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ON BOUNDED METRIC SPACES: COMMON FIXED
POINT RESULTS WITH AN APPLICATION TO
NONLINEAR INTEGRAL EQUATIONS

Abstract. In this article, we establish some common fixed point
theorems in the setting of bounded metric spaces without using
neither the compactness nor the uniform convexity of the space.
Some examples are built to show the superiority of the obtained
results compared to the existing ones in the literature. Moreover,
we apply the main result to show the existence and uniqueness of
a solution for a nonlinear integral system.
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1. Introduction. In the literature known by the author, fixed point
theory has many applications in different branches of science. In metric
fixed point theory, the most celebrated is the Banach contraction princi-
ple (1922) (for short, BCP), which played an important role in nonlinear
analysis. There are plenty of generalizations of the famous BCP, which
states that every selfmapping 7" defined on a complete metric space (X, d),
such that

d(Tz,Ty) < kd(z,y), (1)

where k£ < 1 for all x,y € X, has a unique fixed point u € X, that is
Tu = u.

This result was a major tool to ensure the existence and uniqueness of
a solution for the Fredholm integral equation:

x(t) = JK(S,x(s))ds, t e [0, 7], (2)
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where K: [0,7] x R — R is a given mapping and the problem is typically
to find the function z.

In the theory of fixed point, the problem of contractive selfmappings

on a metric space (X, d) (that is, d(Tz, Ty) < d(x,y), for all x # y e X )
was initiated by Nemytzki [12](1939). In 1962, Edelstein mentioned in [4]
that to obtain a fixed point of such mappings, it is necessary to add the
compactness assumption of the space.
In 1965, Browder [3] and Gohde [5] independently showed one of the most
interesting extensions of BCP by proving that every nonexpansive map-
ping whose Lipschitz constant equals to 1, (that is |[Tz—Ty| <|| x—y || for
all z,y € X) of a closed convex and bounded subset of the Banach space
X has a fixed point, if the subset is supposed to be uniformly convex (for
each 0 < € < 2, there exists 6 > 0, such that for all |z| < 1, |y| < 1 the
condition |z — y[ > e implies that |32 <1 -4 ).

In 1998, Jungck and Rhodes [6] introduced the concept of weakly com-
patible mappings (f,g), in other words, if they commute at coincidence
points (i.e., if fu = gu for some u € X, then fgu = gfu). Moreover, they
have proved some generalizations of BCP.

On the other hand, BCP has a great number of generalizations with
different forms and in various spaces. One of the most prevalent is the
partial metric spaces introduced by Matthews [11]| as a generalization of
the notion of the metric space, such that the separation axiom d(x,z) = 0
of the metric’s definition is replaced by the condition o(z, z) < o(z,y) (in
other words o(x,z) > 0 for some z). Different approaches in this area
have been reported, including applications of mathematical techniques to
computer science [10], [13], [17].

As mentioned in [25], Matthews [11] showed that for any partial metric
o on a nonempty set X, there exists an induced metric d,: X x X — R*
defined as follows:

do(7,y) = 20(x,y) — o(z,2) — o(y,y),

or, equivalently,
oz, y) = a(z) +d(z,y) + a(y), (3)
where a: X — R* is defined by a(z) = $0(z,2) and d(z,y) = 2d,(z,y).
In 2011, as an extension of the result proven by Jungck, Karapanar and
Yiiksel [7] proved a common fixed point result for a pair of selfmappings

(f,g) on a complete partial metric space X satisfying

o(gz, gy) < ko(fz, fy), (4)
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with £ < 1 for all x,y e X.
Similar to [25] but now in the case of a pair of mappings (f, g), it is
obvious to see that the author in [7] used the condition

a(gr) < ka(fz) forall z e X. (5)

Motivated by this fact, in this paper we extend condition (5) to

a(gr) < offr). (6)

In 2019, a new category of contractive fixed point problems was addressed
by the authors in [18]; they proved some fixed point results in a bounded
metric space (X, d) without using the compactness for the following con-
tractive mappings 7': X — X satisfying:

inf {d(z,y) —d(Tx,Ty)} > 0. (7)

r#yeX

Very recently, in 2021, the authors in [20] proved in the same direction of
research, without using the compactness, the following result:

wiggx{d(fx, fy) —d(gx,gy)} > 0, (8)

where (f, g) are weakly compatible mappings.

