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Abstract. In this manuscript, the concept of Jaggi-type hybrid
(𝐺, 𝜙, 𝐹 )-contraction is introduced. Some novel fixed point theo-
rems that cannot be inferred from their cognate ones in both metric
and quasi metric spaces are established. A non-trivial example is
also provided to support the assumptions forming our obtained
theorems. As an application, one of our results is utilized to study
new conditions for the existence and uniqueness of a solution to a
Fredholm-type integral equation.
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1. Introduction. In 1922, Banach [5] proposed the well-known
fixed point result called Banach contraction principle, which provided
the groundwork for metric fixed point theory. Due to the simplicity and
usefulness of the contraction mapping principle, it has been extended in
different directions. One of such generalizations, involving some rational
expressions, was presented by Jaggi [12]. For similar improvements, one
can also refer to [4], [8], [7], [27], and some references therein.

The mathematical community has found research on new spaces and
their properties to be an intriguing topic over time. One of such de-
velopments is the idea of 𝐺-metric space (or generalized metric space)
introduced by Mustafa and Sims [20]. The aim of 𝐺-metric space was
to correct some flaws in the idea of generalized metric space given by
Dhage [10], and to adequately depict the geometry of three points along
the perimeter of a triangle. Consequently, Mustafa et al. [21] proved some
fixed point results of Hardy-Rogers-type for mappings satisfying certain
constraints on a complete metric space. However, according to the works
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of Jleli et al. [14] as well as Samet et al. [24], several fixed point results
in the framework of 𝐺-metric space can be deduced from some existing
results in quasi-metric space. It was noted in [6], [16] that the former ob-
servation is appropriate only if the contractive conditions in the result can
be reduced to two variables. We refer to Jiddah et al. [13] for an extensive
survey on the advancements of fixed point results in 𝐺-metric space.

In 2012, Wardowski [30] enhanced the Banach contraction principle
by introducing a new concept of contractions known as 𝐹 -contraction and
proved a fixed point theorem. Then, Wardowski and Dung [31] developed
the idea of an 𝐹 -weak contraction on a metric space and attained a gen-
eralization of 𝐹 -contraction. Secelean [25] pointed out that the condition
p𝐹2q which states that: for every sequence t𝛼𝑛u𝑛PN Ď R`, lim

𝑛Ñ8
𝛼𝑛 “ 0 if

and only if lim
𝑛Ñ8

𝐹 p𝛼𝑛q “ ´8, in Wardowski’s formulation of 𝐹 -contraction
can be replaced with a more straightforward and equivalent condition pro-
vided by p𝐹21q : inf 𝐹 “ ´8. Piri and Kumam [23] in 2014 extended the
result of Wardowski [30] by enforcing weaker auxiliary conditions on a
self map defined on a complete metric space. Cosentino and Vetro [9] es-
tablished some fixed point results of Hardy-Rogers-type for self mappings
on complete metric spaces and ordered metric spaces. Thereafter, War-
dowski [32] suggested the replacement of the positive constant 𝜏 in the
original formulation of 𝐹 -contraction with a function satisfying certain
constraints, and, hence, established a new type of contractions on metric
spaces called (𝜙, 𝐹 )-contractions. Not long ago, Lotfali et al. [17] estab-
lished some new fixed point theorems involving set-valued 𝐹 -contractions
in the setting of quasi-ordered metric spaces. Amine et al. [3] presented
a new concept of 𝜇𝐹 -contraction in Banach spaces, by modeling (with
measure of non-compactness) the idea of F-contraction initiated by War-
dowski [30]. For more recent trends in 𝐹 -contraction type fixed point
results, see Joshi and Jain [15], Fabiano et al. [11], Secelean [26], Touail
et al. [29] and some references therein.

Agarwal et al. [1] studied the existence and uniqueness of invariant
points of a family of (𝜙, 𝐹 )-contraction in the context of metric-like spaces
and used their findings to ascertain some conditions for the existence of
solutions of Fredholm integral equations on time scales. Mohammed et
al. [18] enhanced the work of [1] by investigating a class of (𝜙, 𝐹 )-weak
contractions in metric-like spaces under the same conditions. Inspired by
these developments, we introduce a new concept called Jaggi-type hybrid
(𝐺, 𝜙, 𝐹 )-contraction in the framework of 𝐺-metric space and study new
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conditions under which such contractions have at least a fixed point. A
non-trivial example is provided to support the applicability of our results
and its refinement over previous findings.

The paper is structured as follows: The introduction and synopsis of
relevant literature are presented in Section 1. Section 2 compiles the basic
ideas required in this work. In Section 3, the main results and a few
corollaries acquired from our findings are presented.

2. Preliminaries. In this section, we present some basic notations
and results to be used subsequently.

Throughout this paper, the set 𝑋 is considered non-empty. We denote
by R, R`, N the set of real numbers, the set of non-negative real numbers,
and the set of natural numbers, respectively.

Definition 1. [20] Let 𝑋 be a non-empty set and 𝐺 : 𝑋ˆ𝑋ˆ𝑋 ÝÑ R`
be a function satisfying:

p𝐺1q 𝐺p𝑥, 𝑦, 𝑧q “ 0 if 𝑥 “ 𝑦 “ 𝑧;
p𝐺2q 0 ă 𝐺p𝑥, 𝑥, 𝑦q for all 𝑥, 𝑦 P 𝑋 with 𝑥 ‰ 𝑦;
p𝐺3q 𝐺p𝑥, 𝑥, 𝑦q 6 𝐺p𝑥, 𝑦, 𝑧q, for all 𝑥, 𝑦, 𝑧 P 𝑋 with 𝑧 ‰ 𝑦;
p𝐺4q 𝐺p𝑥, 𝑦, 𝑧q “ 𝐺p𝑥, 𝑧, 𝑦q “ 𝐺p𝑦, 𝑥, 𝑧q “ . . . (symmetry in all three

variables);
p𝐺5q 𝐺p𝑥, 𝑦, 𝑧q 6 𝐺p𝑥, 𝑎, 𝑎q`𝐺p𝑎, 𝑦, 𝑧q, for all 𝑥, 𝑦, 𝑧, 𝑎 P 𝑋 (rectangle

inequality).

