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HYBRID NORM PRODUCT AND RELATION
STRUCTURES IN HEMIRINGS

Abstract. In fuzzy logic, the triangular norm (𝑡 - norm) is an ope-
rator that represents conjunctions. The concept of 𝑡 - norm turned
out to be a basic tool for probabilistic metric spaces, but also in
several areas of mathematics, including fuzzy set theory, fuzzy deci-
sion making, probability and statistics, etc. In the study of hybrid
structures, we noticed that hybrid ideals play an important role.
By using Tϒ - hybrid ideals in hemirings, the concepts of hybrid
relations and the strongest Tϒ - hybrid relations are investigated in
this paper. The notion of hybrid Tϒ - product and their relevant
results are also discussed, and we prove that the direct Tϒ - product
of two Tϒ - hybrid left ℎ-ideals in hemiring is also a Tϒ - hybrid left
ℎ - ideal.
Key words: hemiring, hybrid structure, 𝑡 – norm, Tϒ – hybrid ide-
als, Tϒ – hybrid relations
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1. Introduction. Vandiver [15] proposed the semiring concept in 1934.
Semirings provide a modelling framework that allows for further investiga-
tion into the central ideas in these problems using an algebraic framework,
which has been shown to be beneficial in a variety of information sciences
and applied mathematics areas. Semirings can be identified in a variety of
mathematical fields, including functional analysis, topology, graph theory,
probability theory, and commutative and non-commutative ring theory.
Ideal theory is well known to play a significant role in the development
of hemirings. This has resulted in the development of some more con-
strained ideal concepts, such as 𝑘-ideals [5] and ℎ-ideals [7], in the study
of semiring theory. However, if the semiring is a hemiring, the ideals of
a semiring correlate with the usual ideals of a ring in a sequentially com-
mutative semiring. D. R. La Torre [6] investigated the characteristics of
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𝑘-ideals and ℎ-ideals of hemirings in depth, using 𝑘-ideals and ℎ-ideals,
respectively. For hemirings, he thought up several corresponding ring the-
orems.

The proposal of fuzzy sets was originally invented by Zadeh [16]. Nu-
merous scholars have developed fuzzy set theory in a variety of directions,
and it has stimulated the interest of mathematicians working in a variety
of fields. Fuzzy set theory has a broad range of applications, from robot
design, water resource planning, and computer simulation to engineering.

In 1999, Molodtsov [10] introduced soft sets and defined the new the-
ory’s fundamental results. It is a simple mathematical way of dealing with
objects with a variety of characteristics. Soft-set theory is being increas-
ingly used in other fields, also to solve real-world problems. Molodtsov
was a pioneer in applying soft-set theory to a wide range of fields, includ-
ing Riemann integration, measurement theory, smoothness of functions,
game theory, operations research, Perron integration, probability theory,
smoothness of functions, and so on. Maji et al. [8] were the first to use soft
sets in a decision-making problem. It is based on the knowledge reduction
notion of rough set theory. He defined and researched several fundamental
concepts of soft-set theory in 2003.

Jun et al. [3] conceived the idea of hybrid structure through the initial
universe set by having the ability to combine fuzzy sets and soft sets. Using
this concept, they initiated the hybrid field, a hybrid linear space, and a
hybrid subalgebra. This approach was developed for all of us. Numerous
algebraic systems have been exposed to hybrid structure, with a variety
of outcomes (see [2], [9], [11], [12], [13]).

Triangular norms were introduced by Schweizer and Sklar [14] and are
significant in fuzzy set theory. They can be used to model the intersection
of fuzzy sets, as well as the conjunction of certain propositions in fuzzy
logic.

The triangular norm (T-norm) was developed by enlarging the triangu-
lar inequality using the T-norm theory in the study of probabilistic metric
spaces [14]. Belatedly, Alsina et al. [1] proposed the T-norm to fuzzy
set theory after the fact and suggested that they be used for the union
and intersection of fuzzy sets. In 2005, Zhan [17] explored the notion of
T-fuzzy left ℎ-ideals in hemirings.

In this paper, using hybrid Tϒ-norm, we explore the idea of Tϒ-hybrid
relations and strongest Tϒ-hybrid relations in hemirings; also, we show
that the direct Tϒ-product of two Tϒ-hybrid left ℎ-ideals is also a Tϒ-
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hybrid left ℎ-ideal.
2. Preliminaries. In this section, we compile a few definitions and

observations to help us with our main results.

Definition 1. A set Dp‰ Hq is a semiring with two binary operations,
addition and multiplication, that satisfy the axioms listed below:

(i) pD,`q is a commutative semigroup,
(ii) pD, ¨q is a semigroup,
(iii) p𝑟0 ` 𝑐0q ¨ 𝑤0 “ 𝑟0 ¨ 𝑤0 ` 𝑐0 ¨ 𝑤0 and 𝑟0 ¨ p𝑐0 ` 𝑤0q “ 𝑟0 ¨ 𝑐0 ` 𝑟0 ¨ 𝑤0

@ 𝑟0, 𝑐0, 𝑤0 P D.
An element 0 P D is referred to as a zero element if 0 ¨ 𝑤 “ 𝑤 ¨ 0 “ 0

@ 𝑤 P D.
A semiring with zero element is defined as hemiring [4].
Throughout this paper, D denotes a hemiring, and for a set 𝑄, its

power set is Pp𝑄q.

Definition 2. Let 𝐾 P PpDq. 𝐾 is termed as a left (resp., right) ideal of
D if p𝐾,`q is closed and D𝐾 Ď 𝐾 (resp., 𝐾D Ď 𝐾q. 𝐾 of D is referred
to as an ideal if it is both a left and a right ideal of D.

Definition 3. [6] A left (resp., right) ideal 𝐾 of D is referred to be a left
(resp., right) ℎ-ideal of D, such that

p@ 𝑚, 𝑧 P Dqp@ 𝑐, 𝑙 P 𝐾qp𝑚 ` 𝑐 ` 𝑧 “ 𝑙 ` 𝑧 Ñ 𝑚 P 𝐾q.

Definition 4. [3] For an universal set B, a hybrid structure in D over B is
�̃�κ :“ p�̃�,κq : D Ñ PpBq ˆ r0, 1s, 𝑑 ÞÑ p�̃�p𝑑q,κp𝑑qq, where �̃� : D Ñ PpBq

and κ : D Ñ r0, 1s are mappings.