The reader can see [19], [21], [22], |23], [24], [26], [27] and references
therein, for recent works in this direction.

In this paper, we introduce a new class of weakly compatible mappings
via a new combination of (5) with (8) and prove a new common fixed point
theorem for this new type of nonexpansive mappings (i.e., d(gzx, gy) <
d(x,y)) without using neither the compactness nor the uniform convexity.
Furthermore, inspired by [2], [14], [15], we prove a theorem for a new class
of weakly contractive mappings called E-weakly contractive mappings of
type T. Our results extend and improve the proven results in [18], [20]
and other results in the literature.

Finally, we show the existence and uniqueness of a common solution
for the nonlinear integral equations

x(t) = fK(S, JK(S,&:(f))des, t,se|0,7],



On bounded metric spaces... 85

and
t

x(t) = fK(s,x(s))ds, t e [0, 7],

as a generalization of the equation (2) under some new weak conditions.
2. Preliminaries. The aim of this section is to present some notions
and results used in the paper. Throughout the article, we denote by R
the set of all real numbers and by N the set of all positive integers.
Let (X, 7) be a topological space and p: X x X — [0, +00) be a func-
tion. For any € > 0 and any = € X, let By(z,e) = {y € X: p(z,y) < }.

Definition 1. [I] The function p is said to be T-distance if for each v € X
and any neighborhood V' of x, there exists € > 0, such that B,(x,e) < V.

Definition 2. A sequence in a Hausdorff topological space X is a
p-Cauchy if it satisfies the usual metric condition with respect to p.

Definition 3. [I, Definition 3.1] Let (X, 7) be a topological space with
a T-distance p.

1) X is S-complete if for every p-Cauchy sequence (z,,), there exists x
in X with lim p(x,z,)=0.
n—-+0o0

2) X is p-Cauchy complete if for every p-Cauchy sequence (z,,), there

exists x in X with lim x, = x with respect to 7.
n—-+00

3) X is said to be p-bounded if sup{p(z,y)/z,y € X} < +o0.

Lemma 1. [I] Let (X,7) be a Hausdorfl topological space with
a T-distance p; then

1) p(x,y) = 0 implies x = y.
2) Let (x,) be a sequence in X, such that lim p(z,z,) = 0 and

n—+aoo

lim p(y,x,) =0; then z = y.

n—+00
Definition 4. [6] Two selfmappings f and g of a set X are said to be

weakly compatible if they commute at there coincidence points; i.e., if
fu = gu for some v € X, then fogu=go fu.

Theorem 1. [6] Let (X,d) be a metric space and f,g: X — X two
weakly compatible mappings, such that g(X) < f(X), and for all x,y € X
we have

d(gz, gy) < kd(fz, fy),
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where k € [0,1). Then f and g have a unique common fixed point.

Theorem 2. [I18] Let T: X — X be a mapping of a bounded complete
metric space (X, d), such that ian{d(x,y) —d(Txz,Ty)} > 0. Then T
TH#YE

has a unique fixed point.

Theorem 3. [I18] Let T: X — X be a E-weakly contractive mapping
of a bounded complete metric space (X,d). Then T has a unique fixed
point.

Theorem 4. [20] Let (X, 1) be a p-bounded Hausdorff topological space
with a T-distance p. Let f and g be two weakly compatible selfmappings
of X, satisfying the following conditions:

1) g(X) = f(X),

ii) p(gz, gy) < kp(fz, fy),
for all x,y € X and k < 1. If the range of f or g is S-complete subspace
of X, then f and g have a unique common fixed point.

Theorem 5. [20] Let (Xd) be a bounded complete metric space (X, d).
Let f and g be two weakly compatible selfmapping of X satisfying the
following conditions:

i) g(X) = f(X),
i) inf{d(fz, fy) — d(gz, gy)} > 0.

Then f and g have a unique common fixed point.

