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Abstract. In this paper, the inverse problem of the Bitsadze—
Samarsky type is studied for a fractional order equation with a
Hadamard—Caputo fractional differentiation operator. The prob-
lem is solved using the spectral method. The spectral aspects of
the obtained problem are investigated, root functions are found,
and their basis property is proved. The conjugate problem is in-
vestigated. The uniqueness and existence theorems for a regular
solution to this problem are proved.
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1. Problem statement. The Hadamard integration operator of
order a > 0 is the expression [1]

aJSy() = ﬁ/ (m 3>a1y(7)d77, £>0.

If o = 0, we suppose that gJoy(t) = y(t).

For a € (m — 1,m],m = 1,2, ..., the following expression
1 1 ¢ m—oa—1 d
-
Dgy(t) = gJi“(0™y(t) = =— In — O™y (1)—
e i) = I 0mu0) = s [ () oyn”
0

is called the Hadamard—Caputo differentiation operator of the order a > 0,
where § = t4 and 0F =4 - 051k > 1 [2].
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Let 0 < a < 1,8 > 0. Consider the following equation:
tP e DSz, t) = uge(2, 1) + g(z). (1)
For the case a = 1,8 =1, we get

ou(t, x)
ot

0
-8 a -1
t HcDOtU(t, 33) =1 <t—t>U(t, iL‘) =

and equation (1) coincides with the classical parabolic equation.
Let Q = {(z,t): 0 <2z < 1,0 <t < T}, where T is a positive real num-
ber. For equation (1), consider the following problem in the domain 2:
Problem BS. Find a pair of functions (u(x,t), g(x)) from the class

w(x,t), t7P o DSu(z, 1), up(z,t) € C(Q), g(x) € C[0,1], (2)

satisfying in the domain 2 equation (1) and the conditions

u(z,0) = p(z), 0< Tz < 1, (3)
u(z,T) =1(z), 0 <x <1, (4)
w(0,t) =0,0<t<T, (5)
u(l,t) = u(xo,t), 0 <t < T. (6)

Here p(x), 1 (x) are the given functions, 5, a, xg are the given real numbers,
such that § > 0,0 < zy < 1.

Among the first works devoted to the issues related to the solvability
of nonlocal problems, we note the work of T. Carleman [3] (see also [4]),
where the problem with a nonlocal condition, which consists in finding a
holomorphic function in a bounded domain that connects the values of
this function at different points of the boundary, is studied. This problem
was reduced to a singular integral equation with deviation. We should
also note the papers [5] and [6], where abstract nonlocal elliptic boundary
value problems were studied.

A nonlocal boundary-value problem of a new type for an elliptic differ-
ential equation that arises in plasma theory was formulated by A. V. Bit-
sadze and A. A. Samarskii [7]. This problem was reduced to an integral
Fredholm equation of the second kind. Using the extremum principle for
elliptic equations, the uniqueness of the classical solution is proved.

Further, the results on the theory of partial differential equations and
functional-differential equations made it possible to study the solvability
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problem for a wide class of nonlocal elliptic boundary value problems. In
the monograph [8] (see also [9]), a detailed classification of nonlocal elliptic
boundary value problems is given, the uniqueness and solvability of such
problems in Sobolev spaces and weighted Kondratiev spaces are studied,
the properties of the index, the spectral properties of the corresponding
operators, the asymptotic behavior of solutions, and the smoothness of
generalized solutions are considered. In addition, applications of nonlocal
problems to the processes of heat distribution, diffusion, and cooling of
aircraft engines are described.

Similar problems with operators of integer or fractional order with
Riemann-Liouville, Caputo, and Hadamard—-Caputo derivatives were stud-
ied in [10], [11], [12], [13], and for parabolic systems in [14], [15].

Note that inverse problems for a parabolic equation of fractional order
with the Gerasimov—Caputo operator were also studied in [16], [17], and
for degenerate equations, in [18], [19].

In this paper, an inverse problem of the Bitsadze-Samarskii type is
studied for a degenerate fractional parabolic equation with the Hadamard—
Caputo operator. Using the spectral method, the eigenvalues, as well as
the corresponding root functions, are found, and their basis property is
proved. The spectral issues of the conjugate problem are also investigated.