A relation ! defined on the gathering of all hybrid structures, denoted
by 𝐻pDq, in D over B as follows:

p@ �̃�κ, �̃�𝜍 P 𝐻pDqq p�̃�κ ! �̃�𝜍 ô �̃� Ď̃ �̃�,κ ľ 𝜍q

where �̃� Ď̃ �̃� means: �̃�p𝑞q Ď �̃�p𝑞q and κ ľ 𝜍 means: κp𝑞q ⩾ 𝜍p𝑞q @ 𝑞 P D.
Then the set p𝐻pDq,!q is partially ordered.

Definition 5. �̃�κ P 𝐻pDq is described as a hybrid left (resp., right) ideal
in D if �̃�κ fulfils the criteria:

(i) p@ 𝑐0, 𝑔0 P Dq

ˆ

�̃�p𝑐0 ` 𝑔0q Ě �̃�p𝑐0q X �̃�p𝑔0q
κp𝑐0 ` 𝑔0q ⩽ κp𝑐0q _ κp𝑔0q

˙

,

(ii) p@ 𝑐0, 𝑔0 P Dq

ˆ

�̃�p𝑐0𝑔0q Ě �̃�p𝑔0qpresp., �̃�p𝑐0𝑔0q Ě �̃�p𝑐0qq

κp𝑐0𝑔0q ⩽ κp𝑔0qpresp., κp𝑐0𝑔0q ⩽ κp𝑐0qq

˙

.
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It is obvious that for a hybrid left ideal �̃�κ in D, �̃�p0q Ě �̃�p𝑔0q and
κp0q ⩽ κp𝑔0q @ 𝑔0 P D.

Definition 6. A hybrid left (resp., right) ideal �̃�κ is described as a hybrid
left (resp., right) ℎ-ideal in D if �̃�κ fulfils the criteria: For 𝑦0, 𝑘0, 𝑣0, 𝑠0 P D,

p𝑣0 ` 𝑦0 ` 𝑠0 “ 𝑘0 ` 𝑠0q ùñ

ˆ

�̃�p𝑣0q Ě �̃�p𝑦0q X �̃�p𝑘0q
κp𝑣0q ⩽ κp𝑦0q _ κp𝑘0q

˙

.

Definition 7. A hybrid 𝑡-norm Tϒ is a structure Tϒ :“ pT,Υq, where
T : PpBqˆPpBq Ñ PpBq and Υ: IˆI Ñ I are mappings, fulfils the criteria:

(i)
ˆ

@ 𝐻 P PpBq

@ ℎ P r0, 1s

˙ˆ

Tp𝐻,Bq “ 𝐻
Υpℎ, 0q “ ℎ

˙

,

(ii)
ˆ

@ 𝐻,𝑅,𝐿 P PpBq

@ ℎ, 𝑟, 𝑙 P r0, 1s

˙ˆ

Tp𝐻,𝑅q Ď Tp𝐻,𝐿q if 𝑅 Ď 𝐿
Υpℎ, 𝑟q ⩾ Υpℎ, 𝑙q if 𝑟 ⩾ 𝑙

˙

,

(iii)
ˆ

@ 𝐻,𝑅 P PpBq

@ ℎ, 𝑟 P r0, 1s

˙ˆ

Tp𝐻,𝑅q “ Tp𝑅,𝐻q

Υpℎ, 𝑟q “ Υp𝑟, ℎq

˙

,

(iv)
ˆ

@ 𝐻,𝑅,𝐿 P PpBq

@ ℎ, 𝑟, 𝑙 P r0, 1s

˙ˆ

Tp𝐻,Tp𝑅,𝐿qq “ TpTp𝐻,𝑅q, 𝐿q

Υpℎ,Υp𝑟, 𝑙qq “ ΥpΥpℎ, 𝑟q, 𝑙q

˙

.

For a hybrid 𝑡-norm Tϒ on PpBq, it is denoted by ΘT “ tΛ P PpBq :
TpΛ,Λq “ Λu and Υ on r0, 1s, it is denoted by Θϒ “ t𝜆 P I : Υp𝜆, 𝜆q “ 𝜆u.

Lemma 1. Each hybrid 𝑡-norm Tϒ has the following attributes:
TpΞ,Λq Ď Ξ X Λ and Υp𝜉, 𝜆q ⩾ 𝜉 _ 𝜆, @ Ξ,Λ P PpBq and @ 𝜉, 𝜆 P r0, 1s.

Proof. Straight forward. l

Definition 8. Let Tϒ be a hybrid 𝑡-norm. Then the hybrid structure 𝑒𝜚
in D satisfies the imaginable property if 𝐼𝑚p𝑒q Ď ΘT and 𝐼𝑚p𝜚q Ď Θϒ.

Definition 9. Let Tϒ be a hybrid 𝑡-norm. Then the hybrid structure 𝑒𝜚
in D is said to be imaginable if it satisfies the imaginable property.

Definition 10. Let Tϒ be a hybrid 𝑡-norm. A hybrid structure �̃�𝜚 is
described as a Tϒ-hybrid left (resp., right) ideal of D if it satisfy the
following:

(i) p@ 𝑠, 𝑎 P Dq

ˆ

�̃�p𝑠 ` 𝑎q Ě Tp�̃�p𝑠q, �̃�p𝑎qq

𝜚p𝑠 ` 𝑎q ⩽ Υp𝜚p𝑠q, 𝜚p𝑎qq

˙

,

(ii) p@ 𝑠, 𝑎 P Dq

¨

˝

�̃�p𝑠𝑎q Ě �̃�p𝑎qpresp., �̃�p𝑠𝑎q Ě �̃�p𝑠qq

𝜚p𝑠𝑎q ⩽ 𝜚p𝑎qpresp., 𝜚p𝑠𝑎q ⩽ 𝜚p𝑠qq

˛

‚.
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Definition 11. Let Tϒ be a hybrid 𝑡-norm. A Tϒ-hybrid left (resp.,
right) ideal �̃�𝜛 of D is referred to be a Tϒ-hybrid left (resp., right) ℎ-ideal
of D if it satisfies the following: For 𝑤, 𝑔, 𝑧, 𝑠 P D,

p𝑧 ` 𝑤 ` 𝑠 “ 𝑔 ` 𝑠q ñ

ˆ

�̃�p𝑧q Ě Tp�̃�p𝑤q, �̃�p𝑔qq

𝜛p𝑧q ⩽ Υp𝜛p𝑤q, 𝜛p𝑔qq

˙

.

