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E. Z1IKKOS

ON COMPLETE RIESZ-FISCHER SEQUENCES IN A
HILBERT SPACE

Abstract. We prove that if {f,}*_; is a complete Riesz—Fischer

n=1
sequence in a separable Hilbert space H, then

T:={feH: Y (f fu)l? < 0}

is closed in H if and only if {f,}°_; has a biorthogonal Riesz se-
quence. If the latter is also complete in H, then {f,}~_; is a Riesz
basis for H.

Key words: Riesz—Fischer sequences, Bessel sequences, Riesz se-
quences, Riesz bases, biorthogonal sequences, completeness

2020 Mathematical Subject Classification: /2C15, 42C99

1. Introduction. Let H be a separable Hilbert space endowed with
an inner product (-,-) and a norm |-|. Let {f,}7, be a sequence of
vectors in H. We say that {f,}7_, is a Riesz basis for H if f,, = V(e,),
where {e,, }°_; is an orthonormal basis for H and V' is a bounded bijective
operator from H onto H.

One of the many equivalences of Riesz bases |7, Theorem 1.1] states:

A sequence is a Riesz basis for H, if and only if it is a complete Bessel
sequence having a complete biorthogonal Bessel sequence in H.

Recall that {f,}r_, is a Bessel sequence if there is a positive constant
B, so that

SKEfP<B-|f|? for all feH,
n=1

(see |2, Definition 3.2.2|), or, equivalently, if

i [y fa)l? < o0 for all fe H,
n=1
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(see [3, Definition 7.1]). A sequence {f,}>_, is complete if its closed span

in H is equal to H. Biorthogonality between two sequences {f,}>_; and
{gn}°_, means that

1, m=n,
(s Gm) = {O, m % n.

Recently, Stoeva [7| has improved the above equivalence by assuming
completeness of just one sequence.
Theorem A. |7, Theorem 2.5] Let two sequences in H be biorthogonal.
If both of them are Bessel sequences and one of them is complete in H,
then they are Riesz bases for H.

Remark 1. A short and elementary proof of this result has been given
by the author in [10] basing on the notion of Riesz—Fischer sequences. We
restate that proof here in Section 3.

Following Young |9, Chapter 4, Section 2|, {f,}>_, is a Riesz—Fischer
sequence in H if the moment problem

<f o n> = Cp
has at least one solution f € H for every sequence {c,}*_; in the space
I2(N).

Motivated by the result in |7], we now ask whether the following state-
ment is true:

“Let two sequences in H be biorthogonal. If both of them are Riesz—
Fischer sequences and one of them is complete in H, then they are Riesz
bases for H.”

Although we were not able to prove or disprove the statement above,
we obtained another criterion for Riesz bases in Theorem 1, which is part
of Theorem 2, where we explore the properties of complete Riesz—Fischer
sequences in H.

Theorem 1. If{f,}* , is a complete Riesz-Fischer sequence in H having
a biorthogonal sequence,  which is complete in H, and
T :={fe H: Y |{f, ful* < o} is closed in H, then {f,}*_, is a Riesz
basis for H.

2. Riesz-Fischer sequences, Bessel sequences, and Riesz se-
quences. In [9, Chapter 4, Section 2, Theorem 3], we find the following
two theorems that provide a necessary and sufficient condition that a se-
quence in H is either a Riesz-Fischer sequence or a Bessel sequence. Both
results are attributed to Nina Bari.
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o {f,}*_, is a Riesz-Fischer sequence in H if and only if there exists
a positive number A so that for any finite scalar sequence {3,} we

have
AN B <D Bl (1)

o {f,}*_, is a Bessel sequence in H if and only if there exists a positive
number B so that for any finite scalar sequence {f,,} we have

| Y Buful? < B [Bal”

Now, it follows from (1) that a Riesz-Fischer sequence is also a minimal
sequence, that is, each f,, does not belong to the closed span of { fi}x+n, in
H. Indeed, for fixed n € N and any finite sum ), +n B fr, there is some
A > 0, such that

ot DA > A0+ Y 18P > A
k¥+n

k¥$n

Remark 2. It is well known that a sequence is minimal if and only if
it has a biorthogonal sequence (see [2, Lemma 3.3.1]). A complete and
minimal sequence, also called exact, has a unique biorthogonal sequence.

It is clear now that a Riesz-Fischer sequence has at least one biorthog-
onal sequence. As stated in Casazza et al. [1], one of them is a Bessel
sequence.

