,n) e Nx N: |¢mnr,, — 00*| < u} € F (L) .
Hence, ¢yn @, gbgf)*

ii). It is snmlar to the proof of i), so is omitted. []

Theorem 5. If each subsequence of a complex uncertain double sequence
{dmn} is Iy-convergent a.s. to ¢, then {¢,,,} is Iy-convergent a.s. to ¢.

Proof. Assume that each subsequence of a complex uncertain double
sequence {¢,,,} is Zo-convergent a.s. to ¢, but {¢,,,} is not Zy-convergent
a.s. to ¢. At that time, there exists some p > 0, such that

T ={(m,n) e NxN: |¢ppmn (v) — ¢ (V| = p} ¢ Lo
So T has to be an infinite set. Assume

={mi<me<..m.<...;np<ng<..<ng<...}.
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Now, determine a sequence (¢%,) as ¢, = ¢, for all ;s € N. Then

(¢k,) is a subsequence of (¢py,), which is not Zy-convergent a.s. to ¢:

a contradiction. []

The converse of Theorem 5 is not typically true, as shown in the case
below.

Example 2. According to Example 1, we see that the complex uncertain
double sequence {¢,,} is Zo-convergent a.s. to ¢ = 0. Now, we construct
a subsequence (¢7,) of {$nn} by (67,) = (dm,n.), where m, = 1%, ny = 5%,
r,s € N, which is not Z,-convergent a.s. to ¢ = 0.

Theorem 6. Let {¢nn}, {¢%,} be two complex uncertain double se-
quences, such that {¢? 1} converges a.s. to ¢ and

{(m,n) e N x N: ¢, # @7} € L.

Then {¢,} is Ir-convergent a.s. to ¢.

Proof. Presume the complex uncertain sequence {¢7,, } -convergent a.s.
to ¢ and {(m,n) € N x N: ¢, # ¢*,} € Zo. Then, for all > 0,

mn}

{(m,n) e NxN: ¢, (v) = ()] = p}

is a finite set, and, so,

{(m,n) e NxN: g7, (v) = (V)| = p} € Lo

Now,

{(m,n) e NXN: |¢mn (v) =0 (V)] = p} =
< {(m,n) e Nx N: [¢r,, (v) =0 (y)| = p}pu
u{(m,n) e Nx N: ¢, # ¢% } €TLs.

As a result, we obtain ¢,,, — )

¢. O

Definition 9. A complex uncertain double sequence {¢,,,} is named to
be I -convergent a.s. to ¢ if there existsa L € F(Iy) (Z = (NxN)\L € Z,)
and an event A with M (A) = 1, such that

lim | gmn (7) = ¢ (7)] = 0

m,n—00
(m n)eL

Au(TH
for each v € A. Symbolically we write ¢, (—>) 0.
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Example 3. Take into account the uncertainty space (I', L, M) to be

I' = {y1,7,7s, ..} with M (A) = > 5. Also, the complex uncer-
Ym,Yn€A
tain variables defined by

iﬁmna if Y = Ym+n,
Grn (7) = { "

0, otherwise,

where

mn, ifm=u%n=v% uveN,
an_

0, otherwise,

and ¢ = 0. Take Z, = ZJ. Then there is a set L = (N x N)\K e F (),
where K = {(1,1),(4,4),(9,9),...} € Iy, for which

lim | gmn (7) = ¢ (7)] = 0

m,n—00
(7n n)eL

for each v € A with M (A) = 1. Thus, the sequence {¢,,,,} is Z3-convergent
a.s. to ¢ = 0.

Theorem 7. Ifé,, 2 . then ¢, % o,

As(Z¥)

Proof. Let us assume that ¢,,, —  ¢. Then there is a set L € F (Zy)
(i.e. Z=(NxN)\LeT,) and an event A with M (A) = 1, so that

lim | épn (v) = ¢ (7)] =0

m,n—
(m n)eL

for all v € A. This means that there exists kg € N, such that
|mn(v) — &(7)| < p for all (m,n) € L and m,n > kg. Then we obtain

T (1,7) = {(m,n) e Nx N |[frp (v) =0 (V)] 2 1} =
cZu(Lo(({1,2,...,(ko =1} xN)u (Nx{1,2,...,(kg —1)}))).
Now
Zu(Lon(({1,2,...(ko— 1} xN)U(Nx{1,2,...,(ko —1)}))) € Io.

This indicates that T' (i, ) € Zy. Therefore, ¢y, A& o. [
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Remark. But the converse of Theorem 7 is not true in general.