2. The Cauchy problem for a one-dimensional fractional dif-
ferential equation.

In this subsection, we study the Cauchy problem for a one-dimensional
fractional differential equation with a Hadamard—Caputo derivative.

Let 0 < a <1, > 0. We introduce the following operators:

Bly(t) =t neDyy(t), B, y(t) = Jelr (1)

and study some properties of these operators.
From the definition of operators g J§y(t) and goD§,y(t), it follows that

0, n=0,

PR (0,1]. (7)

Hjoojf(t'u) = Miatuaoéau > O:HCD(O)[t(tu) = {

Lemma 1. Let a € (0,1], 8 > 0, and f(t) € C[0,d]. Then B;’f(t) €
C[0,d] and the following estimate holds:

dP
HB;ﬁf(t)Hc[o,d] < @Hf(t)”c*[o,dp
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where || f(¢)|| oo, = max [f(2)]-

0<t<d

Proof. Let f(t) € C[0,d]. Then, taking into account the definition of the
operator B;”, we obtain

BPft)| = t73<ln£)a_1f(7')d—7— <
‘ ‘ ‘I‘ 0/ T T S

1F D llcpa £\o I Olopag * [ oy o
<W/<ln;> ﬁld _W@/T 16 dT—
0

_ 1 ®llepa s
g

0

Thus, we get the following estimate:

If®le
B8 [0.d] B
Mewa=me [BS O] < =57 max t

B;” _ & t
|B.Pf(t Bal\f( Newp.a,

Lemma 1 is proved. [

Lemma 2. Let 0 < a < 1 and f(t) € C'0,d]. Then gD f(t) €
C10,d], ge D, f(0) = 0, and the following estimate holds:

HHcD& ()HCOd] dHf( )HC[o,d]'

Proof. If o = 1, then ycD{, f(t) = t4 f(t). Hence, for f(t) € C'[0,d] we
get ye DY, f(t) € C[0,d]. Tt is obvious that yoD,f(t)|i—o= t5f(t)|i=0 =
0.

Let 0 < a < 1. Then

dr
Do ‘—’ =] <
‘HC’ 0t Fl—a/ )7'
0

t

< ﬁ/(lnﬁ)_au'(fndm

1 / t\ ¢
< Hf,(t)HC[o,d}m/(ln;) dr =t 'Ol cp.q-

0
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Thus, we obtain
||HCD8tf(t)||C[0,d] < d”f,(t)”c[o,d]v e DG f () =0 = 11_{% neDg f(t) =0.

Lemma 2 is proved. [
Lemma 3. Let 0 < o < 1, 8 > 0 and f(t) € C'[0,d]. Then the
following equality holds:

B [BRIA] (t) = f(t) = £(0). (8)

Proof. As f(t) € C[0,d], Lemma 2 implies that the function BZ[f](t)
belongs to the class C[0,d]. If & = 1, then

t t

57 [B1) 0 = [ BN T = [Pror i = 10 - 10)

0 0

For 0 < a < 1, taking into account the formula
ulguldy, = uly’, a,8>0
from [1], we get

t

B (B 0 = i [ (m8) P Binn S -

= uloy [mdo “[ 1] () = wdo, [f] (1) = f(t) = £(0).
Lemma 3 is proved. [

In the domain (0, d), consider the following Cauchy problem:
Bly(t) = \y(t), 0<t<d, 9)

y(0) =0, (10)

where b is a real positive number.

A solution to this problem is a function from the class y(t) € [0,d],
BPy(t) € C(0,d) satisfying equation (9) and condition (10) in the classical
sense.
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Let a function y(t) be a solution to problem (9), (10). Applying the
operator y(t) to both parts of (9), we have

B.? [Bly] (t) = AB.[yl(t), 0<t<d.
Hence, taking into account (7) and (8), we obtain
y(t) = b+ ABP[y)(t), 0<t<d.