Theorem 6. [20] Let f,g: X — X two weakly compatible mappings
of a metric space (X, d), such that

d(gz, gy) < d(fz, fy) — o(1 +d(fx, fy)),

for all z,y € X, where ¢: Rt — R* is a function satisfying ¢(0) = 0 and
1ng ¢(t) > 0. Then f and g have a unique common fixed point.
>

Definition 5. Let (X, d) be a metric space. A function a: X — [0, +0)
is said to be lower semicontinuous if for all y € X and {x,} < X, such

that lim z, =y, we get
n—+0o0

a(y) < lim inf a(x,).

n—+0oo

In 2014, Rosa et al. [16] introduced the following new notions of
g-n-admissible mapping:



On bounded metric spaces... 87

Definition 6. [16] Let T,g: X — X and n: X x X — R. The mapping
T is g-n-admissible if, for all x,y € X, such that n(gz,gy) > 1, we have
n(Txz, Ty) > 1. If g is the identity mapping, then T' is called n-admissible.

Definition 7. [8] An n-admissible map T is said to be triangular
n-admissible if for all z,y,z € X

n(x,2) = Landn(z,y) > 1 imply n(z,y) > 1.

3. Main results. In this section, we begin by proving the following
Lemmas needed in the sequel.

Lemma 2. Let (X,d) be a metric space and p: X x X — R* be a
function defined by

pla,y) = ex@rdevrely) g, 9)

where o: X — RT is a function. Then p is a 14-distance on X, where 74
is the metric topology.

Proof. Let (X, 7;) be the topological space with the metric topology 74,
let x € X and V be an arbitrary neighborhood of x; then there exists
e > 0, such that By(z,e) < V, where By(z,e) = {y € X,d(z,y) < €} is
the open ball.

It easy to see that B,(x,e*—1) < By(z,¢). Indeed, let y € By(x, e —1);
then p(z,y) < e — 1, which implies e?@¥)+a@)+el) < ¢ and, hence,
d(z,y) <e.[d
Lemma 3. Let (X,d) be a bounded metric space and ov: X — R* be a

bounded function. Then the function p defined in Lemma 2 is a bounded
T-distance.

Proof. Since (X,d) is a bounded metric space and a: X — R* is a
bounded function, then there exists M > 0, such that

M M
sup{d(z,y): z,y € X} < 3 and sup{a(z): re X} < 3

Hence, sup{p(z,y): z,y€ X} <eM —1 with e —1 > 0.

Lemma 4. Let (X,d) be a complete metric space and a: X — R* be a
lower semicontinuous function. Then the function p defined in Lemma 2
is a S-complete T-distance.
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Proof. Let (X, d) be a complete metric space and {x,} < X a p-Cauchy

sequence, where p is the function defined in Lemma 2. Then
lim p(z,,z,) =0, and, hence, lim d(z,,z,)=0, lim «a(z,)=0.

n,m—-+0o0 n,m—-+0o n—+00

Since X is complete, there exists u € X, such that lim d(u,z,) =0 and

n——+00
by the lower semicontinuity of «, one has a(u) = 0. Finally, we deduce

that there exists u € X, such that lirJ{l p(u,z,) = 0.
n——+0o0

Definition 8. Let T,S be two selfmapping of a Hausdorff topological

space (X, T) with a T-distance p. S is said to be T)-continuous at z € X if

for any {x,} < X; hIP p(Tz,Tz,) = 0 implies that lirf p(Sz,Sz,) = 0.
n——+00 n—+aw

Lemma 5. Let (X, 7) be a Hausdorff topological space with a T-distance
p, X be p-bounded. Let f, g be two selfmappings, such that f(X) or g(X)
is S-complete and

n(fz, fy)p(ge, gy) < kp(fz,fy), (10)
for all x,y € X, where k € [0,1) and

i) g(X) = f(X),
ii) ¢ is an f-n-admissible mapping and triangular n-admissible,
iii) there exists xo € X, such that n(fxg, gzo) > 1,

iv) g is f,-continuous.

Then f and g have a coincidence point (i.e., there exists u € X, such that
fu = gu).
Moreover, if the following conditions hold:

(a) the pair (f,g) is weakly compatible,

(b) either n(fu, fv) = 1 orn(fv, fu) = 1 whenever fu = gu and fv = gv,
then f and g have a common fixed point.

Proof. Let xy € X, such that n(fzo,gxo) = 1; from (i), we define a
sequence {x,} by gr, = fx,.1, for all n € N.