00,00
Example 4. Assume N= ] D,,, where

u,v=1,1
Dy = {(2“7'k,2°7'1): 2 does not divide k and ¢, k,teN,}

be the decomposition of N x N, such that all D,, are infinite and
Dy, N D,s = &, for (u,v) # (r,s). Presume Z, be the class of all subsets
of N x N that can intersect only finite number of D,,’s. Then Z, is a
nontrivial admissible ideal of N x N. Now we consider the uncertainty
space (I'; L, M) to be {71,72,73, ...} with power set and M (I') = 1 and
M (&) =0 and

m+n : m+n 1
SUDy,  neA 3(mrn) 11 if sup,, . ea men)F1 = 27
— _ m+n : m+n 1
M(A) =11 SUD,, €A 3min) 17 if sup,, . eac m+n)+1 = 27
%, otherwise,
for m,n =1,2,.... Also, the complex uncertain variables determined by

iﬁmn» lf’}/E {/Y 7’727737---}7
0, otherwise,

where B, = =, if (m,n) € Dy, for m,n = 1,2,... and ¢ = 0. It is

obvious that the sequence {¢,,} is Zo-convergent a.s. to ¢ = 0. Hovewer,

this sequence is not Z;j-convergent a.s. to ¢ = 0. Since for any Z € 7, there
w,z

exists (w,z) € Nx N, such that Z = |J Dy, and a result Dyi1y241) S

u,v=1,1
(Nx N)\Z. Let L = (N x N)\Z, then L € F (Z,) for which we can define
a subsequence that is not convergent a.s. to ¢ = 0. As a result, the
sequence {¢,,} is not Zjy-convergent a.s. to ¢ = 0.

Theorem 8. Let {¢,.n} be a complex uncertain double sequence in an

4:(%3)

uncertainty space (I', L, M), such that ¢, 4o(Z) ¢, then ¢, — ¢,
when 7, satisfies the condition (AP,).

Proof. Let us assume that ¢,,, 4oLy ¢. Then there is an event A with

M (A) =1 and for any p > 0 the set

T () = {(m,n) e NxN: |dmn (v) = & (V)| = p} € I
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for each v € A. Now, we establish a countable family of mutually disjoint
sets {T (7)},ey i Zo by considering

T (7) :={(m,n) € Nx N: | gmn (7) =& (7)| = 1}

and

1 1

Ti(y) :={ (m,n) € N x Ni = < émn (1) = 0 (1) < =5 | =

() (=)

Since Z,, the condition (AP,) holds, so, for the above countable collection
{T% ()} e, there exists another countable family of subsets (Vi ()} reny

supplying T; (v) AV; (v) is finite for all : € N and V () = U Vi () € I,.
We shall prove that for L € F'(Z,) we have lim |¢m, (7) — @ ()| = 0.
m,n—0o0

(m,n)eL
Let 6 > 0 be arbitrary Utilizing the Archimedean property, we can select
k € N, such that == < . Then

{(m,n) e Nx Nt [ (v) — ¢ ()| = 0} < "
< {(m,n) e NXN: g (7) =0 (V)| = 557} = UT() e

Since T; (v) AV; (y) is finite, (i = 1,2,...,k + 1) there is an py € N,
such that

k1
UV ) {(m,n):m =pyAn=py} =

k+1

:UTi(fy)m{(m,n):m>po/\n>po}~

Select (m,n) € (N x N) \V( ) € F (Zy), such that m > py A n = po. So,
k+1

we have to get (m,n) ¢ U Vi (y) and, so, (m,n) ¢ |J T; (7). Afterwards,
i=1

there is an event with ./\/l (A) = 1, such that |¢mn (7) — ¢ (7)]| < k+1 < i

As(Z¥)
for all v € A. Hence ¢y, —> " ¢. [
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Definition 10. A complex uncertain double sequence {¢,,,} is named
to be Iy-Cauchy sequence a.s., provided that for all 4 > 0 there exist
mo,no € N and an event A with M (A) = 1, such that

{(m,n) € N N: [ fmn (V) = Gmony (V)| Z 1} € L,

for all v € A.

Theorem 9. Ifacomplex uncertain double sequence { ¢, } is I-convergent
a.s. to ¢, then it is Zo-Cauchy sequence a.s.