Thus, if y(¢) is a solution of problem (9), (10), then it satisfies the
Volterra integral equation of the second kind of the type

/Ktr P +b, (11)

where K (t,7) = (In(t) — In(7))* 781,

To find a solution to the integral equation (11), we apply the method
of normalized systems [20]. To do this, denote L; = E, Ly = AB,7,
where E is the unit operator. Then equation (11) can be rewritten as
(L1 — Lo)y(t) = b. As Ly = E, we get L{* = E. Let go = b. Further,
we use the technique used in [20]. According to this method, consider the
system

g = (L7' L) g0,k =1,2,....

For k =1, we get

g1(t) = (\B3)go = AB7P[t] = % / (m 3) Al

-
Ab 70 At T Ab

= — fafltﬁ’le’(ﬁfl)éteédf = /salesds =P,
(o) J BT 5

Let k = 2. Then we get

92(t) = (AB.")gn

26—1d —
5“F / "

0

/\2t2ﬁ /fa—le—2ﬁ€d€ — /\2b t?ﬂ
ﬁar( ) 2a52a
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Further, using the method of mathematical induction, for k£ > 2 the
function gx(t) can be represented as

ANep
()7 ga’

Lemma 4. Let 0 < o < 1 and 8 > 0. Then problem (9), (10) has a
unique solution, which has the form

= Z ﬂka . (12)
k=0

ae(t) = AB;)b =

Proof. Let us first show the convergence of the series (12). To do this,

we evaluate the ratio g’;:(l) Then we get

AF148(k+1) Ay Bk
’ Bak (k;l)a

Therefore, by the d’Alembert criterion, the series (12) converges uni-
formly for ¢ € [0,d] (in general, for ¢ > 0). Since the functions gx(t),
k = 1,2,..., are continuous on [0, +00), the sum of the series is also
continuous in ¢ € [0, d].

Further, applying the operator B? to the functions g;(t), and taking
into account (7), we have

A
= Bk ke

ge(t) | |8+ ((k + 1))

Gr1(t) ' _

Blgo(t) =0,
\F \F
k1)® phe Bre=1((k —1)H)*"

Then, formally applying the operator B? to the series (12), we obtain

Z Blor(t) =AY gra(t) =AY g(t) = My().  (13)

t(k 15_)\gk 1() ]{3>1

Blowlt) = B[t ] =

This implies a uniform convergence of the series Z BPg.(t) and ful-
k=0

fillment of the condition BSy(t) € C[0,d]. It also follows from (13) that
a function (12) satisfies equation (9). It is obvious that y(0) = b, i.e.,
condition (10) is also satisfied. Lemma 4 is proved. [J
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Remark. Function (12) can be represented as
At
Y t)=">0- LO& (_) ’
(1) 5o
where L, (z) is written as

[e.o]

ok
La(2) = Z (k!>a,a >0,z € R, (14)

and is called the Le Roy function [21].
Now, in the domain (0,d), we consider an inhomogeneous equation of
the form
Biy(t) = My(t) +a,0 <t < d,a #0, (15)

and find its solution from the class y(t) € [0,d], B2y(t) € C(0,d), satis-
fying condition (10). Since the solution to equation (9) is known, then,
according to the theory, it is sufficient to find a particular solution to
equation (15). It is easy to see that such a solution is a constant function
of the type y(t) = —%. Then the solution to problem (15), (10) is written

y(®) = (b+7) La (%f) -3 (16)

3. A spectral problem for a second-order differential equation.

To solve the BS problem, we apply the Fourier method, according

to which we look for a non-trivial solution of a homogeneous equation

((g(z) = 0)), corresponding to (1) in the form wu(z,t) = X (z) - T'(t). Sub-

stituting it into equation (1) and using conditions (5) and (6) to find the

eigenvalues A and eigenfunctions X (z), we obtain a problem for eigenval-
ues in the form

—X"(z) = XX (2),0 <x <1, (17)

X(0) =0, X(1) = X(w), 0 < w0 < 1. (18)

Further, we find the eigenfunctions of problem (17), (18). For A < 0,
this problem has only the trivial solution, so consider the case with A > 0.
In this case, we obtain two series of eigenvalues:

Any = (M)Q Any = ( 2nm )2, neN, (19)

1+ZL‘0 ]_—ZL‘()
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which correspond to eigenfunctions of the form
X, (z) =sin /A2, Xp,(x) =siny/A,x, n € N. (20)

Note that among the two series of eigenvalues from (19), there are
coinciding ones. Indeed, comparing A, and A, from (19), we obtain the
following relation between xy, s and m:

2s —2m — 1

28+2m—1’ Svme ) ( )

Zo
in this case, the corresponding values of \;, and \,,, coincide, so that
the system of eigenfunctions (20) is not complete and the problem of
supplementing this system with associated functions [22] arises.