Then the function 𝐺 is called a generalized metric, or more specifically, a
𝐺-metric on 𝑋, and the pair p𝑋,𝐺q is called a 𝐺-metric space.

Example. [21] Let p𝑋, 𝑑q be a usual metric space. Then p𝑋,𝐺𝑠q and
p𝑋,𝐺𝑚q are 𝐺-metric spaces, where

𝐺𝑠p𝑥, 𝑦, 𝑧q “ 𝑑p𝑥, 𝑦q ` 𝑑p𝑦, 𝑧q ` 𝑑p𝑥, 𝑧q @𝑥, 𝑦, 𝑧 P 𝑋, (1)
𝐺𝑚p𝑥, 𝑦, 𝑧q “ maxt𝑑p𝑥, 𝑦q, 𝑑p𝑦, 𝑧q, 𝑑p𝑥, 𝑧qu @𝑥, 𝑦, 𝑧 P 𝑋. (2)

Definition 2. [21] Let p𝑋,𝐺q be a 𝐺-metric space and t𝑥𝑛u be a se-
quence of points of 𝑋. We say that sequence t𝑥𝑛u is 𝐺-convergent to 𝑥
if lim

𝑛,𝑚Ñ8
𝐺p𝑥, 𝑥𝑛, 𝑥𝑚q “ 0; that is, for any 𝜖 ą 0, there exists 𝑛0 P N such

that 𝐺p𝑥, 𝑥𝑛, 𝑥𝑚q ă 𝜖 for all 𝑛,𝑚 > 𝑛0. We refer to 𝑥 as the limit of the
sequence t𝑥𝑛u.
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Proposition 1. [21] Let p𝑋,𝐺q be a 𝐺-metric space. Then the following
are equivalent:

(i) t𝑥𝑛u is 𝐺-convergent to 𝑥.

(ii) 𝐺p𝑥, 𝑥𝑛, 𝑥𝑚q ÝÑ 0, as 𝑛,𝑚Ñ 8.

(iii) 𝐺p𝑥𝑛, 𝑥, 𝑥q ÝÑ 0, as 𝑛Ñ 8.

(iv) 𝐺p𝑥𝑛, 𝑥𝑛, 𝑥q ÝÑ 0, as 𝑛Ñ 8.

Definition 3. [21] Let p𝑋,𝐺q be a 𝐺-metric space. A sequence t𝑥𝑛u is
called 𝐺-Cauchy if, given 𝜖 ą 0, there exists 𝑛0 P N, such that
𝐺p𝑥𝑛, 𝑥𝑚, 𝑥𝑙q ă 𝜖 for all 𝑛,𝑚, 𝑙 > 𝑛0; that is, 𝐺p𝑥𝑛, 𝑥𝑚, 𝑥𝑙q ÝÑ 0, as
𝑛,𝑚, 𝑙 Ñ 8.

Proposition. [21] In a 𝐺-metric space p𝑋,𝐺q, the following are equiva-
lent:

(i) The sequence t𝑥𝑛u is 𝐺-Cauchy.

(ii) For every 𝜖 ą 0, there exists 𝑛0 P N, such that 𝐺p𝑥𝑛, 𝑥𝑚, 𝑥𝑚q ă 𝜖
for all 𝑛,𝑚 > 𝑛0.

Definition 4. [21] Let p𝑋,𝐺q and p𝑋 1, 𝐺1q be 𝐺-metric spaces and
𝑓 : p𝑋,𝐺q ÝÑ p𝑋 1, 𝐺1q be a function. Then 𝑓 is said to be 𝐺-continuous
at a point 𝑎 P 𝑋 if and only if, given 𝜖 ą 0, there exists 𝛿 ą 0, such that
𝑥, 𝑦 P 𝑋 and 𝐺p𝑎, 𝑥, 𝑦q ă 𝛿 implies 𝐺1p𝑓p𝑎q, 𝑓p𝑥q, 𝑓p𝑦qq ă 𝜖. A function 𝑓
is 𝐺-continuous on 𝑋 if and only if it is 𝐺-continuous at all 𝑎 P 𝑋.

Proposition. [21] Let p𝑋,𝐺q and p𝑋 1, 𝐺1q be two 𝐺-metric spaces. Then
a function 𝑓 : p𝑋,𝐺q ÝÑ p𝑋 1, 𝐺1q is said to be 𝐺-continuous at a point
𝑥 P 𝑋 if and only if it is 𝐺-sequentially continuous at 𝑥; that is, whenever
t𝑥𝑛u is 𝐺-convergent to 𝑥, t𝑓p𝑥𝑛qu is 𝐺-convergent to 𝑓𝑥.

Definition 5. [21] A𝐺-metric space p𝑋,𝐺q is called symmetric𝐺-metric
space if 𝐺p𝑥, 𝑥, 𝑦q “ 𝐺p𝑦, 𝑥, 𝑥q @ 𝑥, 𝑦 P 𝑋.

Proposition. [21] Let p𝑋,𝐺q be a 𝐺-metric space. Then the function
𝐺p𝑥, 𝑦, 𝑧q is jointly continuous in all three of its variables.

Proposition. [21] Every 𝐺-metric space p𝑋,𝐺q will define a metric space
p𝑋, 𝑑𝐺q by 𝑑𝐺p𝑥, 𝑦q “ 𝐺p𝑥, 𝑦, 𝑦q`𝐺p𝑦, 𝑥, 𝑥q @𝑥, 𝑦 P 𝑋. Note that if p𝑋,𝐺q
is a symmetric 𝐺-metric space, then p𝑋, 𝑑𝐺q “ 2𝐺p𝑥, 𝑦, 𝑦q @𝑥, 𝑦 P 𝑋.
However, if p𝑋,𝐺q is not symmetric, then it holds due to 𝐺-metric prop-
erties that 3

2
𝐺p𝑥, 𝑦, 𝑦q 6 𝑑𝐺p𝑥, 𝑦q 6 3𝐺p𝑥, 𝑦, 𝑦q @ 𝑥, 𝑦 P 𝑋.
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Definition 6. [21] A 𝐺-metric space p𝑋,𝐺q is said to be 𝐺-complete (or
complete 𝐺-metric) if every 𝐺-Cauchy sequence in p𝑋,𝐺q is 𝐺-convergent
in p𝑋,𝐺q.