Proof. Let ¢, A@) ¢. Then, for all 4 > 0, there is an event A with

M (A) =1, so that

P (p,7) = {(m,n) e NxN: |lgmn (v) =0 (7)| = 1} € Iy

for each v € A. Obviously, (N x N)\P (u,7) € F (Z2) and, so, it is non-
empty. Select (mg,ng) € (N x N)\P (u,7). Then we obtain

[6mony (V) =@ (V)] < 1,
for all v e A. Let

R(/J’77) = {(m7n) € N x N: H‘bmn (7) - ¢m0no (7)” > 2:u} €1,

for all v € A. Now, we demonstrate that the following inclusion is true:
R (p,y) € P (p,7). Forif (r,s) € R(u,7), we get

Y) = Gmono (VI < brs () = & (N + [mono () — & (V)] <
v) =N + u,

210 < s
< |érs

which yields (r,s) € P (u,7). As a result, we conlude that R (u,~) € I,
namely, {¢,} is Zo-Cauchy sequence a.s. []

(
(

Remark 1. The converse of the Theorem 9 is an open problem and we
leave it.

Definition 11. A complex uncertain double sequence {¢p,} is named
to be Zy-Cauchy sequence a.s., provided that there is a set L € F (I,)
(ie. Z = (NxN) N\ L €Z,) and there is an event A with M (A) =1, so
that for all u > 0 and for (m,n), (mg,no) € L, m,n, mg,ng > ko = ko (1)

H¢mn (7) - ¢m0n0 (7)” < W
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for each v € A. Also, we write

lim H¢mn (7) - Qbmono (7)” = 07

m,n,mo,ng—>00

where (m,n), (mg,ng) € L.
Theorem 10. If a complex uncertain sequence {¢,,} is Zy-Cauchy

sequence a.s., then it is Zo-Cauchy sequence a.s.

Proof. Let the complex uncertain sequence {¢,,,} be Z5-Cauchy sequence
a.s. Then there exists a set L € F'(Z;) and there exists an event A with
M (A) =1, so that

[mn (V) = Gmong (M < 2,

for any p > 0 and for all m,n, mg,ng > ko = ko (11).
Assume Z = (N x N) \_ L € Z,. Then, for any > 0

T (py) = {(m,n) € N x Nt @ (V) = Gmone (V)| Z 1} =
cZ oL (({1,2...(k—1} xN)U(Nx{1,2,....(ko — D)}))) € L.

Hence, the sequence {¢,,,} is Zy -Cauchy sequence a.s. []

Remark 2. But the converse of Theorem 10 is not true in general.

00,00
Example 5. Assume N= ] D,,, where

u,v=1,1
Dy, = {(2“‘%, 2”_115) : 2 does not divide k and t, k,t € N}

be the decomposition of N x N, such that all D,, are infinite and
Dy, 0 Dys = J, for (u,v) # (r,s). Presume Z, be the class of all subsets
of N x N that can intersect only finite number of D,,’s. Then Z, is a
nontrivial admissible ideal of N x N. Now, consider the uncertainty space
(I, L, M) to be {y1,72,73, ...} with the power set and M (I') = 1 and
M () =0 and

M(A) = Z 2m1+n for m,n=1,2,3,....

Ym, €A

Also, the complex uncertain variables are identified by

¢mn (7) = Zﬁmn» if Y€ ‘{'71/72,’737 .- '}7



64 O. Kisi, M. Giirdal

where f,,, = #H’ if (m,n) € Dy, for myn = 1,2,... and ¢ = 0. It
is obvious that the sequence {¢,.,} is Zo-convergent a.s. to ¢ = 0. By
Theorem 9, the sequence {¢,,} is Zo-Cauchy sequence a.s.

Next, we have to demonstrate that the complex uncertain double
sequence {¢,,,} is not Zj-Cauchy sequence a.s. For this, suppose, if
possible, that the sequence {¢,,,} is Zy-Cauchy sequence a.s. Then 3
a set L € F(Zy) and for every pu > 0, for all (m,n), (mg,no) € L,
Jko = ko(p) € N and there exists an event A with M {A} = 1, such
that

Hgbmn (’7) - ¢mon0 (7)” <, Vm,n,mo,no > ko = ko (/l) (1)
for each v € A. Since (N x N)\L € Z,, there exists a (w, z) € N x N such
that (Nx N)\L € Dy U Dy U ... U Dy,. But D;; <« LVi > w, j > 2.
In particular, D(yi1)(z41),Dw+2)(z+2) S L. We see that from the construc-
tion of Dy,’s, for given any ko (u) € N there are (m,n) € Dwi1)z+1),
(Mo, no) € D(w2)(2+2) such that m,n,mg,ng > ko = ko (). Therefore

[ () = e ()| = | (0 + 1§j(z 0 e 2§j(z ) | -
1 1

S (wHD)(z+1) (w+2)(z+2)

If we take e = 1/(3 (w + 1) (z + 1)), then there is ky = ko (1) € N, when-
ever (m,n), (mg,ng) € L with m,n, mg,ng > ko = ko (u), such that the
Equation 1 holds. This is a contradiction, so our assumption was wrong
and, so, {¢mn} is not Z5-Cauchy sequence a.s.