Proposition A. |1, Proposition 2.3, (ii)] The Riesz-Fischer sequences
in H are precisely the families for which a biorthogonal Bessel sequence
exists. In other words,

(Part a) Suppose that a Bessel sequence {f,} is biorthogonal to a
sequence {g,} in H. Then {g,} is a Riesz—Fischer sequence.

(Part b) If { f,,} is a Riesz-Fischer sequence, then it has a biorthogonal
Bessel sequence.

Another interesting result in Casazza et al. [1, Theorem 3.2] is as fol-
lows.

Theorem B. Suppose that {f,}r_, is a complete Riesz—Fischer sequence
in H. Then there is some A > 0, such that we have the following lower
frame bound:

A-FIP< DK P forall fe H.
n=1
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Remark 3. We point out that if a sequence {f,}r_, in H satisfies a
lower frame bound

AFIP< DK fdP forall fe H, (2)
n=1

then it is a complete sequence in H. Indeed, if it were incomplete in H, a
non-trivial function f € H would exist, such that {f, f,) = 0 for alln € N.
But then this would contradict (2).

And, finally, note that if {f,,}>°_; in H is both a Bessel sequence and
a Riesz—Fischer sequence, then it is called a Riesz sequence (see Seip |6,
Lemma 3.2|). That is, {f,},_; is a Riesz sequence if there are some positive
constants A and B, A < B, so that for any finite scalar sequence {f,} we

have
AV B2 <Y Buful? < BY 182

A Riesz sequence in H is a Riesz basis for the closure of its linear
span in H (see [2, p. 68]). Therefore, a complete Riesz sequence in H
is a Riesz basis for H. Moreover, if {f,}>_, is a Riesz basis for H, it
has a biorthogonal sequence {g,}>_,, which is also a Riesz basis for H
(see |2, Theorem 3.6.2|).

3. Known results on Riesz bases and comparisons. We have
already mentioned the well known criterion:

“If {fn}o_, and {g,};°_, are complete biorthogonal Bessel sequences in
H, then they are Riesz bases for H.”

In Theorem A, Stoeva concluded the same, by assuming completeness
on just one sequence. We present now an alternative proof of her result.
Consider the assumptions of Theorem A. From Proposition A (Part a),
it follows that the two Bessel sequences that are biorthogonal to each
other, are also Riesz—Fischer sequences, hence both are Riesz sequences.
Completeness of one in H means that it is a Riesz basis for H, thus
having a unique dual Riesz basis and, clearly, this is the other biorthogonal
sequence.

The following criterion is also known:

“Suppose that {f,}>_, and {g,}*_, are complete biorthogonal Riesz—
Fischer sequences in H. Then they are Riesz bases for H.”

Indeed, by Proposition A (Part b) and due to completeness, both fami-
lies are Bessel sequences, hence Riesz bases for H.
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Remark 4. Suppose that {f,}_, and {g,}_, are two complete biorthog-
onal sequences in H, such that one is a Bessel sequence and the other one
is a Riesz—Fischer sequence. Then they are not necessarily Riesz bases
for H.

As a counterexample, consider the exponential system

n + i, n > 0,
{eAny® where An =10, n =0,
n—1+ n<O.

The system {e'},cz is minimal in L?(—m, ) |5, Theorem 5] and also
complete |9, Chapter 3, Section 2, Theorem 4], (see also [4, Lecture 23,
Problem 2|). But the frequencies A, are uniformly separated, thus the
system is a Bessel sequence in every L?(—a,a) space, a > 0 [9, Chap-
ter 4, Section 3, Theorem 4|. Since it is also complete and minimal in
L?(—m, ), by Proposition A it has a unique biorthogonal sequence {g, }nez
in L?(—7, ), which is a Riesz—Fischer sequence. In addition, it follows
from Young [8] that {g,}.ez is also complete in L?(—m, 7). We point
out, however, that the above exponential system is not a Riesz basis for
L*(—m,7) [5, Theorem 4].

Everything said above motivate us to ask: “if two biorthogonal families
in H are Riesz—Fischer sequences and one of them is complete in H, are
they Riesz bases for H?” At the moment this problem remains open.

4. Our result.

Theorem 2. Let H be a separable Hilbert space and let {f,}_, be a
complete Riesz—Fischer sequence in H. Let

Ti={feH: Y [f f)lf <} 3)

Then T is closed in H if and only if {f,};"_, has a biorthogonal Riesz—
Fischer sequence.