Proposition. [21] A 𝐺-metric space p𝑋,𝐺q is 𝐺-complete if and only if
p𝑋, 𝑑𝐺q is a complete metric space.

Mustafa [19] proved the following result in the framework of 𝐺-metric
space.

Theorem 1. [19] Let p𝑋,𝐺q be a complete 𝐺-metric space and
𝑇 : 𝑋 ÝÑ 𝑋 be a mapping satisfying the following condition:

𝐺p𝑇𝑥, 𝑇𝑦, 𝑇𝑧q 6 𝑘𝐺p𝑥, 𝑦, 𝑧q, (3)

for all 𝑥, 𝑦, 𝑧 P 𝑋, where 0 6 𝑘 ă 1. Then 𝑇 has a unique fixed point (say
𝑢, i.e., 𝑇𝑢 “ 𝑢), and 𝑇 is 𝐺-continuous at 𝑢.

Following in the direction of [30], the idea of 𝐹 -contraction is defined
as follows:

Definition 7. [30] Let ∆𝑓 denote the family of functions 𝐹 : R` ÝÑ R
satisfying the following auxiliary conditions:

p𝐹1q 𝐹 is strictly increasing; that is, for all 𝑎, 𝑏 P R`, if 𝑎 ă 𝑏 then
𝐹 p𝑎q ă 𝐹 p𝑏q;

p𝐹2q for every sequence t𝛼𝑛u𝑛PN Ď R`, lim
𝑛Ñ8

𝛼𝑛 “ 0 if and only if
lim
𝑛Ñ8

𝐹 p𝛼𝑛q “ ´8;

p𝐹3q there exists 0 ă 𝑘 ă 1, such that lim
𝛼Ñ0`

𝛼𝑘𝐹 p𝛼q “ 0.

Definition 8. [30] Let p𝑋, 𝑑q be a metric space. A self-mapping 𝑇 on
𝑋 is called an 𝐹 -contraction if there exist 𝜏 ą 0 and 𝐹 P ∆𝑓 , such that
for all 𝑥, 𝑦 P 𝑋,

𝑑p𝑇𝑥, 𝑇𝑦q ą 0 ùñ 𝜏 ` 𝐹 p𝑑p𝑇𝑥, 𝑇𝑦qq 6 𝐹 p𝑑p𝑥, 𝑦qq. (4)

Remark. From (F1) and (2.7), it is clear that if 𝑇 is an 𝐹 -contraction,
then 𝑑p𝑇𝑥, 𝑇𝑦q ă 𝑑p𝑥, 𝑦q for all 𝑥, 𝑦 P 𝑋, such that 𝑇𝑥 ‰ 𝑇𝑦. That is, 𝑇
is a contractive mapping and, hence, every 𝐹 -contraction is a continuous
mapping.

Wardowski [30] presented a variation of the Banach fixed point theorem
as follows:
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Theorem 2. Let p𝑋, 𝑑q be a complete metric space and 𝑇 : 𝑋 ÝÑ 𝑋 be
an 𝐹 -contraction. Then 𝑇 has a unique fixed point 𝑥 P 𝑋 and for every
𝑥0 P 𝑋 a sequence t𝑇 𝑛𝑥0u𝑛PN is convergent to 𝑥.

A modification of the class of contractions called 𝐹 -contraction was
proposed by Wardowski [32], where the positive constant 𝜏 was replaced
by a function 𝜙 and some of the conditions of 𝐹 were relaxed. The modified
version of 𝐹 -contraction is presented as follows:

Definition 9. [32] Let p𝑋, 𝑑q be a metric space, 𝐹 : p0,8q Ñ R and
𝜙 : p0,8q Ñ p0,8q be two mappings satisfying the following:

p1q 𝐹 is strictly increasing, i.e., 𝛼 ă 𝛽 implies 𝐹 p𝛼q ă 𝐹 p𝛽q for all
𝛼, 𝛽 P p0,8q;

p2q lim
𝛼Ñ0`

𝐹 p𝛼q “ ´8;

p3q lim inf
𝛼Ñ𝑡`

𝜙p𝛼q ą 0 for all 𝑡 ą 0.

A mapping 𝑇 : 𝑋 Ñ 𝑋 is called a p𝜙, 𝐹 q-contraction on p𝑋, 𝑑q if

𝜙p𝑑p𝑥, 𝑦qq ` 𝐹 p𝑑p𝑇𝑥, 𝑇𝑦qq 6 𝐹 p𝑑p𝑥, 𝑦qq,

for all 𝑥, 𝑦 P 𝑋 for which 𝑇𝑥 ‰ 𝑇𝑦.
In line with [28], let Φ be the set of all functions 𝜑 : R` ÝÑ R`, such

that 𝜑 is a non-decreasing function with lim
𝑛Ñ`8

𝜑𝑛p𝑡q “ 0 for all 𝑡 P p0,`8q.
If 𝜑 P Φ, then 𝜑 is called a Φ-map.

Let 𝜑 P Φ be a Φ-map, such that there exist 𝑛0 P N, 𝑘 P p0, 1q, and a
convergent series of non-negative terms

ř8

𝑛“1 𝑣𝑛 satisfying
𝜑𝑛`1p𝑡q 6 𝑘𝜑𝑛p𝑡q ` 𝑣𝑛 for 𝑛 > 𝑛0 and any 𝑡 ą 0. Then 𝜑 is called a
p𝑐q-comparison function [2].

Lemma 1. [2] If 𝜑 P Φ, then the following hold:

(i) t𝜑𝑛p𝑡qu𝑛PN converges to 0 as 𝑛Ñ 8 for 𝑡 > 0;
(ii) 𝜑p𝑡q ă 𝑡 for any 𝑡 P R`;
(iii) 𝜑 is continuous;
(iv) 𝜑p𝑡q = 0 if and only if 𝑡 “ 0 ;
(v) the series

ř8

𝑖“1 𝜑
𝑖p𝑡q is convergent for 𝑡 > 0.

3. Main results. In this section, the concept of (𝜙, 𝐹 )-type contrac-
tions is initiated in line with Definition 9 on 𝐺-metric space. Conditions
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for the existence and uniqueness of invariant points for such family of
contractions are studied.