Theorem 11. Let {¢u,} be a complex uncertain double sequence in an
uncertainty space (I', L, M), such that {¢m,} is Zo-Cauchy sequence a.s.
Then {¢n,} is Zs-Cauchy sequence a.s. if I supplies the condition (AP2).

Proof. Let {¢,.,} be an Zo-Cauchy sequence a.s. Then, for all 1 > 0 there
exists mg,np € N and an event A with M (A) = 1, so that

T (/1“7'7) = {(mvn) e N x N: Hgbmn (7) - quom (7)” 2 :u} €1,

for all v € A.
In particular, for u = %, s € N we get

Us (1) = { () € N x N [ () = frmgns ()] <~ }

for all v € A with M (A) = 1.
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Since Z, supplies the condition (AP2), then there is a set L € F (Z,)
and L\Us; is finite for all s € N. According to the Archimedean property,
we select 7o € N such that % < p. Then L\Uj,, is a finite set, so there ex-
ist ko,lp € N, such that m,n, mg,ng € U,;, for all m,n,mgo,ng > ko, lo,
Le., qumn (/7) — Prolo (V)H < % and H¢m0n0 (7) — Pkolo (V)H < % for all
m,n, mg,ng > ko, lp and for all v e A with M (A) = 1.

Now,

[mn (V) = dmono (D = [Dmn (7) = Proto (V) = Smamo (7) + Proto (M) <

< M bmn (0) = Prote (D + [Dmano (V) = drote (V)] <

1 1 2
< —+ = = — <, Ym,n,mg,no > ko, lo
10 20 20

and for all v € A with M (A) = 1.
Hence, the complex uncertain sequence {¢,,,} is Z5-Cauchy sequence a.s. []

4. Conclusion The main aim of this paper is to present the notion of
Z5-convergent almost surely of complex uncertain double sequence, study
some of their properties, and identify the relationships between Z, and
Z3-convergent almost surely of complex uncertain double sequences. Also,
we investigate Z, and Z;-Cauchy sequence almost surely and study the
relationship between them. These ideas and results are expected to be
a source for researchers in the area of convergence of complex uncertain
sequences. Also, these concepts can be generalized and applied for further
studies.

5. Acknowledgment The authors thank the anonymous referees for
their constructive suggestions to improve the quality of the paper.

References

[1] Chen X., Ning Y., Wang X. Convergence of complex uncertain sequences.
J. Intell. Fuzzy Syst., 2016, vol. 30, no. 6, pp. 3357—3366.
DOI: https://doi.org/10.3233/IFS-152083

[2] Das P., Kostyrko P., Wilczynski W., Malik P. Z and Z*-convergence of
double sequences. Math. Slovaca, 2008, vol. 58, no. 5, pp. 605—620.
DOI: https://doi.org/10.2478/s12175-008-0096-x

[3] Das B., Tripathy B. C., Debnath P., Bhattacharya B. Almost conver-
gence of complex uncertain double sequences. Filomat, 2021, vol. 35, no. 1,
pp. 61-78. DOI: https://doi.org/10.2298/FIL2101061D


https://doi.org/10.3233/IFS-152083
https://doi.org/10.2478/s12175-008-0096-x
https://doi.org/10.2298/FIL2101061D

66

O. Kisi, M. Giirdal

4]

[5]

(6]

7]

8]
19]

[10]
[11]
[12]

[13]
[14]

[15]

[16]
[17]

[18]

Das B., Tripathy B. C., Debnath P., Bhattacharya B. Characterization of
statistical convergence of complex uncertain double sequence. Anal. Math.
Phys., 2020, vol. 10, no. 71, pp. 1-20.

DOI: https://doi.org/10.1007/s13324-020-00419-7

Datta D., Tripathy B. C. Convergence of complex uncertain double se-
quences. New Math. Nat. Comput., 2020, vol. 16, no. 3, pp. 447 —459.
DOI: https://doi.org/10.1142/S1793005720500271

Diindar E., Altay B. Zs-convergence and Zs-Cauchy double sequences. Acta
Math. Sci., 2014, vol. 34, no. 2, pp. 343—353.
DOI: https://doi.org/10.1016/50252-9602(14)60009-6

Fast F. Sur la convergence statistique. Colloq. Math., 1951, vol. 2,
pp. 241-244.