Definition 12. For �̃�𝜍 P 𝐻pDq and pΓ, 𝛾q P PpBq ˆ r0, 1s, we define

DΓ
�̃� :“ t𝑟 P D : �̃�p𝑟q Ě Γu and D𝛾

𝜍 :“ t𝑟 P D : 𝜍p𝑟q ⩽ 𝛾u.

Definition 13. For �̃�𝜍 P 𝐻pDq, 𝑄 P PpBq and 𝛾 P r0, 1s, the set

�̃�𝜍r𝑄, 𝛾s :“ t𝑎1 P D | �̃�p𝑎1q Ě 𝑄 𝑎𝑛𝑑 𝜍p𝑎1q ⩽ 𝛾u

is described as r𝑄, 𝛾s-hybrid cut of �̃�𝜍 . Note that DΓ
�̃� X D𝛾

𝜍 “ �̃�𝜍rΓ, 𝛾s.

Let D be a hemiring. Then we use the following notations:

(i) Tϒ is the hybrid 𝑡-norm.
(ii) 𝐻Tϒ𝐿

pDq is the collection of all Tϒ-hybrid left ℎ-ideals of D.
(iii) 𝐻Tϒ𝐿

pDˆDq is the collection of all Tϒ-hybrid left ℎ-ideals of DˆD.

3. T-product of 𝐻Tϒ𝐿
pDq. In this section, we define some defini-

tions and their results on Tϒ-hybrid relations, direct Tϒ-product and the
strongest Tϒ-hybrid relations in hemirings.

Definition 14. A Tϒ-hybrid relation on D is a hybrid structure

𝑣κ :“ p𝑣,κq : D ˆ D Ñ PpBq ˆ I,

where 𝑣 : D ˆ D Ñ PpBq and κ : D ˆ D Ñ I are mappings.

Definition 15. Let 𝑣κ be a hybrid relation on D and �̃�𝜄 P 𝐻pDq. Then
𝑣κ is a Tϒ-hybrid relation on �̃�𝜄 if

p@ 𝑠, 𝑎 P Dq

ˆ

𝑣p𝑠, 𝑎q Ď Tp�̃�p𝑠q, �̃�p𝑎qq

κp𝑠, 𝑎q ⩾ Υp𝜄p𝑠q, 𝜄p𝑎qq

˙

.

Definition 16. Let �̃�𝜍 be a hybrid relation on D and 𝑣𝜛 P 𝐻pDq. Then
�̃�𝜍 is described as a strongest Tϒ-hybrid relation on 𝑣𝜛 if

p@ 𝑡0, 𝑓0 P Dq

ˆ

�̃�p𝑡0, 𝑓0q “ Tp𝑣p𝑡0q, 𝑣p𝑓0qq

𝜍p𝑡0, 𝑓0q “ Υp𝜛p𝑡0q, 𝜛p𝑓0qq

˙

.
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Definition 17. Let 𝑣κ, �̃�𝜄 P 𝐻pDq and the hybrid relation
𝑣κ b �̃�𝜄 :“ p𝑣 ˆ �̃�,κ ˆ 𝜄q on D ˆ D. Then the direct Tϒ-product of 𝑣κ
and �̃�𝜄 is defined by

p@ 𝑠, 𝑤 P Dq

˜

p𝑣 ˆ �̃�qp𝑠, 𝑤q “ Tp𝑣p𝑠q, �̃�p𝑤qq

pκ ˆ 𝜄qp𝑠, 𝑤q “ Υpκp𝑠q, 𝜄p𝑤qq

¸

.

Lemma 2. Let 𝑣κ, �̃�𝜄 P 𝐻pDq. Then for any 𝜖 P PpBq and 𝑐 P I,
D𝜖

𝑣ˆ�̃� Ď D𝜖
𝑣 ˆ D𝜖

�̃� and D𝑐
κˆ𝜄 Ď D𝑐

κ ˆ D𝑐
𝜄 .

Proof. Let p𝑠, 𝑎q P D𝜖
𝑣ˆ�̃�. Then p𝑣ˆ �̃�qp𝑠, 𝑎q Ě 𝜖 implies Tp𝑣p𝑠q, �̃�p𝑎qq Ě 𝜖.

By Lemma 1, we have 𝑣p𝑠q Ě 𝜖 and �̃�p𝑎q Ě 𝜖; thus, 𝑠 P D𝜖
𝑣 and 𝑎 P D𝜖

�̃�,
and, hence, p𝑠, 𝑎q P D𝜖

𝑣 ˆ D𝜖
�̃�. So D𝜖

𝑣ˆ�̃� Ď D𝜖
𝑣 ˆ D𝜖

�̃�.
Let p𝑠, 𝑎q P D𝑐

κˆ𝜄. Then pκ ˆ 𝜄qp𝑠, 𝑎q ⩽ 𝑐 implies Υpκp𝑠q, 𝜄p𝑎qq ⩽ 𝑐. By
Lemma 1, we have κp𝑠q ⩽ 𝑐 and 𝜄p𝑎q ⩽ 𝑐; thus, 𝑠 P D𝑐

κ and 𝑎 P D𝑐
𝜄 , and,

hence, p𝑠, 𝑎q P D𝑐
κ ˆ D𝑐

𝜄 . So D𝑐
κˆ𝜄 Ď D𝑐

κ ˆ D𝑐
𝜄 . l

Lemma 3. For 𝑣κ, ℎ̃𝜄 P 𝐻pDq, if 𝑣κ is a strongest Tϒ-hybrid relation on
ℎ̃𝜄, then, for 𝜖 P PpBq and 𝑐0 P r0, 1s, we have:

(i) pD ˆ Dq𝜖𝑣 Ď D𝜖
ℎ̃

ˆ D𝜖
ℎ̃
.

(ii) pD ˆ Dq𝑐0κ Ď D𝑐0
𝜄 ˆ D𝑐0

𝜄 .

Proof.

(i) Let p𝑠, 𝑎q P pD ˆ Dq𝜖𝑣. Then 𝑣p𝑠, 𝑎q Ě 𝜖 implies Tpℎ̃p𝑠q, ℎ̃p𝑎qq Ě 𝜖. By
Lemma 1, we have ℎ̃p𝑠q Ě 𝜖 and ℎ̃p𝑎q Ě 𝜖, and, hence, p𝑠, 𝑎q P D𝜖

ℎ̃
ˆD𝜖

ℎ̃
.