Definition 10. Let p𝑋,𝐺q be a 𝐺-metric space. A mapping 𝑇 : 𝑋 ÝÑ 𝑋
is called a Jaggi-type hybrid (𝐺,𝜙, 𝐹 )-contraction of type (A) if there exist
𝐹 P ∆𝑓 , 𝜑 P Φ and a function 𝜙 : p0,8q Ñ p0,8q satisfying condition 3 of
definition 9, such that 𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q ą 0 implies

𝜙p𝐺p𝑥, 𝑦, 𝑇𝑦qq ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 𝐹 p𝜑pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qqq, (5)

for all 𝑥, 𝑦 P 𝑋z𝐹𝑖𝑥p𝑇 q, where

ℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦q“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

„

𝜆1

´𝐺p𝑥, 𝑇𝑥, 𝑇 2𝑥q ¨𝐺p𝑦, 𝑇𝑦, 𝑇 2𝑦q

𝐺p𝑥, 𝑦, 𝑇𝑦q

¯𝑞

`𝜆2𝐺p𝑥, 𝑦, 𝑇𝑦q
𝑞


1
𝑞

,

𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑞 ą 0;

𝐺p𝑥, 𝑇𝑥, 𝑇 2𝑥q𝜆1 ¨𝐺p𝑦, 𝑇𝑦, 𝑇 2𝑦q𝜆2 , 𝑓𝑜𝑟 𝑞 “ 0,

(6)
𝜆1, 𝜆2 > 0 with 𝜆1 ` 𝜆2 “ 1 and 𝐹𝑖𝑥p𝑇 q “ t𝑥 P 𝑋 : 𝑇𝑥 “ 𝑥u.

We present our main results as follows:

Theorem 3. Let p𝑋,𝐺q be a complete 𝐺-metric space. If the mapping
𝑇 : 𝑋 ÝÑ 𝑋 is a continuous Jaggi-type hybrid (𝐺,𝜙, 𝐹 )-contraction of
type (A) on p𝑋,𝐺q, then 𝑇 has a unique fixed point in 𝑋.

Proof. Let 𝑥0 P 𝑋 be arbitrary, but fixed. Define an iterative sequence
t𝑥𝑛u𝑛PN in 𝑋 by 𝑥𝑛 “ 𝑇 𝑛𝑥0. If we can find some 𝑛0 P N for which
𝑥𝑛0`1 “ 𝑥𝑛0 , then 𝑇𝑥𝑛0 “ 𝑥𝑛0 and the proof is complete. Suppose that
𝑇𝑥𝑛´1 ‰ 𝑇𝑥𝑛 for all 𝑛 P N and 𝐺p𝑇𝑥𝑛´1, 𝑇𝑥𝑛, 𝑇

2𝑥𝑛q ą 0. Since 𝑇 is a
Jaggi-type hybrid (𝐺,𝜙, 𝐹 )-contraction, from (5) and taking 𝑥 “ 𝑥𝑛´1,
𝑦 “ 𝑥𝑛, we have

𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛qq ` 𝐹 p𝐺p𝑇𝑥𝑛´1, 𝑇𝑥𝑛, 𝑇
2𝑥𝑛qq 6

6 𝐹 p𝜑pℛ𝑞
𝐴p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛qqq. (7)

We then consider the following cases of (6):
Case 1: For 𝑞 ą 0, we obtain:

ℛ𝑞
𝐴p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛q “

”

𝜆1

´𝐺p𝑥𝑛´1, 𝑇𝑥𝑛´1, 𝑇
2𝑥𝑛´1q𝐺p𝑥𝑛, 𝑇𝑥𝑛, 𝑇

2𝑥𝑛q

𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛q

¯𝑞

`
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` 𝜆2𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛q
𝑞
ı

1
𝑞
“

“

”

𝜆1

´𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q𝐺p𝑥𝑛, 𝑥𝑛`1,𝑥𝑛`2q

𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q

¯𝑞

`

` 𝜆2𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q
𝑞
ı

1
𝑞
“

“
“

𝜆1𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q
𝑞
` 𝜆2𝐺p𝑥𝑛´1, 𝑥𝑛,𝑛`1 q

𝑞
‰

1
𝑞 . (8)

Assume that 𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q 6 𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q for all 𝑛 P N. Since 𝜑
is nondecreasing, then from (8) the contractive inequality (7) takes the
form

𝐹 p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq 6 𝐹 p𝜑pℛ𝑞
𝐴p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛qqq ´ 𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛qq“

“ 𝐹 p𝜑 r𝜆1𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q
𝑞
` 𝜆2𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q

𝑞
s
1
𝑞 q´

´ 𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1qq 6

6 𝐹 p𝜑 r𝜆1𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q
𝑞
` 𝜆2𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q

𝑞
s
1
𝑞 q´

´ 𝜙p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq “

“ 𝐹 p𝜑rp𝜆1 ` 𝜆2q
1
𝑞𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qsq ´ 𝜙p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq “

“ 𝐹 p𝜑p𝐺p𝑥𝑛, 𝑥𝑛`1,𝑥𝑛`2qqq ´ 𝜙p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq ă

ă 𝐹 p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq, which is not true.

Therefore, maxt𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1, 𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qqu “ 𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q,
so that (7) becomes

𝐹 p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq 6

6 𝐹 p𝜑 r𝜆1𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q
𝑞
` 𝜆2𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q

𝑞
s
1
𝑞 q´

´ 𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1qq 6

6 𝐹 p𝜑rp𝜆1 ` 𝜆2q
1
𝑞𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1sq ´ 𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1qq 6

6 𝐹 p𝜑p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1qqq ´ 𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1qq. (9)

Let 𝛾𝑛 “ 𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q ą 0 for all 𝑛 P N Y t0u. From (9) and since
𝐹 is increasing, 𝛾𝑛 6 𝛾𝑛´1 for all 𝑛 P N. That is, the positive sequence
t𝛾𝑛u is decreasing and thus converges to a limit 𝛾 > 0. The inequality (9)
yields

𝐹 p𝛾𝑛q 6 𝐹 p𝜑p𝛾𝑛´1qq ´ 𝜙p𝛾𝑛´1q 6
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6 𝐹 p𝜑2
p𝛾𝑛´2qq ´ 𝜙p𝛾𝑛´2q ´ 𝜙p𝛾𝑛´1q 6

...