We have n(fxo, fx1) = n(fxo, gre) = 1. Since g is an f-n-admissible
mapping, we obtain n(gxo, gr1) = n(fz1, frs) = 1. Again, using (ii),
we have n(gx1, gra) = n(fxa, frs) > 1. Repeating this process, we get
N(fen, frane) = 1 for all n e N.
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Let m < n € N; via the triangular n-admissibility, we obtain
n(fTm, frn) = 1. Then
p(fm, fn) K N(f2m, fra)p(fTm, frn) <
< kp(frm—1, fra_1)) <
(11)

"M (p(fxo, frm)) <
nim<M)7

NN

k
k
where M = sup{p(x,y): z,y € X}. As lim,, ., 9"(M) = 0, so the
sequence {fz,} is a p-Cauchy sequence. Since f(X) is S-complete, there
exists u € X, such that lim,_, .o p(fu, fr,) = 0. On the other hand, ¢ is

fp-continuous; then lim,,, .4 p(gu, gz,) = 0. Using Lemma 1, we obtain
fu = gu. Now, the assumption that f and g are weakly compatible implies

fogu=gofu=gogu=fo fu. (12)

Hence, gu is a coincidence point of f and g¢g. Using (b), we have
n(g o gu,gu) = 1 or n(gu,g o gu) > 1. Suppose that n(g o gu,gu) > 1
and p(g o gu, gu) # 0. From (10), it follows

p(g o gu, gu) < kp(f o gu,fu) < p(g o gu, gu); (13)

this leads to a contradiction. Thus g o gu = gu. Also, fogu = go fu =
= g o gu = gu, which implies that gu is a common fixed point of f and g.
If we suppose n(gu, g o gu) > 1, similarly with (13), we get that gu is a
common fixed point of f and g.

So, if the range of g is S-complete subspace of X, then nl_i)rJrrloop(gv, g,) =0

for some v € X. From (i), there exists w € X, such that gv = fw and
the proof that gw is a common fixed point of f and ¢ is the same as that
given when f(X) is S-complete. []

Let f,g: X — X two selfmappings on a set X. In the following, 5y
denote the class of all functions 5: X x X — R satisfying: for all z,y € X
such that 8(fz, fy) <0, we have (g, gy) < 0.

The function f is said to be triangular if for all z,y, 2 € X

Blx,z) < 0and 5(z,y) < 0 imply f(z,y) <O0.

Now, we are able to prove our main results.
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Theorem 7. Let (X,d) be a bounded complete metric space (X,d)
and a: X — [0,00) is a bounded and lower semicontinuous function.
Let f, g: X — X satisfying the following conditions:

i) g(X) = f(X),

i) nf{a(fx)+d(fz, fy)+a(fy)—algr)—dgz, gy)—olgy) +B(fz, fy)} >
>0, where 8 € By, and triangular.

iii) there exists xo € X such that B(fxo, gzo) < 0,

iv) Ba.b) < inf {a(fo)+d(fz, fy)+a(fy)-algr)-dgz, gy) —algy)+
+B(fx, fy)} for all a,be X,

v) g is a f-continuous mapping.

Then f and g have a coincidence point (i.e., there exists u € X, such that
fu = gu). Moreover, if the following conditions hold:

a’) The pair (f,g) is weakly compatible,

b’) either 5(fu, fv) < 0or B(fv, fu) < 0 whenever fu = gu and fv = gv.
Then f and g have a common fixed point.

Proof. We put v = jﬁgg{a(fx) +d(fz, fy) + a(fy) — algr) —d(gz, gy) —
a(gy) + B(fx, fy)}; this implies that

a(gz)+d(gz, gy)+algy)—B(fx, fy) < a(fr)+d(fz, fy)+al(fy)—, (14)

for all x # y € X. Hence,
n(fx, fy)e*s)rdlozgytaloy)  pealfa)+dfz.fy)+alfy) (15)

with k = e™ < 1 and n(fx, fy) = e PU=/¥) Then

n(fx, fy)p(gz, gy) < kp(fz, fy), (16)

for all z,y € X, with p(x,y) = e*@*d@v+e) 1 a5 the r-distance defined
in Lemma 2. Now, we deduce from Lemmas 2, 3, 4, and Lemma 5 that
f and ¢ have a coincidence point. From b’), we obtain (b) in Lemma 5.
Then, if a’) and b’) are satisfied, we conclude via Lemma 5 that f and g
have a common fixed point. []

If we take § = 0, we obtain

Theorem 8. Let (X,d) be a bounded complete metric space (X,d)
and a: X — [0,00) be a bounded and lower semicontinuous function.
Let f,g: X — X satisfying the following conditions:
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i) g(X) = f(X),
ii) jﬁgfy{oz(frv) +d(fz, fy) + a(fy) — algr) — d(gz, gy) — algy)} > 0,

iii) The pair (f, g) is weakly compatible.
Then f and g have a common fixed point.