So, pD ˆ Dq𝜖𝑣 Ď D𝜖
ℎ̃

ˆ D𝜖
ℎ̃
.

(ii) Let p𝑠, 𝑎q P pDˆDq𝑐0κ . Then κp𝑠, 𝑎q ⩽ 𝑐0 implies Υp𝜄p𝑠q,𝜄p𝑎qq ⩽ 𝑐0. By
Lemma 1, we have 𝜄p𝑠q ⩽ 𝑐0 and 𝜄p𝑎q ⩽ 𝑐0. Hence, p𝑠, 𝑎q P D𝑐0

𝜄 ˆ D𝑐0
𝜄 .

So, pD ˆ Dq𝑐0κ Ď D𝑐0
𝜄 ˆ D𝑐0

𝜄 .

l

Proposition 1. Let 𝑣𝜗 P 𝐻pDq and �̃�𝜍 P 𝐻pD ˆ Dq be the strongest
Tϒ-hybrid relation on 𝑣𝜗. If �̃�𝜍 in D ˆ D is an imaginable Tϒ-hybrid left
ℎ-ideal, then 𝑣p𝑠0q Ď 𝑣p0q and 𝜗p𝑠0q ⩾ 𝜗p0q @ 𝑠0 P D.

Proof. If �̃�𝜍 P 𝐻Tϒ𝐿
pD ˆ Dq, then @ 𝑠0 P D, we have �̃�p𝑠0, 𝑠0q Ď �̃�p0, 0q

and 𝜍p𝑠0, 𝑠0q⩾ 𝜍p0, 0q, which imply that

𝑣p𝑠0q “ Tp𝑣p𝑠0q, 𝑣p𝑠0qq Ď Tp𝑣p0q, 𝑣p0qq “ 𝑣p0q



Hybrid norm product and relation structures in hemirings 43

and 𝜗p𝑠0q “ Υp𝜗p𝑠0q, 𝜗p𝑠0qq ⩾ Υp𝜗p0q, 𝜗p0qq “ 𝜗p0q. l

Theorem 1. Let �̃�𝜍 , 𝑑𝜄 P 𝐻Tϒ𝐿
pDq. Then �̃�𝜍 b 𝑑𝜄 P 𝐻Tϒ𝐿

pD ˆ Dq.

Proof. Let 𝑤 “ p𝑤0, 𝑤1q and 𝑝 “ p𝑝0, 𝑝1q be any elements of DˆD. Then,

p�̃�ˆ 𝑑qp𝑤` 𝑝q “ p�̃�ˆ 𝑑qpp𝑤0, 𝑤1q ` p𝑝0, 𝑝1qq “ p�̃�ˆ 𝑑qp𝑤0 ` 𝑝0, 𝑤1 ` 𝑝1q “

“ Tp�̃�p𝑤0 ` 𝑝0q, 𝑑p𝑤1 ` 𝑝1qq Ě TpTp�̃�p𝑤0q, �̃�p𝑝0qq,Tp𝑑p𝑤1q, 𝑑p𝑝1qqq “

“ TpTp�̃�p𝑤0q, 𝑑p𝑤1qq,Tp�̃�p𝑝0q, 𝑑p𝑝1qqq “ Tpp�̃�ˆ𝑑qp𝑤0, 𝑤1q, p�̃�ˆ𝑑qp𝑝0, 𝑝1qq “

“ Tpp�̃� ˆ 𝑑qp𝑤q, p�̃� ˆ 𝑑qp𝑝qq,

p𝜍 ˆ 𝜄qp𝑤` 𝑝q “ p𝜍 ˆ 𝜄qpp𝑤0, 𝑤1q ` p𝑝0, 𝑝1qq “ p𝜍 ˆ 𝜄qp𝑤0 ` 𝑝0, 𝑤1 ` 𝑝1q “

“ Υp𝜍p𝑤0 ` 𝑝0q, 𝜄p𝑤1 ` 𝑝1qq ⩽ ΥpΥp𝜍p𝑤0q, 𝜍p𝑝0qq,Υp𝜄p𝑤1q, 𝜄p𝑝1qqq “

“ ΥpΥp𝜍p𝑤0q, 𝜄p𝑤1qq,Υp𝜍p𝑝0q, 𝜄p𝑝1qqq “ Υpp𝜍ˆ𝜄qp𝑤0, 𝑤1q,p𝜍ˆ𝜄qp𝑝0, 𝑝1qq “

“ Υpp𝜍 ˆ 𝜄qp𝑤q, p𝜍 ˆ 𝜄qp𝑝qq.

Also,

p�̃� ˆ 𝑑qp𝑤𝑝q “ p�̃� ˆ 𝑑qp𝑤0𝑝0, 𝑤1𝑝1q “

“ Tp�̃�p𝑤0𝑝0q, 𝑑p𝑤1𝑝1qq Ě Tp�̃�p𝑝0q, 𝑑p𝑝1qq “

“ p�̃� ˆ 𝑑qp𝑝0, 𝑝1q “ p�̃� ˆ 𝑑qp𝑝q,

p𝜍 ˆ 𝜄qp𝑤𝑝q “ p𝜍 ˆ 𝜄qp𝑤0𝑝0, 𝑤1𝑝1q “ Υp𝜍p𝑤0𝑝0q, 𝜄p𝑤1𝑝1qq ⩽

⩽ Υp𝜍p𝑝0q, 𝜄p𝑝1qq “ p𝜍 ˆ 𝜄qp𝑝0, 𝑝1q “ p𝜍 ˆ 𝜄qp𝑝q.