6 𝐹 p𝜑𝑛p𝛾0qq ´
𝑛´1
ÿ

𝑖“0

𝜙p𝛾𝑖q. (10)

Owing to the fact that from Condition 3 of Definition 9, lim inf
𝛼Ñ𝑡`

𝜙p𝛼q ą 0

for all 𝑡 ą 0, we have lim inf
𝑛Ñ8

𝜙p𝛾𝑛q ą 0. Therefore, we can find 𝑛0 P N
and 𝑎 ą 0, such that for all 𝑛 > 𝑛0, 𝜙p𝛾𝑛q ą 𝑎. Thus, the inequality (10)
becomes

𝐹 p𝛾𝑛q 6 𝐹 p𝜑𝑛p𝛾0qq ´
𝑛0´1
ÿ

𝑖“0

𝜙p𝛾𝑖q ´
𝑛´1
ÿ

𝑖“𝑛0

𝜙p𝛾𝑖q 6 𝐹 p𝜑𝑛p𝛾0qq ´
𝑛´1
ÿ

𝑖“𝑛0

𝑎 6

6 𝐹 p𝜑𝑛p𝛾0qq ´ p𝑛´ 𝑛0q𝑎 for all 𝑛 > 𝑛0. (11)

Applying limit as 𝑛Ñ 8 in (11), we obtain

lim
𝑛Ñ8

𝐹 p𝛾𝑛q 6 lim
𝑛Ñ8

r𝐹 p𝜑𝑛p𝛾0qq ´ p𝑛´ 𝑛0q𝑎s “ ´8.

Since lim
𝑛Ñ8

𝐹 p𝛾𝑛q “ ´8, then from (F2) it follows that lim
𝑛Ñ8

𝛾𝑛 “ 0. From

p𝐹3q, we can find 𝑘 P p0, 1q, such that lim
𝑛Ñ8

𝛾𝑛
𝑘𝐹 p𝛾𝑛q “ 0. By (11), the

following is valid for all 𝑛 P N: 𝛾𝑛𝑘𝐹 p𝛾𝑛q 6 𝛾𝑛
𝑘r𝐹 p𝜑𝑛p𝛾0qq ´ p𝑛 ´ 𝑛0q𝑎s,

and it follows that 𝛾𝑛𝑘r𝐹 p𝛾𝑛q´𝐹 p𝜑𝑛p𝛾0qqs 6 ´p𝛾𝑛q𝑘p𝑛´𝑛0q𝑎 6 0. Taking
the limit as 𝑛Ñ 8, we have

lim
𝑛Ñ8

p𝛾𝑛q
𝑘
p𝑛´ 𝑛0q𝑎 “ 0. (12)

From (12), we can find 𝑛1 P N, such that p𝛾𝑛q𝑘p𝑛´𝑛0q𝑎 6 1 for all 𝑛 > 𝑛1.
Thus, we obtain

𝛾𝑛 6
1

rp𝑛´ 𝑛0q𝑎s
1
𝑘

, @ 𝑛 > 𝑛1.

In order to show that t𝑥𝑛u is a 𝐺-Cauchy sequence, consider 𝑚,𝑛 P N,
such that 𝑚 ą 𝑛 > maxt𝑛0, 𝑛1u. Therefore, we have

𝐺p𝑥𝑛, 𝑥𝑛, 𝑥𝑚q 6

6 𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`1q `𝐺p𝑥𝑛`1, 𝑥𝑛`2, 𝑥𝑛`2q ` ¨ ¨ ¨ `𝐺p𝑥𝑚´1, 𝑥𝑚, 𝑥𝑚q “
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“ 𝛾𝑛 ` 𝛾𝑛`1 ` ¨ ¨ ¨ ` 𝛾𝑚´1 “
𝑚´1
ÿ

𝑖“𝑛

𝛾𝑖 6
8
ÿ

𝑖“𝑛

𝛾𝑖 6
8
ÿ

𝑖“𝑛

1

rp𝑛´ 𝑛0q𝑎s
1
𝑘

. (13)

Since 0ă𝑘ă1, the infinite series
8
ÿ

𝑖“𝑛

1

rp𝑖´ 𝑛0q𝑎s
1
𝑘

is a 𝐺-Cauchy sequence

in p𝑋,𝐺q and, so, by the completeness of p𝑋,𝐺q, we can find such 𝑥˚ P 𝑋,
that t𝑥𝑛u converges to 𝑥˚. That is, lim

𝑛Ñ8
𝐺p𝑥𝑛, 𝑥

˚, 𝑥˚q“0. By the assump-
tion that 𝑇 is continuous, lim

𝑛Ñ8
𝐺p𝑥˚, 𝑥˚, 𝑇𝑥˚q“ lim

𝑛Ñ8
𝐺p𝑥𝑛`1, 𝑥𝑛`1, 𝑇𝑥

˚
q“

0, which implies that 𝑇𝑥˚ “ 𝑥˚, that is, 𝑥˚ is a fixed point of 𝑇 .
Case 2: For 𝑞 “ 0, we have

ℛ𝑞
𝐴p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛q “ 𝐺p𝑥𝑛´1, 𝑇𝑥𝑛´1, 𝑇

2𝑥𝑛´1q
𝜆1𝐺p𝑥𝑛, 𝑇𝑥𝑛, 𝑇

2𝑥𝑛q
𝜆2 “

“ 𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q
𝜆1𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q

𝜆2 . (14)

If 𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q 6 𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q, then, using (14) in (7), we have

𝐹 p𝐺p𝑇𝑥𝑛´1, 𝑇𝑥𝑛, 𝑇
2𝑥𝑛qq 6

6 𝐹 p𝜑pℛ𝑞
𝐴p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛qqq ´ 𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑇𝑥𝑛qq “

“ 𝐹 p𝜑r𝐺p𝑥𝑛´1,𝑥𝑛, 𝑥𝑛`1q
𝜆1𝐺p𝑥𝑛,𝑥𝑛`1, 𝑥𝑛`2q

𝜆2sq

´ 𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1qq 6

6 𝐹 p𝜑r𝐺p𝑥𝑛, 𝑥𝑛`1,𝑥𝑛`2q
𝜆1𝐺p𝑥𝑛,𝑥𝑛`1, 𝑥𝑛`2q

𝜆2sq´

´ 𝜙p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq “

“ 𝐹 p𝜑r𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q
p𝜆1`𝜆2qsq ´ 𝜙p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq “

“ 𝐹 p𝜑p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qqq ´ 𝜙p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq ă

ă 𝐹 p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq.