Problem (17), (18) was first studied in [22], where the completeness
of the root functions of the differential operator corresponding to this
problem was shown.

The spectral problem in a more general formulation than the problem
of the form (17), (18), is studied in [23]. A more general basis property
criterion is found, which makes it possible to study the basis property of
systems of eigenfunctions and associated functions of the above-mentioned
problem, as well as of its adjoint problem.

Now, since relation (21) depends on the point xg, let us find out the
nature of this point, thereby uttering the results of the aforementioned
works.

Clearly, when z; is an irrational number from the interval (0, 1), re-
lation (21) does not hold, and, so, both eigenvalues (19) and the corre-
sponding eigenfunctions are different. The following example shows that
(21) does not hold even for some rational values of xy. Indeed, consider
the case of o = 3. Then, from (21) it follows 2s = 6m + 1. By virtue of
the fact that m,s € N, 6m + 1 is always odd, and 2s is even, that is, (21)
does not occur under any m,s € N. So, there are rational fractions in
which all eigenfunctions are distinct. Now we give a criterion that shows
the relationship between the values of xy,s and m at which the equality
(21) takes place, and also gives an algorithm for finding the corresponding
values of m,s € N.

Let 2 be a rational number from the interval (0, 1), such that zq = ’7;,
p < q, and p, ¢- are coprime natural numbers. Here are some known facts
about the number zg:

1) Numbers p 4+ ¢ and ¢ — p at the same time are both either even or

odd.
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2) Let the number g — p (or p + q) be even; then either p+ g or ¢ — p
is a multiple of 4.

Lemma 5. Let zq € (0,1) be a rational number, such that xr, = §,
p < q, p and q be odd coprime natural numbers, such that ¢ — p is a
multiple of 4. Then there exists countable numbers s and m, such that
for two series of eigenvalues from (19) the equality \s, = A\, is valid.

Proof. Indeed, from the condition on g, the relation (21) will take the

following form:

1
s mpta) T (22)
q—p 2
By condition, ¢ — p is a multiple of 4, then it is represented as ¢ — p = 4r,
where r € N. Hence, ¢ = p + 4r. Then (22) takes the following form

SZM—F%. (23)

2r

By condition, p, ¢ are odd numbers. Then, obviously, the number p+2r
is also odd, and the numbers p + 2r and 2r have no common divisors.
Therefore, the condition s € N can be provided only by choosing m, and
it is easy to see that it is true if and only if m = k- r, where k is any odd
natural number. Thus, at these values m from (23) we have:

k(p+2r) 1
T2 Tty
and, since k(p + 2r) is odd, it follows that s € N.

Finally, to find the values s and m, at which (21) is true, we obtained
the following formulae:

1
m:k.fr’ 8:M+_ (24)

qg-p 2
where r = ©£ k=1,3,5,....

Taking Lemma 1 and formula (21) into account, we divide the rational
numbers from the interval (0, 1) into two sets ()1 and @)y, where the set Qo
contains all rational numbers satisfying the conditions of Lemma 1, and
(21 contains the remaining rational numbers.

Let us consider the case xg € )1. In this case, we obtain two series
of eigenvalues (19), which correspond to eigenfunctions (20), and all these
functions are different.
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The spectral problem (17)—(18) is not self-adjoint, and, therefore, the
system (20) is not orthogonal. Then, according to the spectral theory of
operators, the problem arises of studying the problem adjoint to problem
(17)—(18). It is easy to determine that the following problem is adjoint to
it:

—Y"(z) = XY (2), z € (0,20) U (0, 1), 25

(25)
Y(0)=0,Y(1) =0, (26)
Yi(zg+0)=Y(zo—0),Y'(1) = Y'(xo+0) — Y'(zo — 0). (27

)

Note that the solution of equation (25) that satisfies conditions (26
and (27) is found uniquely, that is, it has no extra conditions. This prob-
lem should be considered as two boundary-value problems with gluing
conditions of the form (27).