Corollary. [20] Let (X,d) be a bounded complete metric space (X,d).
Let f and g be two weakly compatible selfmapping of X satisfying the
following conditions:

i) g(X) < f(X),
i) inf{d(fz, fy) — d(gz, gy)} > 0.
Then f and g have a unique common fixed point.
If we take f = Id, we obtain the following result as a special case:

Corollary. [25, Theorem 2.5] Let g be a selfmapping of a bounded com-
plete metric space (X,d). If

inf{a(z) + d(,y) + aly) - algz) — d(gz, gy) — algy)} > 0,

then g has a unique fixed point u € X.

Corollary. [18, Theorem 3| Let T': X — X be a mapping of a bounded

complete metric space (X,d), such that ian{d(x,y) —d(Tz,Ty)} > 0.
TH£YE

Then T has a unique fixed point.

The following example illustrates Theorem 8.

Example 1. Let X = {0,1,2}? endowed with the metric

d((iﬂl,yl), ($2>y2)) = [[(x1,91) = (w2,92) |1 = |21 — 22| + Y1 — v2|.

It is clear that (X, d) is not an uniform convex space. Indeed, for ¢ = 1,
z = (1,0) and y = (0,1) we have |z]; = [yls =1, Jlz—ylp =2>1=¢
and 1|z +y|; = 1> 1—§ for each § > 0.

Define selfmapping f and g on X by

f(0,0) = (0,0), f(1,0) = f(0,1) = (

fL1) = f(0,2) = f(2,0) = (1
F(,2) = F(2,1) = £(2,2) = (2,2
9(0,0) = g(1,0) = g(0,1) = ¢(1,1) = ¢(0,2) =
9(1,2) = g(2,1) = 9(2,2) = (
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and a function a : X — R*
a(0,0) = a(1,0) = «(0,1) =0,
a(l,1) = a(1,2) = a(2,1) = a(0,2) = «(2,0) = 1, a(2,2) = g

It is clear that g(X) < f(X) and for all x # y € X we have

a(fz) +a(fy) +d(fzr,fy) — algr) — algy) — d(gz, gy) > 1.

Then f and g satisfy all conditions of Theorem 8 and f and g have the
unique common fixed point (0, 0).

Remark 1. The above example illustrates the usability of Theorem 8 and
shows that Theorem 8 is a real extension of [20, Theorem 2.12|. Indeed,

d(f(la 0)7f<27 2)) - d(g<170)ag(272)) =0 or
d(g(1,0),9(2,2)) < d(f(1,0), £(2,2)),

which are nonexpansive mappings.

As an application of Theorem 8, we get a result for a new class of
weakly contractive maps defined as follows:

In the following, ® is the class of all functions ¢: [1, +w0) — [0, + )
satisfying:
i)  ¢(t)=0if and only if t = 1,
ii) info(t) > 0,

t>1

iii)  o(t) <tforallte|l,+0).
Definition 9. Let (X,d) be a metric space and f,g: X — X be two

weakly compatible selfmappings of X, such that ¢(X) < f(X). f and g
are said to be E-weakly contractive of type T if

i) For all x # y € X, such that fx = fy, we have fx = gz,
i) M(z,y,9) < M(z,y,f) — ¢(M(z,y, ) + 1), for all z,y € X, where
M(z,y, f) = ofz) + d(fz, fy) + a(fy), ¢ € ® and a: X —> [0, +0) is

a bounded and lower semicontinuous function.

Theorem 9. Let (X,d) be a bounded complete metric space and f,g
be two E-weakly maps of type T on X. Then f and g have a unique
common fixed point.
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Proof. Let x # y € X; then we have the two following cases:

Case 1: If fr = fy, then Definition 9 implies that fz = gz = fy = gy.
As f and g are weakly compatible, we have go fx = fogx = fofx = gogx.
If gofxr = fx, the proof is finished. Otherwise, we have, from Definition 9:

a(go fz) +d(go fz, fr) + a(fr) = a(go fz) +d(go fz,gz) + a(gr) <
<a(fofr)+d(fofr, fr)+alfr)-
—oa(fo fr)+d(fofr, fr)+alfr)+1)=
=a(go fx) +d(go fr, fr) + a(fr)—