Hence, �̃�𝜍 b 𝑑𝜄 is a Tϒ-hybrid left ideal.
Let 𝑠 “ p𝑠1, 𝑠2q, 𝑧 “ p𝑧1, 𝑧2q, 𝑖 “ p𝑖1, 𝑖2q and 𝑡 “ p𝑡1, 𝑡2q be such that

𝑠 ` 𝑖 ` 𝑧 “ 𝑡 ` 𝑧. Then p𝑠1, 𝑠2q ` p𝑖1, 𝑖2q ` p𝑧1, 𝑧2q “ p𝑡1, 𝑡2q ` p𝑧1, 𝑧2q and
so 𝑠1 ` 𝑖1 ` 𝑧1 “ 𝑡1 ` 𝑧1 and 𝑠2 ` 𝑖2 ` 𝑧2 “ 𝑡2 ` 𝑧2. It follows that

p�̃� ˆ 𝑑qp𝑠q “ p�̃� ˆ 𝑑qp𝑠1, 𝑠2q “ Tp�̃�p𝑠1q, 𝑑p𝑠2qq Ě

Ě TpTp�̃�p𝑖1q, �̃�p𝑡1qq,Tp𝑑p𝑖2q, 𝑑p𝑡2qqq “ TpTp�̃�p𝑖1q, 𝑑p𝑖2qq,Tp�̃�p𝑡1q, 𝑑p𝑡2qqq “

“ Tpp�̃� ˆ 𝑑qp𝑖1, 𝑖2q, p�̃� ˆ 𝑑qp𝑡1, 𝑡2qq “ Tpp�̃� ˆ 𝑑qp𝑖q, p�̃� ˆ 𝑑qp𝑡qq,

p𝜍 ˆ 𝜄qp𝑠q “ p𝜍 ˆ 𝜄qp𝑠1, 𝑠2q “ Υp𝜍p𝑠1q, 𝜄p𝑠2qq ⩽

⩽ ΥpΥp𝜍p𝑖1q, 𝜍p𝑡1qq,Υp𝜄p𝑖2q, 𝜄p𝑡2qqq “ ΥpΥp𝜍p𝑖1q, 𝜄p𝑖2qq,Υp𝜍p𝑡1q, 𝜄p𝑡2qqq “

“ Υpp𝜍 ˆ 𝜄qp𝑖1, 𝑖2q, p𝜍 ˆ 𝜄qp𝑡1, 𝑡2qq “ Υpp𝜍 ˆ 𝜄qp𝑖q, p𝜍 ˆ 𝜄qp𝑡qq.
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Therefore, �̃�𝜍 b 𝑑𝜄 P 𝐻Tϒ𝐿
pD ˆ Dq. l

Corollary 1. If 𝑣𝜛, 𝑐𝜗 P 𝐻Tϒ𝐿
pDq are imaginable, then

𝑣𝜛 b 𝑐𝜗 P 𝐻Tϒ𝐿
pD ˆ Dq is also an imaginable.

Proof. By Theorem 1, we have 𝑣𝜛b𝑐𝜗 P𝐻Tϒ𝐿
pDˆDq. Let 𝑙“p𝑙0, 𝑙1qPDˆD.

Then

Tpp𝑣 ˆ 𝑐qp𝑙q, p𝑣 ˆ 𝑐qp𝑙qq “ Tpp𝑣 ˆ 𝑐qp𝑙0, 𝑙1q,p𝑣 ˆ 𝑐qp𝑙0, 𝑙1qq “

“ TpTp𝑣p𝑙0q, 𝑐p𝑙1qq,Tp𝑣p𝑙0q, 𝑐p𝑙1qqq “ TpTp𝑣p𝑙0q, 𝑣p𝑙0qq,Tp𝑐p𝑙1q, 𝑐p𝑙1qqq “

“ Tp𝑣p𝑙0q, 𝑐p𝑙1qq “ p𝑣 ˆ 𝑐qp𝑙0, 𝑙1q “ p𝑣 ˆ 𝑐qp𝑙q.

Also,

Υpp𝜛 ˆ 𝜗qp𝑙q, p𝜛 ˆ 𝜗qp𝑙qq “ Υpp𝜛 ˆ 𝜗qp𝑙0, 𝑙1q, p𝜛 ˆ 𝜗qp𝑙0, 𝑙1qq “

“ΥpΥp𝜛p𝑙0q, 𝜗p𝑙1qq,Υp𝜛p𝑙0q, 𝜗p𝑙1qqq“ΥpΥp𝜛p𝑙0q, 𝜛p𝑙0qq,Υp𝜗p𝑙1q, 𝜗p𝑙1qqq“

“ Υp𝜛p𝑙0q, 𝜗p𝑙1qq “ p𝜛 ˆ 𝜗qp𝑙0, 𝑙1q “ p𝜛 ˆ 𝜗qp𝑙q.

Therefore 𝑣𝜛 b 𝑐𝜗 is imaginable. l

The converse of the Corollary 1 is not true in general, as shown in the
following example:

Example 1. Let D be a hemiring with |D| ⩾ 2. For 𝑀0, 𝐻0 P PpBq and
𝑚0, ℎ0 P r0, 1s, define the structure Tϒ :“ pT,Υq, where Tp𝑀0, 𝐻0q “

“ 𝑀0 X 𝐻0 and Υp𝑚0, ℎ0q “ 𝑚0 _ ℎ0. Then Tϒ is a hybrid 𝑡-norm.
Let 𝐽0 PPpBq and 𝑗1 P r0, 1s. Define the hybrid structures 𝑣𝜚, 𝑐𝜛 P𝐻pDq

by 𝑣p𝑎0q “ 𝐽0; 𝜚p𝑎0q “ 𝑗1 and

𝑐p𝑎0q :“

#

𝐽0 if 𝑎0 “ 0,

B otherwise
and 𝜛p𝑎0q :“

#

𝑗1 if 𝑎0 “ 0,

0 otherwise

for any 𝑎0 P D.
If 𝑎1 “ 0, then 𝑐p𝑎1q “ 𝐽0 and 𝜛p𝑎1q “ 𝑗1; so,

p𝑣 ˆ 𝑐qp𝑎0, 𝑎1q “ Tp𝑣p𝑎0q, 𝑐p𝑎1qq “ Tp𝐽0, 𝐽0q “ 𝐽0,

p𝜚 ˆ 𝜛qp𝑎0, 𝑎1q “ Υp𝜚p𝑎0q, 𝜛p𝑎1qq “ Υp𝑗1, 𝑗1q “ 𝑗1.

If 𝑎1 “ 0, then 𝑐p𝑎1q “ B and 𝜛p𝑎1q “ 0; so,

p𝑣 ˆ 𝑐qp𝑎0, 𝑎1q “ Tp𝑣p𝑎0q, 𝑐p𝑎1qq “ Tp𝐽0,Bq “ 𝐽0,
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p𝜚 ˆ 𝜛qp𝑎0, 𝑎1q “ Υp𝜚p𝑎0q, 𝜛p𝑎1qq “ Υp𝑗1, 0q “ 𝑗1.