As in the case of problem (17)—(18), consider the case o € (1. Then,
solving the problem (25)—(27), we find that the numbers (19) are also
eigenvalues of this problem, and the corresponding eigenfunctions have
the form

{Yo, (2); Yo, ()}, € N, (28)

where

sin /A, 2z, 0< 2 < 2,

— siny/A,, (1—2), 20 <2 <1,
(o + 1) cos v/ An, m ( )» 0 h

07 0<x <x07
Y, = 2
: (7) - siny/An, (1 —x), zo<x<l,
(1 — ) cos v/ An,

Lemma 6. The systems of the functions (20) and (28) are biorthonor-
mal, i.e., it takes place

1, s=m,j=1,

0, s#m,j=12,

(Vo (), Ko, (1)) bosmmy=2
59\ L)y A\ T ==
’ 70D 0, s#m,j=1,2.
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The proof of Lemma 6 is carried out directly by calculating the correspond-
ing integrals. From Lemma 6 it follows that the system {Y,, (z);Y,,(z)}
is an biorthogonal adjoint to the system {X,,, (z); X,,,(x)}, n € N.

Lemma 7. Let xg € (1. Then:

1) The system of the root functions of the problems (17), (18) and
(25)—(27) consists only of the eigenfunctions (i.e., there are no associated
functions);

2) System (20) is complete and minimal;

3) Systems of eigenfunctions (20) and (28) form the Riesz basis in
Ly(0,1).

Note that more detailed information about the Riesz bases can be
found in [24]. Before proving the lemma, we present some definitions and
facts concerning Riesz bases.

Definition 1. [24] A complete and minimal system of the functions
{¢n(x)} is called a Bessel system, if for any f € Ls(a,b) the series of
squared coefficients of its biorthogonal expansion {p,(x)} converges, i.e.,

[ € Ly(a,b) implies that Y- |(f, Un)Loa b)|2 < 00, where {¢,(x)} is the
n=1 ’
system of associated functions.

Definition 2. [24] A complete and minimal system of functions {p,(z)}
is called a Hilbert system, if for any sequence of numbers c,, such that
3" ¢ < oo, there exists one and only one f € Lo(a,b), for which these ¢,
k=1

are the coefficients of its biorthogonal expansion in {p,(x)}, i.e.,

Cn = (fa,lvbn)LQ(a’b), n:1,2,....

Definition 3. [24] A complete and minimal system is called a Riesz
basis, if it is both Bessel and Hilbert system at the same time.

Proof. The proof of part 1) follows from [22] and also from Lemma 1. The
completeness of system (20) was proved in [22], and the minimality follows
from Lemma 6. Thus, systems (20) and (28) satisfy all three conditions A
from [23]. Let us now verify the fulfillment of the conditions for the basis
property of the main theorem from [23]. As follows from this theorem, for
this it suffices to prove that the following two conditions are satisfied:

a) > 1< C,i=1,2, for any real A >0,
A g, <A+
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b) | Xkillo - 1Yellg < Co,i = 1,2, for all numbers k.

The fulfillment of the first condition is verified directly. To check the
second condition, we calculate the corresponding norms:

1  sin2+/\ 1 sin2/\,.zx
X, — T TvVTm X, — | _ —”27
H 1(‘%‘)“0 \/2 2 /\m 7|| 2(x)||0 \/2 2 /\m

1Yo (@)l = —2— 220 + — =0 19V A
(@) = —— ¢ 27 ;
' O 14 ot 20824/ A, v Any

1 2
|cos A, | V 1 — 2

1Yo, (2)[lo =

where n € N.

Then, since xq is a fixed rational number, the fulfillment of condition
b) follows from Lemma 5, as well as from the finiteness of the set of values
cos A, and cos A,,. Thus, systems (20) and (28) satisfy all conditions of
the main theorem from [23]. Hence, it follows that these systems form a
Riesz basis. Lemma 7 is proved. [

The spectral questions of problems (17), (18) and (25)—(27) are studied
in the same way for values zy from ()5. Note that in this case, these
problems, in addition to eigenfunctions, also have associated functions

that correspond to those eigenvalues, whose serial numbers are determined
by formulae (24).