That is, 𝐹 p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq ă 𝐹 p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq, which is not true.
Therefore, 𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2q ă 𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1q for all 𝑛 P N. Conse-
quently, we have

𝐹 p𝐺p𝑥𝑛, 𝑥𝑛`1, 𝑥𝑛`2qq 6 𝐹 p𝜑p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1qqq ´ 𝜙p𝐺p𝑥𝑛´1, 𝑥𝑛, 𝑥𝑛`1qq.

By a similar method as in the case of 𝑞 ą 0, we can establish that there
is a 𝐺-Cauchy sequence t𝑥𝑛u in p𝑋,𝐺q and a point 𝑥˚ P 𝑋, such that
lim
𝑛Ñ8

𝑥𝑛 “ 𝑥˚. Similarly, under the assumption that 𝑇 is continuous and
by uniqueness of limit, we have 𝑇𝑥˚“𝑥˚. That is, 𝑥˚ is a fixed point of 𝑇 .
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To show uniqueness, assume that 𝑇 has two distinct fixed points 𝑥˚
and 𝑦˚ in 𝑋, such that 𝑇𝑥˚ “ 𝑥˚ ‰ 𝑦˚ “ 𝑇𝑦˚. Then the contractive
inequality (5) yields

𝜙p𝐺p𝑥˚, 𝑦˚, 𝑇 𝑦˚qq ` 𝐹 p𝐺p𝑇𝑥˚, 𝑇 𝑦˚, 𝑇 2𝑦˚qq “

“ 𝜙p𝐺p𝑥˚, 𝑦˚, 𝑦˚qq ` 𝐹 p𝐺p𝑥˚, 𝑦˚, 𝑦˚qq 6 𝐹 p𝜑pℛ𝑞
𝐴p𝑥

˚, 𝑦˚, 𝑇 𝑦˚qqq. (15)

where there are two cases.
Case 1: For 𝑞 ą 0

ℛ𝑞
𝐴 p𝑥

˚, 𝑦˚, 𝑇 𝑦˚q “

“

”

𝜆1

´𝐺p𝑥˚, 𝑇𝑥˚, 𝑇 2𝑥˚q𝐺p𝑦˚, 𝑇 𝑦˚, 𝑇 2𝑥˚q

𝐺p𝑥˚, 𝑦˚, 𝑇 𝑦˚q

¯𝑞

` 𝜆2p𝐺p𝑥
˚, 𝑦˚, 𝑇 𝑦˚qq𝑞

ı
1
𝑞
“

“

”

𝜆1

´𝐺p𝑥˚, 𝑥˚, 𝑥˚q𝐺p𝑦˚, 𝑦˚, 𝑦˚q

𝐺p𝑥˚, 𝑦˚, 𝑦˚q

¯𝑞

` 𝜆2p𝐺p𝑥
˚, 𝑦˚, 𝑦˚qq𝑞

ı
1
𝑞
“

“
“

𝜆2p𝐺p𝑥
˚, 𝑦˚, 𝑦˚qq𝑞

‰
1
𝑞 “ 𝜆

1
𝑞

2𝐺p𝑥
˚, 𝑦˚, 𝑦˚q 6 𝐺p𝑥˚, 𝑦˚, 𝑦˚q.

Hence, (15) takes the form

𝜙p𝐺p𝑥˚, 𝑦˚, 𝑇 𝑦˚qq ` 𝐹 p𝐺p𝑥˚, 𝑦˚, 𝑦˚qq 6 𝐹 p𝜑p𝐺p𝑥˚, 𝑦˚, 𝑦˚qqq ă

ă 𝐹 p𝐺p𝑥˚, 𝑦˚, 𝑦˚qq,

which is a contradiction, since 𝜙p𝐺p𝑥˚, 𝑦˚, 𝑇 𝑦˚qq ą 0.
Case 2: For 𝑞 “ 0

ℛ𝑞
𝐴p𝑥

˚, 𝑦˚, 𝑇 𝑦˚q “ 𝐺p𝑥˚, 𝑇𝑥˚, 𝑇 2𝑥˚q𝜆1 .𝐺p𝑦˚, 𝑇 𝑦˚, 𝑇 2𝑦˚q𝜆2 “

“𝐺p𝑥˚, 𝑥˚, 𝑥˚q𝜆1 .𝐺p𝑦˚, 𝑦˚, 𝑦˚q𝜆2 “ 0.

Therefore, from (15) we have

𝜙p𝐺p𝑥˚, 𝑦˚, 𝑇 𝑦˚qq ` 𝐹 p𝐺p𝑥˚, 𝑦˚, 𝑦˚qq 6 𝐹 p𝜑p0qq ă 𝐹 p0q.

From p𝐺2q and p𝐹1q, we observe that 0 ă 𝐺p𝑥˚, 𝑦˚, 𝑦˚q implies
𝐹 p0q ă 𝐹 p𝐺p𝑥˚, 𝑦˚, 𝑦˚qq. It follows that

𝜙p𝐺p𝑥˚, 𝑦˚, 𝑇 𝑦˚qq ă 𝐹 p0q ´ 𝐹 p𝐺p𝑥˚, 𝑦˚, 𝑦˚qq ă 0,

which is a contradiction. Thus, we can conclude that 𝑥˚ “ 𝑦˚. That is, 𝑇
has only one fixed point in p𝑋,𝐺q. This completes the proof. l
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Definition 11. Let p𝑋,𝐺q be a 𝐺-metric space. A mapping 𝑇 : 𝑋 ÝÑ 𝑋
is called a Jaggi-type hybrid (𝐺, 𝜙, 𝐹 )-contraction of type (B) if there exist
𝐹 P ∆𝑓 , 𝜑 P Φ and a function 𝜙 : p0,8q Ñ p0,8q satisfying Condition 3
of Definition 9, such that 𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q ą 0 implies