Fridy J. A. On statistical convergence. Analysis, 1985, vol. 5, no. 4, vol. 2,
pp. 301-313. DOI: https://doi.org/10.1524/anly.1985.5.4.301

Giirdal M., Huban M. B. On Z -convergence of double sequences in the
topology induced by random 2-norms. Mat. Vesnik, 2014, vol. 66, no. 1,
vol. 2, pp. 73-83.

Giirdal M., Sahiner A. Extremal Z-limit points of double sequences. Appl.
Math. E-Notes, 2008, vol. 88, pp. 131—-137.

Kisi O. S\(Z)-convergence of complex uncertain sequences. Mat. Stud.,
2019, vol. 51, no. 2, pp. 183—194.

Kostyrko P., Salat T., Wilczynski W. Z-convergence. Real Anal. Exchange,
2000, vol. 26, no. 2, pp. 669 —686.

Liu B. Uncertainty Theory. 2nd edn. Springer, Berlin, 2007.

Liu B. Uncertain risk analysis and uncertain reliability analysis. J. Uncer-
tain Syst., 2010, vol. 4, no. 3, pp. 163—170.

Mohiuddine S. A., Alamri B. A. S. Generalization of equi-statistical con-
vergence via weighted lacunary sequence with associated Korovkin and
Voronovskaya type approzimation theorems. Rev. R. Acad. Cienc. Exac-
tas Fis. Nat. Ser. A Math., 2019, vol. 113, no. 3, pp. 1955—1973.

DOI: https://doi.org/10.1007/s13398-018-0591-z

Moricz F. Statistical convergence of multiple sequences. Arch. Math., 2003,
vol. 81, pp. 82—89.

Mursaleen M., Edely O. H. H. Statistical convergence of double sequences.
J. Math. Anal. Appl., 2003, vol. 288, no. 1, pp. 223—-231.

Nabiev A., Pehlivan S., Giirdal M. On Z-Cauchy sequences. Taiwanese J.
Math., 2007, vol. 12, pp. 569—576.


https://doi.org/10.1007/s13324-020-00419-7
https://doi.org/10.1142/S1793005720500271
https://doi.org/10.1016/S0252-9602(14)60009-6
https://doi.org/10.1524/anly.1985.5.4.301 
https://doi.org/10.1007/s13398-018-0591-z 

On

7, And T -Convergence Almost Surely 67

[19]

[20]

[21]

[22]

[23]

[24]

Peng Z., Iwamura K. A sufficient and necessary condition of uncertainty
distribution. J. Interdiscip. Math., 2010, vol. 13, no. 3, pp. 277 —285.

Saha S., Tripathy B. C., Roy S. On almost convergence of complex uncer-
tain sequences. New Math. Nat. Comput., 2020, vol. 16, no. 3, pp. 573 —580.
DOI: https://doi.org/10.1142/51793005720500349

Savag E., Giirdal M. Generalized statistically convergent sequences of func-
tions in fuzzy 2-normed spaces. J. Intell. Fuzzy Systems, 2014, vol. 27,
no. 4, pp. 2067—-2075. DOI: https://doi.org/10.3233/IF5-141172

Savag E., Giirdal M. Ideal convergent function sequences in random 2-
normed spaces. Filomat, 2016, vol. 30, no. 3, pp. 557—567.

DOIL: https://doi.org/10.2298/FIL1603557S

Tripathy B. C. Statistically convergent double sequences. Tamkang J.
Math., 2003, vol. 34, no. 3, pp. 231-237.

DOI: https://doi.org/10.5556/j.tkjm.34.2003.314

Tripathy B. C., Nath P. K. Statistical convergence of complex uncertain
sequences. New Math. Nat. Comput., 2017, vol. 13, pp. 359 —-374.

DOI: https://doi.org/10.1142/51793005717500090

Received November 12, 2022.

In revised form, February 23, 2023.
Accepted March 23, 2023.
Published online April 17, 2023.

Omer Kisi

Bartin University

Department of Mathematics, 74100, Bartin, Turkey
E-mail: okisi@bartin.edu.tr

Mehmet Giirdal

Siileyman Demirel University

Department of Mathematics, 32260, Isparta, Turkey
E-mail: gurdalmehmet@sdu.edu.tr


https://doi.org/10.1142/S1793005720500349 
https://doi.org/10.3233/IFS-141172 
https://doi.org/10.2298/FIL1603557S 
https://doi.org/10.5556/j.tkjm.34.2003.314 
https://doi.org/10.1142/S1793005717500090 