Thus, 𝑣𝜚 b𝑐𝜛 is an imaginable Tϒ-hybrid left ℎ-ideal of DˆD. Here 𝑣𝜚
is an imaginable Tϒ-hybrid left ℎ-ideal of D, but 𝑐𝜛 is not an imaginable
Tϒ-hybrid left ℎ-ideal of D, as for 𝑎0 “ 0 we have 𝑐p0q “ 𝐽0 Ă B “ 𝑐p𝑎0q
and 𝜛p0q “ 𝑗1 ă 1 “ 𝜛p𝑎0q.

Definition 18. Let 𝑣κ and �̃�𝜄 be hybrid structures in D. Then the Tϒ-
product of 𝑣κ and �̃�𝜄, written as r𝑣κ ¨ �̃�𝜄sTϒ

, is defined by

p@ 𝑠 P Dq

ˆ

r𝑣 ¨ �̃�sTp𝑠q “ Tp𝑣p𝑠q, �̃�p𝑠qq

rκ ¨ 𝜄sϒp𝑠q “ Υpκp𝑠q,𝜄p𝑠qq

˙

.

Definition 19. Let Tϒ be a hybrid 𝑡-norm. Then the hybrid 𝑡-norm T˚
ϒ

is said to be dominated if it satisfies:
ˆ

@ 𝑍, 𝑃,𝐺,𝐶 PPpBq

@ 𝜗, 𝜚, 𝜎,κPr0, 1sq

˙ˆ

T˚pTp𝑍, 𝑃 q,Tp𝐺,𝐶qqĚTpT˚p𝑍,𝐺q,T˚p𝑃,𝐶qq

Υ˚pΥp𝜗, 𝜚q,Υp𝜎,κqq⩽ΥpΥ˚p𝜗, 𝜎q,Υ˚p𝜚,κqq

˙

.

Theorem 2. Let 𝑒𝜛, �̃�𝜄 P 𝐻Tϒ𝐿
pDq. Then r𝑒𝜛 ¨ �̃�𝜄sT˚

ϒ
P 𝐻Tϒ𝐿

pDq.

Proof. Let 𝑣0, 𝑔0 P D. Then

r𝑒 ¨ �̃�sT˚p𝑣0 ` 𝑔0q “ T˚
p𝑒p𝑣0 ` 𝑔0q, �̃�p𝑣0 ` 𝑔0qq Ě

Ě T˚
pTp𝑒p𝑣0q, 𝑒p𝑔0qq,Tp�̃�p𝑣0q, �̃�p𝑔0qqq Ě

Ě TpT˚
p𝑒p𝑣0q, �̃�p𝑣0qq,T˚

p𝑒p𝑔0q, �̃�p𝑔0qqq “ Tpr𝑒 ¨ �̃�sT˚p𝑣0q, r𝑒 ¨ �̃�sT˚p𝑔0qq,

r𝜛 ¨ 𝜄sϒ˚p𝑣0 ` 𝑔0q “ Υ˚
p𝜛p𝑣0 ` 𝑔0q, 𝜄p𝑣0 ` 𝑔0qq ⩽

⩽ Υ˚
pΥp𝜛p𝑣0q, 𝜛p𝑔0qq,Υp𝜄p𝑣0q, 𝜄p𝑔0qqq ⩽

⩽ ΥpΥ˚
p𝜛p𝑣0q, 𝜄p𝑣0qq,Υ˚

p𝜛p𝑔0q, 𝜄p𝑔0qqq “ Υpr𝜛 ¨𝜄sϒ˚p𝑣0q, r𝜛 ¨𝜄sϒ˚p𝑔0qq.

Also,

r𝑒 ¨ �̃�sT˚p𝑣0𝑔0q “ T˚
p𝑒p𝑣0𝑔0q, �̃�p𝑣0𝑔0qq Ě T˚

p𝑒p𝑔0q, �̃�p𝑔0qq “ r𝑒 ¨ �̃�sT˚p𝑔0q,

r𝜛 ¨ 𝜄sϒ˚p𝑣0𝑔0q “ Υ˚
p𝜛p𝑣0𝑔0q, 𝜄p𝑣0𝑔0qq ⩽

⩽ Υ˚
p𝜛p𝑔0q, 𝜄p𝑔0qq “ r𝜛 ¨ 𝜄sϒ˚p𝑔0q.

Hence, r𝑒𝜛 ¨ �̃�𝜄sT˚
ϒ

is a Tϒ-hybrid left ideal of D.
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Now, if 𝑣0,𝑚0, 𝑥0, 𝑑0 P D are such that 𝑣0 ` 𝑥0 ` 𝑚0 “ 𝑑0 ` 𝑚0, then

r𝑒 ¨ �̃�sT˚p𝑣0q “ T˚
p𝑒p𝑣0q, �̃�p𝑣0qq Ě T˚

pTp𝑒p𝑥0q, 𝑒p𝑑0qq,Tp�̃�p𝑥0q, �̃�p𝑑0qqq Ě

Ě TpT˚
p𝑒p𝑥0q, �̃�p𝑥0qq,T˚

p𝑒p𝑑0q, �̃�p𝑑0qqq “ Tpr𝑒 ¨ �̃�sT˚p𝑥0q, r𝑒 ¨ �̃�sT˚p𝑑0qq,

r𝜛 ¨ 𝜄sϒ˚p𝑣0q“Υ˚
p𝜛p𝑣0q, 𝜄p𝑣0qq⩽Υ˚

pΥp𝜛p𝑥0q, 𝜛p𝑑0qq,Υp𝜄p𝑥0q, 𝜄p𝑑0qqq⩽

⩽ ΥpΥ˚
p𝜛p𝑥0q, 𝜄p𝑥0qq,Υ˚

p𝜛p𝑑0q, 𝜄p𝑑0qqq “ Υpr𝜛¨𝜄sϒ˚p𝑥0q, r𝜛¨𝜄sϒ˚p𝑑0qq.