𝜙p𝐺p𝑥, 𝑦, 𝑇𝑦qq ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 𝐹 p𝜑pℛ𝑞
𝐵p𝑥, 𝑦, 𝑇𝑦qqq, (16)

for all 𝑥, 𝑦 P 𝑋, where

ℛ𝑞
𝐵p𝑥, 𝑦, 𝑇𝑦q “

”

𝜆1

´𝐺p𝑥, 𝑇𝑥, 𝑇 2𝑥q ¨𝐺p𝑦, 𝑇𝑦, 𝑇 2𝑦q

𝐺p𝑥, 𝑦, 𝑇𝑦q

¯𝑞

` 𝜆2𝐺p𝑥, 𝑦, 𝑇𝑦q
𝑞
ı

1
𝑞

(17)
𝑞 ą 0;𝜆1, 𝜆2 > 0 with 𝜆1 ` 𝜆2 “ 1 and 𝐹𝑖𝑥p𝑇 q “ t𝑥 P 𝑋 : 𝑇𝑥 “ 𝑥u.

Definition 12. Let p𝑋,𝐺q be a 𝐺-metric space. A mapping 𝑇 : 𝑋 ÝÑ 𝑋
is called a Jaggi-type hybrid (𝐺, 𝜙, 𝐹 )-contraction of type (C) if there exist
𝐹 P ∆𝑓 , 𝜑 P Φ, and a function 𝜙 : p0,8q Ñ p0,8q satisfying Condition 3
of Definition 9, such that 𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q ą 0 implies

𝜙p𝐺p𝑥, 𝑦, 𝑇𝑦qq ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 𝐹 p𝜑pℛ𝐶p𝑥, 𝑦, 𝑇𝑦qqq,

for all 𝑥, 𝑦 P 𝑋z𝐹𝑖𝑥p𝑇 q, where

ℛ𝐶p𝑥, 𝑦, 𝑇𝑦q “
”

𝐺p𝑥, 𝑇𝑥, 𝑇 2𝑥q𝜆1 ¨𝐺p𝑦, 𝑇𝑦, 𝑇 2𝑦q𝜆2
ı

(18)

𝜆1, 𝜆2 > 0 with 𝜆1 ` 𝜆2 “ 1 and 𝐹𝑖𝑥p𝑇 q “ t𝑥 P 𝑋 : 𝑇𝑥 “ 𝑥u.

The following are some immediate cases of our results:

Corollary 1. Let p𝑋,𝐺q be a complete 𝐺-metric space and 𝑇 : 𝑋 ÝÑ 𝑋
be a Jaggi-type hybrid (𝐺, 𝜙, 𝐹 )-contraction of type (B). If 𝑇 is continu-
ous, then 𝑇 possesses a unique fixed point in 𝑋.

Proof. Following the proof of Theorem 3 for the case where 𝑞 ą 0, the
conclusion follows. l

Corollary 2. Let p𝑋,𝐺q be a complete 𝐺-metric space and 𝑇 : 𝑋 ÝÑ 𝑋
be a Jaggi-type hybrid (𝐺, 𝜙, 𝐹 )-contraction of type (C). If 𝑇 is continu-
ous, then 𝑇 has a unique fixed point in 𝑋.

Proof. It can be easily deduced from the proof of Theorem 3 by consid-
ering the case where 𝑞 “ 0. l
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Corollary 3. Let p𝑋,𝐺q be a complete𝐺-metric space and 𝑇 : 𝑋 ÝÑ 𝑋
be a continuous mapping, such that

𝜙p𝐺p𝑥, 𝑦, 𝑇𝑦qq ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 𝐹 p𝜑p𝐺p𝑥, 𝑦, 𝑇𝑦qqq,

for all 𝑥, 𝑦 P 𝑋,𝐹 P ∆𝑓 and 𝜙 : p0,8q Ñ p0,8q satisfying condition 3 of
definition 9. Then 𝑇 has a unique fixed point in 𝑋.

Proof. Considering the inequality (5) for 𝑞 ą 0, let 𝜆1 “ 0 and 𝜆2 “ 1;
the proof follows. l

Corollary. Let p𝑋,𝐺q be a complete 𝐺-metric space and 𝑇 : 𝑋 ÝÑ 𝑋
be a continuous mapping, such that

𝜙p𝐺p𝑥, 𝑦, 𝑧qq ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇𝑧qq 6 𝐹 p𝜑p𝐺p𝑥, 𝑦, 𝑧qqq,

for all 𝑥, 𝑦, 𝑧 P 𝑋,𝐹 P ∆𝑓 and 𝜙 : p0,8q Ñ p0,8q, satisfying condition 3
of definition 9. Then 𝑇 possesses a unique fixed point in 𝑋.

Proof. Take 𝑇𝑦 “ 𝑧 in Corollary 3. l

Corollary 4. Let p𝑋,𝐺q be a complete𝐺-metric space and 𝑇 : 𝑋 ÝÑ 𝑋
be a continuous mapping, such that

𝜙p𝐺p𝑥, 𝑦, 𝑇𝑦qq ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq ă 𝐹 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq,

@ 𝑥, 𝑦 P 𝑋, 𝐹 P ∆𝑓 and 𝜙 : p0,8q Ñ p0,8q satisfying condition 3 of
definition 9. Then 𝑇 has a unique fixed point in 𝑋.

Proof. Defining 𝜑 : R` Ñ R` by 𝜑p𝑡q “ 𝜂𝑡 for 𝑡 ą 0 and 𝜂 P p0, 1q in
Theorem 3, we have

𝜙p𝐺p𝑥, 𝑦, 𝑇𝑦qq ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6

6 𝐹 p𝜂pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qqq ă 𝐹 pℛ𝑞

𝐴p𝑥, 𝑦, 𝑇𝑦qq.

l

Corollary 5. Let p𝑋,𝐺q be a complete𝐺-metric space and 𝑇 : 𝑋 ÝÑ 𝑋
be a continuous mapping. If there exists a constant 𝜏 ą 0, such that

𝜏 ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq ă 𝐹 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq, (19)

for all 𝑥, 𝑦 P 𝑋, 𝐹 P ∆𝑓 and ℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦q is as given in Definition 6, then

𝑇 has a unique fixed point in 𝑋.
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Proof. Taking 𝜙p𝑡q “ 𝜏 ą 0 for all 𝑡 ą 0 in Corollary 4, the result
follows. l

Corollary 6. (see [22], Theorem 3) Let p𝑋,𝐺q be a complete 𝐺-metric
space and 𝑇 : 𝑋 ÝÑ 𝑋 be a continuous mapping. If there exists a constant
𝜏 ą 0, such that

𝜏 ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 𝐹 p𝜑pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qqq,

for all 𝑥, 𝑦 P 𝑋, 𝜑 P Φ, 𝐹 P ∆𝑓 and ℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦q is as given in Definition 6,

then 𝑇 has a unique fixed point in 𝑋.