4. Existence and uniqueness of a solution to Problem BS.

Now we turn to the study of the existence and uniqueness of the so-
lution of problem BS. According to the theory, we will seek the solution
u(z,t), g(x) of problem in the form of an expansion in a specially chosen
basis from the system of functions {X,,,}, i = 1,2 from (20):

xt = Z unl ’ ) + unz(t) ’ an(x»? (29>
Z Gny * nl + Gny * XnQ(x))7 (30)

where uy,, (1), u,,(t) are unknown functions, g,,,g,, are unknown con-
stants, n € N.
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Substituting (29) and (30) into equation (1), we obtain the following
equations for finding the functions wu,, (t), u,,(t) and constants gn,, gn, :

t 7P e DSy, (£) 4 An,tn, (1) = gn,,i = 1,2. (31)

From representation (29), taking into account conditions (3) and the
completeness of system (20), we obtain that the unknown functions u,, (t),
U, (t) satisfy the conditions

U, (0) = ¢n,, 1=1,2, (32)

where @,,,, ©n, are expansion coefficients of the function ¢(x) in terms of
the system of functions (20), which are found by the formulas

1

o = / ()Y (2)dz, (33)

0

and Yy, (z),7 = 1,2, are functions defined by formulas (28).

Applying the operator B;” to both parts of equation (31), taking into
account formulas (15) and (16), we find that the solution to equation (31)
that satisfies the condition (32) has the form

A, tP Gn. A, tP
umt:@m'[’a<_ ' >+ l|:1_LOL<_ - )]7i:1727 34
0 i)+ g & 3
where L, (z) is the Le-Roy function, which has the form (14).
Now we find the unknown constants g,,,g,,. To do this, we expand
the function v (z) into a series in terms of the system of functions (20):

Z (Vg Xy (T) + Py - Xy (),
n=1

where v, , 1, are expansion coeflicients, i.e.,

1

o, = / V(@)Y (2)dz, i = 1,2. (35)

0

Further, from representation (29), taking into account condition (4),
we obtain that the unknown functions w,, (t), i = 1,2, also satisfy the
conditions

U, (T) = tn,;, i = 1, 2. (36)
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Then, taking into account the conditions (36) and using (34) to find
the constants g,,,g,,, we obtain the following equations:

A TN g A, TP
som-La(— i )+§1[1—La<—7>} =, i=1,2.

From here we find

wonn ()

gni = )\nTﬁ
()

Substituting all this into the expression for functions wuy,; (t), u,2(t), we
obtain

(-5 - (-5)1-n(-3)
(t): 7 (_ )\niT/B> (Pni+1_L (_ )\niTﬁ>
(8% ﬁa «

Up,

Yy =1,2.

(38)
Thus, a formal solution of the problem is found in the form of series
(29) and (30), where the coefficients g,,,g,, and functions u,, (t),u,,(t) are
determined, respectively, by formulas (37) and (38).
Now we will consider the proof of theorems on the existence and
uniqueness of a solution to the B.S problem.

5. The uniqueness of a solution to Problem BS. In proving
the uniqueness and existence of a solution to problem B.S, we use the
following estimate for the Le-Roy function L, (z) obtained in [21].

Lemma 8. Let 0 < o < 8 < 1. Then for any z > 0 the estimate is
valid:

1
P Lg(—2) < Lo(—2) < )
€7 < Ly(—2) < La(~2) < 7

From here it is easy to obtain the following estimate:

Corollary 1. For any z > ¢ > 0 it holds that

1 z+1

< <O < oo
1 — Lao(—2) z >

Theorem 1. If a solution to the BS problem exists, it is unique.