If either holds, then T is equal to the closed span of the unique
biorthogonal sequence to { f,}>_,, and there exist positive numbers A and
B, so that

ALfI? < S FOP < BISI forall f e T. (4)
n=1
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If in addition {f,}_, has a complete biorthogonal sequence, then {f,}>_,
is a Riesz basis for H.

Proof. Let T+ be the orthogonal complement of 7" in H. Suppose first
that 1" is closed in H. For each n € N, consider the unique decomposition
fn = U + v, where u,, € T and v, € T+. Hence,

{fy [y ={f u,y forall feT. (5)

We will show below that {u,}_, is a Riesz basis for T.
First, from (5) and (3) we get

2 [{f,unp|*> <o forall feT.

Hence, {u,}>_; is a Bessel sequence in T
Second, by Theorem B and (5), there is some positive A, so that

AIFIP <YK funy? forall feT.

By Remark 3, this lower frame bound means that {u,}’_; is complete
inT.

Finally, let {c,} € [?. Since {f,}_, is a Riesz—Fischer sequence, there
exists some F' € H, such that (F, f,) = ¢,. Clearly then F' belongs to T
thus ¢, = (F, f,) = (F,u,). This means that {u,}’_; is a Riesz-Fischer
sequence.

Therefore, we have proved that {u,}>_, is a complete Bessel sequence
and a Riesz-Fischer sequence simultaneously. Hence, {u,}’_; is a Riesz
basis for 7'

Now it is clear that {u,}°_; has a biorthogonal Riesz basis {w,}_, for
T. Therefore, {u,, w,) =1 and {u,, wyy = 0 for k # n. Since w, € T then

{frywnpy =1 and  {f,,w,) =0 for k # n,

concluding that {f,}=_, has a biorthogonal Riesz sequence {w,}*_; in H,
which is of course a Riesz-Fischer one.

Next, we prove the converse statement, by supposing that {f,}>°_; has
a biorthogonal Riesz-Fischer sequence {g,}~_, in H. By Proposition A
(Part b) and since {f,};"; is complete in H, {g,} ", is also a Bessel
sequence, hence a Riesz one as well. Thus, {g,}7_, is a Riesz basis for
M := span{g,}r_,. It follows that {g,}>_, has a biorthogonal Riesz basis
{hn}e | for M and M = span{h,}>_,.
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We will show below that M =T

First, let M+ be the orthogonal complement of M in H. Due to
biorthogonality, for fixed n € N we have {(f,,g,) = 1 and {(h,,g,) = 1.
We also have {f,, gm) = 0 and {hy,, gy = 0 for all m + n. Therefore,
{(fn = hn),gry = 0 for all k e N, thus, (f, — h,) belongs to M=,

Note that since {h,}>_, is a Riesz sequence in H, thus a Bessel one,
then > [(f, hy)|* < o for all f e H. Since (f, — h,) € M*, for fe M we
have (f, f,) = {f, hn). Therefore,

ZKf? fil? <o forall fe M.

Thus, if f € M then f belongs to T', hence
McT. (6)

Next, if g € T, then > [{g, fu)|* < o0, that is {{g, f,,»} belongs to the space
I2. Since {h,}*_, is a Riesz basis for M, then {h,}*_, is a Riesz—Fischer
sequence, thus there exists a function F' € M, such that (F, h,) = {g, fn)-
Since F' € M, then (F, h, ) = (F, f,). Thus, {(F, f,) =g, fn) for all n € N.
The completeness of {f,}°_; in H implies that g = F, thus g belongs to
M, hence

T c M. (7)

From (6) and (7) we have "= M, thus T is closed in H.
Therefore, we concluded that 7" is closed in H if and only if {f,}>_,
has a biorthogonal Riesz-Fischer sequence.

Now, if either of the two assumptions holds, then 7" = M. Since
{hn}>_, is a Riesz basis for M (similarly {u,}_, is a Riesz basis for T),
then there exist positive numbers A and B, such that one has the frame
bounds (see |2, Proposition 3.6.4])

A< DS K ha)P < B|f|? forall fe M =T, (8)

Replacing {f, hy,) in (8) by {f, f»), which holds for f € M, gives (4).
Finally, if either of the two assumptions holds, thus {f,}r_, has a

biorthogonal Riesz sequence, and in addition the latter is complete in H,

then clearly this biorthogonal family and {f,};~_, are Riesz bases for H.
The proof of Theorem 2 is now complete. []
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