—¢lalgo fx) +d(go fz, fr) + a(fr) + 1),

which is a contradiction; so, f and g have a unique common fixed point.
Case 2: If fx # fy, it follows from Definition 9, that

0 <info(t) < (M (z,y, f) +1) < M(z,y, f) — M(z,y,9), (17)

t>1

hence, inf, ., {M(z,y, f) — M(x,y,g)} > 0. According to Theorem 8, we
conclude that f and ¢ have a unique common fixed point. []

Corollary. [20] Let f,g: X — X be two weakly compatible mappings
of a bounded metric space (X, d), such that

d(gz, gy) < d(fz, fy) — o(1 +d(fx, fy)),

for all z,y € X, where ¢: Rt — R* is a function satisfying ¢(0) = 0 and
%ngqb(t) > (0. Then f and g have a unique common fixed point.
>

Corollary. [18] Let T: X — X be a E-weakly contractive mapping of
a bounded complete metric space (X,d). Then T has a unique fixed point.

Example 2. Let X = {0} u [1,2] with the usual metric d(x,y) = |z — y|
for all z,y € X. Define f,g: X — X by

0, ifz=0,
flz) =42 ifze[l,2),
1, ifx=2,

o(x) = {0, if x € {0} U [1,2),

1, ifx =2,
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a function a: X — R" defined by

a@)::{a if ¢ € {0, 1},

Bt e (1,2),

and a function ¢: [1,00) — [0,0) defined by

Wﬂ={a if =1,

1, ift>1.

Hence, f and g satisfy all assumptions of Theorem 9 and f0 = g0 = 0.
But the pair (f, g) does not satisfy Theorem 3.10 in [20], indeed:
3 3 3
d(9§,92) =1>0= d(f§,f2) —o(1+ d(fi,fQ))-

4. Application. Now, we prove the existence and uniqueness of a
solution for the nonlinear integral equations

dﬂsz@JK@@@W@@JJENJL (18)
and .
x(t) = JK(s,x(s))ds, te[0,7], (19)

where x € CB[0, 7], the space of all continuous and bounded functions from
[0, 7] into R, with 7 > 0. K: [0,7] x R — R is a continuous mapping,.
Let X = CB[0, 7] endowed by the metric d: X x X — R* defined as

follows

d(m,y)==tsgp]b%t)—-y(ﬂl,

it is clear that (X, d) is a complete metric space. Consider a: X — [0, o0)
defined by

a(z) =[ @ [|= sup |=(1)], (20)

te[0,7]

for all z € X, which is a bounded and lower semicontinuous function.
Define two mappings f,g: X — X by

g(x)(t) = j K(s, f K(6,2(6))d€)ds, 1,5 € [0, 7], (21)
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F@)(t) = JK(s,x(s))dS, te0,7], (22)

for all z € X. So the problem to find a solution for the integral equations
(18) and (19) is equivalent to finding a common fixed point of the mappings
f and g.

Suppose that the above assumptions hold; then we have the following
theorem:

Theorem 10. If there exists M > 0 such that
1 1 1
K (5,2) = K(5,9)| < —fo — | and |K(s,2)| < _[la] - 5M]  (28)
or

|K(s,2) = K(s,y)] < [l —y| = M] and |K(s,z)| <%\f€!7 (24)

SN

for all s € [0, 7] and © # y € X, then the nonlinear integral equations (21)
and (22) have a unique common solution.

Proof. It is obvious to see that g(X) < f(X) and f, g are weakly compat-
ible. In the following, we will show that f and ¢ satisfy (ii) in Theorem 8.
Let x # y € X and t € [0,7]; then we have the two following cases:

Case 1: In this case, we suppose that K satisfies (23), and, hence, (21)
and (22) imply that

ota)(0)] = | | K6, [ Kieat@naeyas| < [ |cts. | Kea(nagfas <

< [ 2] | He.stena| - 3]s <l go | 50 (25)

0

then X
o(gr) < ol fr) ~ S M. (26)