Proof. Let us assume the opposite. Let there be two solutions {u;(z,t), g1(z)}
and {uy(z,t),g2(x)} to the BS problem.
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Introduce the notation @(z,t) = uy(x,t) — us(z,t) and §(z) = g1(z) —
g2(z). Then the functions @(z,t) and §(z) satisfy the equation
t7 ne Dyt = Gy + §(2) (39)

and conditions

(z,0) =0, a(z,T)
w(0,t) =0, a(1,t) = u(xo, t),

Consider the functions

1
U, (t :/ x)dr,i=1,2, (42)
0

where functions Y,,,(x),7 = 1,2 are determined by formulas (28).

Applying operator B.” to both parts of equality (42) and taking into
account equation (39), as well as conditions (40), (41), we conclude that
the function ,,(t) and constant g, satisfy the following equation and
conditions:

t_ﬂHCDgtam (t) + )\nzanz (t) = gnﬂ anz(o) = 07 ani (T) = 07 (43>

where
gni = (f](l’),Ynz(Qf))O

From (31) and (34), we obtain that the solution of this equation, which
satisfies the first boundary condition in (43)), has the form

i, (1) = i—:[l —La<— A;f)] i=1,2.

Hence, satisfying the second boundary condition in (43), we obtain

b n (5] e

As L, (0) =1, A\, = Ay, > 0, we get La<— /\T;ZB> # 1. Then it follows

that @,,(t) = 0,g,, = 0. Consequently, problem (43) has only a trivial
solution.
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As a result, we obtain that for any fixed ¢t € [0,7] functions (z,t),
g(x) are orthogonal to system (28), which is complete in Ly(0,1). Then
a(z,t) =0, g(x) = 0 almost everywhere in €2 and [0, 1], respectively. Since
u € C(Q), f( ) € C0, 1], from here we get that @(z,t) =0, g(x) = 0. The

uniqueness of the solution of problem is proved. [J

6. The existence of a solution to Problem BS. Let us prove the
existence of a solution to the problem.

Theorem 2. Let the functions p(z), ¥ (x) satisfy the conditions
p(z) € CU0,1], ¢(0) = ¢"(0) = 0, ¢(1) = p(z0), ¥"(1) = ¢"(w0),

P(x) € CM0,1], 1(0) = ¢"(0) = 0, (1) = ¥ (xo), ¥" (1) = ¢" (o).
Then a solution to problem BS exists.

Proof. Since the system (20) forms the Riesz basis in the space Ly(0, 1),
the functions u(z,t) and g(x) can be represented in the form (29) and (30),
where the coefficients ¢,,,9,, and functions w,, (t), u,,(t) are determined,
respectively, by formulas (37), (38).

It is easy to show by direct calculation that the functions u(z,t) and
g(x), defined by series (29) and (30), satisfy equation (1) and conditions
(3)—(6). It remains to show that the functions u(z,t) and g(z) are from
class (2).

Let us show that u,, € C(Q). From (29), differentiating twice with
respect to the variable x, we obtain

Uz (2,) = Z Ay Uy (8) X, (2) = Ay iy (8) Xy (). (44)

n=1
As |X,, ()] € 1,4 =1,2, it follows that

oo

Uz (,1)] Z ny [Uny (D)] + Ay [ny (2)]). (45)

n=1

Let us estimate the functions u,, () and u,,(t). Taking Lemma 1 and
Corollary 1 into account, from (38) we get

),i=1,2. (46)

|um(t>’ < (|90m + ‘wm

Here and below C' is positive (in general, different) constant.
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Further, taking into account (46) and the conditions of Theorem 2,
integrating by parts the expressions for the coefficients ¢,,,, ¥, ¢ = 1,2
n (33), (35), we obtain from (45)

o (et ot ),

n2

where

Thus, the series (44) is majorized by the series

=1
> 5 (el [ + [0 + 2] + [wi2)]),
n=1

whose convergence follows from the Cauchy-Schwarz inequality, as well as
[e.e] o
from the convergence of the series 3 [oV12, S [{V[2, i = 1,2.
n=1 n=1
Then, according to the Weierstrass theorem [25], the series (44) con-
verges absolutely and uniformly in the domain €2, and its sum is a con-
tinuous function in this domain. In the same way, it is shown that

PucDgu(z,t) € C(_ﬁ), and g(z) € C0,1] follows from the fact that
t PucDgu(z,t) € C(Q), and from equation (1). OJ
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