Therefore, r𝑒𝜛 ¨ �̃�𝜄sT˚
ϒ

P 𝐻Tϒ𝐿
pDq. l

Theorem 3. Let 𝑧 : D Ñ D1 be an “onto” homomorphism of hemirings.
Let 𝑒𝜙 and �̃�𝜍 be Tϒ-hybrid left ℎ-ideals of D1. If r𝑒𝜙 ¨ �̃�𝜍sT˚

ϒ
is a T˚

ϒ-product
of 𝑒𝜙 and �̃�𝜍 and r𝑧´1p𝑒𝜙q¨𝑧´1p�̃�𝜍qsT˚

ϒ
is the T˚

ϒ-product 𝑧´1p𝑒𝜙q and 𝑧´1p�̃�𝜍q,
then

𝑧´1
pr𝑒 ¨ �̃�sT˚q “ r𝑧´1

p𝑒q ¨ 𝑧´1
p�̃�qsT˚ ,

𝑧´1
pr𝜙 ¨ 𝜍sϒ˚q “ r𝑧´1

p𝜙q ¨ 𝑧´1
p𝜍qsϒ˚ .

Proof. Let 𝑠 P D. Then

𝑧´1
pr𝑒 ¨ �̃�sT˚qp𝑠q “ r𝑒 ¨ �̃�sT˚p𝑧p𝑠qq “ T˚

p𝑒p𝑧p𝑠qq, �̃�p𝑧p𝑠qqq “

“ T˚
p𝑧´1

p𝑒qp𝑠q, 𝑧´1
p�̃�qp𝑠qq “ r𝑧´1

p𝑒q ¨ 𝑧´1
p�̃�qsT˚p𝑠q,

𝑧´1
pr𝜙 ¨ 𝜍sϒ˚qp𝑠q “ r𝜙 ¨ 𝜍sϒ˚p𝑧p𝑠qq “ Υ˚

p𝜙p𝑧p𝑠qq, 𝜍p𝑧p𝑠qqq “

“ Υ˚
p𝑧´1

p𝜙qp𝑠q, 𝑧´1
p𝜍qp𝑠qq “ r𝑧´1

p𝜙q ¨ 𝑧´1
p𝜍qsϒ˚p𝑠q.

The proof is completed. l

Theorem 4. Let 𝑞𝜚 be an imaginable hybrid structure in a hemiring D
and let 𝑣κ be the strongest Tϒ-hybrid relation on 𝑞𝜚. Then the statements
below are equivalent:

(i) 𝑞𝜚 P 𝐻Tϒ𝐿
pDq,

(ii) 𝑣κ P 𝐻Tϒ𝐿
pD ˆ Dq is imaginable.

Proof. p𝑖q ñ p𝑖𝑖q Let ℎ “ pℎ0, ℎ1q, 𝑢 “ p𝑢0, 𝑢1q P D ˆ D. Then
𝑣pℎ ` 𝑢q “ 𝑣ppℎ0, ℎ1q ` p𝑢0, 𝑢1qq “ 𝑣pℎ0 ` 𝑢0, ℎ1 ` 𝑢1q “

“ Tp𝑞pℎ0 ` 𝑢0q, 𝑞pℎ1 ` 𝑢1qq Ě TpTp𝑞pℎ0q, 𝑞p𝑢0qq,Tp𝑞pℎ1q, 𝑞p𝑢1qqq “

“ TpTp𝑞pℎ0q, 𝑞pℎ1qq,Tp𝑞p𝑢0q, 𝑞p𝑢1qqq “

“ Tp𝑣pℎ0, ℎ1q, 𝑣p𝑢0, 𝑢1qq “ Tp𝑣pℎq, 𝑣p𝑢qq,
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κpℎ ` 𝑢q “ κppℎ0, ℎ1q ` p𝑢0, 𝑢1qq “ κpℎ0 ` 𝑢0, ℎ1 ` 𝑢1q “

“ Υp𝜚pℎ0 ` 𝑢0q, 𝜚pℎ1 ` 𝑢1qq ⩽ ΥpΥp𝜚pℎ0q, 𝜚p𝑢0qq,Υp𝜚pℎ1q, 𝜚p𝑢1qqq “

“ ΥpΥp𝜚pℎ0q, 𝜚pℎ1qq,Υp𝜚p𝑢0q, 𝜚p𝑢1qqq “ Υpκpℎ0, ℎ1q,κp𝑢0, 𝑢1qq “

“ Υpκpℎq,κp𝑢qq.

Also,

𝑣pℎ𝑢q “ 𝑣pℎ0𝑢0, ℎ1𝑢1q “ Tp𝑞pℎ0𝑢0q, 𝑞pℎ1, 𝑢1qq Ě

Ě Tp𝑞p𝑢0q, 𝑞p𝑢1qq “ 𝑣p𝑢0, 𝑢1q “ 𝑣p𝑢q,

κpℎ𝑢q “ κpℎ0𝑢0, ℎ1𝑢1q “ Υp𝜚pℎ0𝑢0q, 𝜚pℎ1𝑢1qq ⩽

⩽ Υp𝜚p𝑢0q, 𝜚p𝑢1qq “ κp𝑢0, 𝑢1q “ κp𝑢q.

Hence, 𝑣κ in D ˆ D is a Tϒ-hybrid left ideal.
Now, let 𝑚 “ p𝑚0,𝑚1q, 𝑡 “ p𝑡0, 𝑡1q, ℎ “ pℎ0, ℎ1q, 𝑙 “ p𝑙0, 𝑙1q P D ˆ D

be such that ℎ ` 𝑚 ` 𝑙 “ 𝑡 ` 𝑙. Then pℎ0, ℎ1q ` p𝑚0,𝑚1q ` p𝑙0, 𝑙1q “

“ p𝑡0, 𝑡1q ` p𝑙0, 𝑙1q. Thus, ℎ0 `𝑚0 ` 𝑙0 “ 𝑡0 ` 𝑙0 and ℎ1 `𝑚1 ` 𝑙1 “ 𝑡1 ` 𝑙1.
Now,

𝑣pℎq“𝑣pℎ0, ℎ1q“Tp𝑞pℎ0q, 𝑞pℎ1qq Ě TpTp𝑞p𝑚0q, 𝑞p𝑡0qq,Tp𝑞p𝑚1q, 𝑞p𝑡1qqq“

“ TpTp𝑞p𝑚0q, 𝑞p𝑚1qq,Tp𝑞p𝑡0q, 𝑞p𝑡1qqq “ Tp𝑣p𝑚0,𝑚1q, 𝑣p𝑡0, 𝑡1qq “

“ Tp𝑣p𝑚q, 𝑣p𝑡qq,

κpℎq“κpℎ0, ℎ1q“Υp𝜚pℎ0q, 𝜚pℎ1qq⩽ΥpΥp𝜚p𝑚0q, 𝜚p𝑡0qq,Υp𝜚p𝑚1q, 𝜚p𝑡1qqq“

“ ΥpΥp𝜚p𝑚0q, 𝜚p𝑚1qq,Υp𝜚p𝑡0q, 𝜚p𝑡1qqq “ Υpκp𝑚0,𝑚1q,κp𝑡0, 𝑡1qq “

“ Υpκp𝑚q,κp𝑡qq.