Also, we have from (21), (22), and (23),

t s

9()(®) — 9(0)(0)] = | [ (s f K(&2(€)d0) — | K. [ Kl ule)e)] -

0 0
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s

= U[K(Syjf((ﬁ,x(é))dé) - K(S,JK({,y(f))dﬁ)]ds‘ <

0

0
{ Of (€, 2(€))de) — JKfy )d€)|ds <

1

!;Of (€, 2(€))de) — JK&y )de||ds < a(re, fy),  (@7)

and, hence,
d(gz,gy) < d(fz, fy), (28)
for all z # y € X. Using (26) and (28), we get

nf{a(fz)+d(fz, fy)+alfy)—algr)—d(gr, gy)—algy)} = M > 0. (29)

Case 2: In this case, we assume that K satisfies (24); in a similar way,
we get

a(gz) < affz), (30)
for all z # y € X. It follows from (30) and (31)

igg{a(fx)+d(fx,fy)+a(fy)—a(gx)—d(gx,gy)—a(gy)} > M >0. (32)

Then we deduce from (29), (32) and Theorem 8 that there exists a unique
common solution of the integral equations (18) and (19). [J

References

[1] Aamri M. and El Moutawakil D. 7-distance in general topological spaces
with application to fized point theory. Southwest J. Pur. Appl. Math., 2003,
vol. 2, pp. 1-5.

[2] Alber Ya. I., Guerre-Delabriere S. Principle of weakly contractive maps
in Hilbert spaces. Oper. Theory: Adv. Appl. (ed. by I. Gohberg and
Yu. Lyubich), Birkhauser verlag, Basel, 1997, 98, pp. 7—22.

DOI: https://doi.org/10.1007/978-3-0348-8910-0_2

[3] Browder F. E. Nonexpansive nonlinear operators in a Banach space. Proc.
Nat. Acad. Sei. U.S.A., 1965, vol. 54.


https://doi.org/10.1007/978-3-0348-8910-0_2

On bounded metric spaces... 97

4]
[5]
(6]
7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Edelstein M. On fized and periodic points under contractive mappings.
J. London Math. Soc., 1962, vol. 37, pp. 74—79.

Gohde D. Zum prinzip der kontraktiven Abbildung, Math. Nachr., 1965,
vol. 30, pp. 251 —258.

Jungck G., Rhoades B. E. Fized point for set valued functions without
continuity. Indian J. Pure Appl. Math., 1998, vol. 29(3), pp. 227—238.

Karapinar E., Yiiksel U. Some Common Fixed Point Theorems in Partial
Metric Spaces. J. Appl. Math., 2011, Article ID 263621, 16 p.
DOI: https://doi.org/10.1155/2011/263621

Karapinar E., Kumam P., Salimi P. On a a-y-Meir-Keeler contractive
mappings. Fixed Point Theory Appl., 2013, Article ID 94.
DOLI: https://doi.org/10.1186/1687-1812-2013-94

Khalehoghli S., Rahimi H., Eshaghi M. Fized point theorems in R-metric
spaces with applications. AIMS Math., 2020, vol. 5(4), pp. 3125—3137.
DOI: 10.3934/math.2020201

Kiinzi H.-P. A., Pajoohesh H., Schellekens M. P. Partial quasi-metrics.
Theor. Comp. Sc., 2006, vol. 365, no. 3, pp. 237 —246.
DOLI: https://doi.org/10.1016/j.tcs.2006.07.050

Matthews S. G. Partial metric topology. Annals of the NewYork Academy
of Sciences, Proc. 8th Summ. Confer. Gener. Topo. Appl., 1994, vol. 728,
pp. 183 -197.

DOI: https://doi.org/10.1111/j.1749-6632.1994.tb44144 .x

Nemytzki V. V. The fixed point method in analysis. 1936, Usp. Mat. Nauk,
vol. 1, pp. 141-174. (in Russian)

O’Neill S. J. Two topologies are better than one. Tech. Rep., University of
Warwick, Coventry, UK, 1995.

Radenovi¢ S., Kadelburg Z., Jandrli¢ D., Jandrli¢ A. Some results on weak
contraction maps. Bull. Iranian Math. Soc., 2012, vol. 38, pp. 625—645.

Rhoades B. E. Some theorems on weakly contractive maps. Nonl.Anal.,
2001, vol. 47, pp. 2683 —2693.
DOI: https://doi.org/10.1016/S0362-546X(01)00388-1

Rosa V. L., Vetro P. Common fixed points for a a-1-¢p-contractions in
generalized metric spaces. Nonl. Anal.: Model. and Cont., 2014, vol. 19,
no. 1, p. 43-54. DOI: https://doi.org/10.15388/NA.2014.1.3

Schellekens M. P. A characterization of partial metrizability: domains are
quantiftable. Theoret. Comput. Sc., 2013, vol. 305, no. 13, pp. 409—432.
DOLI: https://doi.org/10.1016/S0304-3975(02)00705-3


https://doi.org/10.1155/2011/263621
https://doi.org/10.1186/1687-1812-2013-94
10.3934/math.2020201
https://doi.org/10.1016/j.tcs.2006.07.050
https://doi.org/10.1111/j.1749-6632.1994.tb44144.x
https://doi.org/10.1016/S0362-546X(01)00388-1
https://doi.org/10.15388/NA.2014.1.3
https://doi.org/10.1016/S0304-3975(02)00705-3

98

Y. Touail

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Touail Y., El Moutawakil D., Bennani S. Fized Point theorems for contrac-
tive selfmappings of a bounded metric space. J. Func. Spac. Volume, 2019,
Article ID 4175807, 3 p. DOI: https://doi.org/10.1165/2019/4175807

Touail Y., El Moutawakil D. Fized point results for new type of multivalued
mappings in bounded metric spaces with an application. Ricerche Mat.,
2022, vol. 71, pp. 315—323.

DOI: https://doi.org/10.1007/s11587-020-00498-5

Touail Y., El Moutawakil D. New common fized point theorems for contrac-
tive self mappings and an application to nonlinear differential equations.
Int. J. Nonlinear Anal. Appl, 2021, pp. 903 -911.

DOI: https://doi.org/10.22075/IJNAA.2021.21318.2245

Touail Y., El Moutawakil D. Fized point theorems for new contractions
with application in dynamic programming. Vestnik St.Petersb. Univ. Math.,
2021, vol. 54, pp. 206—212.

DOLI: https://doi.org/10.1134/S1063454121020126

Touail Y., El Moutawakil D. Some new common fixed point theorems for
contractive selfmappings with applications. Asian. Eur. J. Math., 2022,
vol.15, no. 4, 2250080.

DOI: https://doi.org/10.1142/S1793557122500802

Touail Y., El Moutawakil D. Fized point theorems on orthogonal com-
plete metric spaces with an application. Int. J. Nonl. Anal. Appl, 2021,
pp- 1801 —1809.

DOI: https://doi.org/10.22075/IJNAA.2021.23033.2464

Touail Y., El Moutawakil D. L g-contractions and some fized point results
on generalized orthogonal sets. Rend. Circ. Mat. Palermo, 2020, II. Ser.
DOI: https://doi.org/10.1007/s12215-020-00569-4

Touail Y., Jaid A., El Moutawakil D. New contribution in fized point theory
via an auziliary function with an application. Ricerche Mat., 2023, vol. 72,
pp. 181-191. DOI: https://doi.org/10.1007/s11587-021-00645-6

Touail Y. On multivalued 1 p-contractions on generalized orthogonal sets
with an application to integral inclusions. Probl. Anal. Issues Anal., 2022,
vol. 29, no. 3, pp. 109—124.

DOLI: https://doi.org/10.15393/j3.art.2022.12030

Touail Y. A New Generalization of Metric Spaces Satisfying the To-
Separation Axiom and Some Related Fized Point Results. Russ. Math.,
2023, vol. 67, pp. 76 —86.

DOI: https://doi.org/10.3103/5S1066369X23050092


https://doi.org/10.1155/2019/4175807
 https://doi.org/10.1007/s11587-020-00498-5
https://doi.org/10.22075/IJNAA.2021.21318.2245
https://doi.org/10.1134/S1063454121020126
https://doi.org/10.1142/S1793557122500802
https://doi.org/10.22075/IJNAA.2021.23033.2464
https://doi.org/10.1007/s12215-020-00569-4
https://doi.org/10.1007/s11587-021-00645-6
 https://doi.org/10.15393/j3.art.2022.12030
https://doi.org/10.3103/S1066369X23050092

On bounded metric spaces...

99

Received October 05, 2023.

In revised form, February 06, 2024.
Accepted February 06, 2024.
Published online February 26, 2024.

Faculty of Sciences Dhar El Mahraz
University Sidi Mohamed Ben Abdellah, Fez, Morocco
E-mail: youssef9touail@gmail.com