Therefore, 𝑣κ P 𝐻Tϒ𝐿
pD ˆ Dq.

For 𝑒 “ p𝑒0, 𝑒1q P D ˆ D, we have

Tp𝑣p𝑒q, 𝑣p𝑒qq“Tp𝑣p𝑒0, 𝑒1q, 𝑣p𝑒0, 𝑒1qq“TpTp𝑞p𝑒0q, 𝑞p𝑒1qq,Tp𝑞p𝑒0q, 𝑞p𝑒1qqq“

“ TpTp𝑞p𝑒0q, 𝑞p𝑒0qq,Tp𝑞p𝑒1q, 𝑞p𝑒1qqq “ Tp𝑞p𝑒0q, 𝑞p𝑒1qq “ 𝑣p𝑒0, 𝑒1q “ 𝑣p𝑒q,

Υpκp𝑒q,κp𝑒qq “ Υpκp𝑒0, 𝑒1q,κp𝑒0, 𝑒1qq “

“ ΥpΥp𝜚p𝑒0q, 𝜚p𝑒1qq,Υp𝜚p𝑒0q, 𝜚p𝑒1qqq “

“ΥpΥp𝜚p𝑒0q, 𝜚p𝑒0qq,Υp𝜚p𝑒1q, 𝜚p𝑒1qqq“Υp𝜚p𝑒0q, 𝜚p𝑒1qq“κp𝑒0, 𝑒1q“κp𝑒q.
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Thus, 𝑣κ P 𝐻Tϒ𝐿
pD ˆ Dq is imaginable.

p𝑖𝑖q ñ p𝑖q Consider that 𝑣κ is an imaginable Tϒ-hybrid left ℎ-ideal in
D ˆ D. For 𝑔0, 𝑏0 P D, we get

𝑞p𝑔0 ` 𝑏0q “ Tp𝑞p𝑔0 ` 𝑏0q, 𝑞p𝑔0 ` 𝑏0qq “ 𝑣p𝑔0 ` 𝑏0, 𝑔0 ` 𝑏0q “

“ 𝑣pp𝑔0, 𝑔0q ` p𝑏0, 𝑏0qq Ě Tp𝑣p𝑔0, 𝑔0q, 𝑣p𝑏0, 𝑏0qq “

“ TpTp𝑞p𝑔0q, 𝑞p𝑔0qq,Tp𝑞p𝑏0q, 𝑞p𝑏0qqq “ Tp𝑞p𝑔0q, 𝑞p𝑏0qq,

𝜚p𝑔0 ` 𝑏0q “ Υp𝜚p𝑔0 ` 𝑏0q, 𝜚p𝑔0 ` 𝑏0qq “ κp𝑔0 ` 𝑏0, 𝑔0 ` 𝑏0q “

“ κpp𝑔0, 𝑔0q ` p𝑏0, 𝑏0qq ⩽ Υpκp𝑔0, 𝑔0q,κp𝑏0, 𝑏0qq “

“ ΥpΥp𝜚p𝑔0q, 𝜚p𝑔0qq,Υp𝜚p𝑏0q, 𝜚p𝑏0qqq “ Υp𝜚p𝑔0q, 𝜚p𝑏0qq.

Also,

𝑞p𝑔0𝑏0q “ Tp𝑞p𝑔0𝑏0q, 𝑞p𝑔0𝑏0qq “ 𝑣pp𝑔0, 𝑔0qp𝑏0, 𝑏0qq Ě 𝑣p𝑏0, 𝑏0q “

“ Tp𝑞p𝑏0q, 𝑞p𝑏0qq “ 𝑞p𝑏0q,

𝜚p𝑔0𝑏0q “ Υp𝜚p𝑔0𝑏0q, 𝜚p𝑔0𝑏0qq “ κpp𝑔0, 𝑔0qp𝑏0, 𝑏0qq ⩽ κp𝑏0, 𝑏0q “

“ Υp𝜚p𝑏0q, 𝜚p𝑏0qq “ 𝜚p𝑏0q.

Hence, 𝑞𝜚 in D is an imaginable Tϒ-hybrid left ideal.
Let 𝑚0, 𝑐0, 𝑤0, 𝑣0 P D be such that 𝑤0 ` 𝑚0 ` 𝑣0 “ 𝑐0 ` 𝑣0. Then

p𝑤0, 𝑤0q ` p𝑚0,𝑚0q ` p𝑣0, 𝑣0q “ p𝑐0, 𝑐0q ` p𝑣0, 𝑣0q.
It follows that

𝑞p𝑤0q “ Tp𝑞p𝑤0q, 𝑞p𝑤0qq “ 𝑣p𝑤0, 𝑤0q Ě Tp𝑣p𝑚0,𝑚0q, 𝑣p𝑐0, 𝑐0qq “

“ TpTp𝑞p𝑚0q, 𝑞p𝑚0qq,Tp𝑞p𝑐0q, 𝑞p𝑐0qqq “ Tp𝑞p𝑚0q, 𝑞p𝑐0qq

and

𝜚p𝑤0q “ Υp𝜚p𝑤0q, 𝜚p𝑤0qq ⩽ Υpκp𝑚0,𝑚0q,κp𝑐0, 𝑐0qq “

“ ΥpΥp𝜚p𝑚0q, 𝜚p𝑚0qq,Υp𝜚p𝑐0q, 𝜚p𝑐0qqq “ Υp𝜚p𝑚0q, 𝜚p𝑐0qq.

Consequently, 𝑞𝜚 P 𝐻Tϒ𝐿
pDq is imaginable. l

4. Conclusion. In this article, we explored the notion of Tϒ-hybrid
relations, strongest Tϒ-hybrid relations, and direct Tϒ-product in a hemir-
ing by using the idea of hybrid Tϒ-norm, and investigated some of their
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significant properties. In the future research, we could extend the Tϒ-
hybrid ideals of hemirings to Tϒ-hybrid bi-ideals of hemirings.
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