Proof. Define 𝜙 : p0,8q Ñ p0,8q by 𝜙p𝑡q “ 𝜏 ą 0 for all 𝑡 ą 0 in
Theorem 3, the result follows. l

Corollary 7. Let p𝑋,𝐺q be a complete𝐺-metric space and 𝑇 : 𝑋 ÝÑ 𝑋
be a continuous mapping. If there exists a constant 𝜏 ą 0, such that

𝜏 ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 𝐹 p𝜑p𝐺p𝑥, 𝑦, 𝑇𝑦qqq,

@ 𝑥, 𝑦 P 𝑋, 𝜑 P Φ, 𝐹 P ∆𝑓 , then 𝑇 has a unique fixed point in 𝑋.

Proof. Taking 𝜆1 “ 0 and 𝜆2 “ 1 for 𝑞 ą 0 in Corollary 6, the proof
follows. l

In what follows, we construct an example to support the assumptions
of Corollary 5.

Example 1. Let 𝑋 “ r0,8q and define 𝐺 : 𝑋 ˆ 𝑋 ˆ 𝑋 Ñ R` by
𝐺p𝑥, 𝑦, 𝑧q “ |𝑥´ 𝑦| ` |𝑥´ 𝑧| ` |𝑦 ´ 𝑧| for all 𝑥, 𝑦, 𝑧 P 𝑋. Then p𝑋,𝐺q is a
complete 𝐺-metric space. Take 𝜏 ą 0 and the mapping 𝑇 : 𝑋 ÝÑ 𝑋 by:

𝑇𝑥 “

#

𝑥2𝑒´𝜏 , if 𝑥 P r0,1s;

𝑒´𝜏 , if 𝑥 ą 1

for all 𝑥 P 𝑋. Then 𝑇 is continuous for all 𝑥 P 𝑋. Let 𝐹 p𝑡q “ lnp𝑡2 ` 𝑡q,
𝑡 ą 0; then 𝐹 P ∆𝑓 . Observe that for all 𝑥, 𝑦 P p1,8q, there is nothing
to show. Therefore, for all 𝑥, 𝑦 P r0, 1s, let 𝜆1 “ 0 and 𝜆2 “ 1. In order
to show that the mapping 𝑇 is a Jaggi-type hybrid (𝐺,𝜙, 𝐹 )-contraction,
examine the following two cases:

Case 1: For some 𝑞 ą 0, take 𝑞 “ 1. Then

𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q “ |𝑇𝑥´ 𝑇𝑦| `
ˇ

ˇ𝑇𝑥´ 𝑇 2𝑦
ˇ

ˇ`
ˇ

ˇ𝑇𝑦 ´ 𝑇 2𝑦
ˇ

ˇ “
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“
ˇ

ˇ𝑥2𝑒´𝜏 ´ 𝑦2𝑒´𝜏
ˇ

ˇ`
ˇ

ˇ𝑥2𝑒´𝜏 ´ 𝑦2𝑒´2𝜏
ˇ

ˇ`
ˇ

ˇ𝑦2𝑒´𝜏 ´ 𝑦2𝑒´2𝜏
ˇ

ˇ “

“ 𝑒´𝜏
”

ˇ

ˇ𝑥2 ´ 𝑦2
ˇ

ˇ`
ˇ

ˇ𝑥2 ´ 𝑦2𝑒´𝜏
ˇ

ˇ`
ˇ

ˇ𝑦2 ´ 𝑦2𝑒´𝜏
ˇ

ˇ

ı

“

“ 𝑒´𝜏 p𝐺p𝑥, 𝑦, 𝑇𝑦qq 6 𝑒´𝜏 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq. (20)

In a similar manner, we have

r𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q`1s“
”

𝑒´𝜏
´

|𝑥2 ´ 𝑦2|`|𝑥2 ´ 𝑦2𝑒´𝜏 |`|𝑦2 ´ 𝑦2𝑒´𝜏 |
¯

`1
ı

“

“
“

𝑒´𝜏 p𝐺p𝑥, 𝑦, 𝑇𝑦qq ` 1
‰

6
“

𝑒´𝜏 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq ` 1

‰

.

From (20) and (16), we obtain

𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q ¨ r𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q ` 1s “

“ 𝑒´𝜏 p𝐺p𝑥, 𝑦, 𝑇𝑦qq ¨
“

𝑒´𝜏 p𝐺p𝑥, 𝑦, 𝑇𝑦qq ` 1
‰

6

6 𝑒´𝜏 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq

“

𝑒´𝜏 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦q

˘

` 1
‰

ă

ă 𝑒´𝜏
“

pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq ¨

`

ℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦q ` 1

˘‰

.

This implies that

𝜏 ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq “ 𝜏 ` lnp𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q2 `𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq ă

ă 𝜏 ` ln
“

𝑒´𝜏 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦q

2
`ℛ𝑞

𝐴p𝑥, 𝑦, 𝑇𝑦qq
‰

“

“ ln
“

pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq

2
`ℛ𝑞

𝐴p𝑥, 𝑦, 𝑇𝑦q
‰

“

“ 𝐹 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq.

Case 2: Similarly, for the case of 𝑞 “ 0, take 𝜆1 “ 0, 𝜆2 “ 1, and 𝑥 “ 𝑇 2𝑦
for all 𝑥, 𝑦 P 𝑋 and obtain

𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q 6 𝑒´𝜏 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq. (21)

Therefore, it follows that

r𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q ` 1s ¨𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q ă

ă 𝑒´𝜏
“`

ℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦q ` 1

˘

¨ pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq

‰

.

Likewise as in Case 1, the inequality (21) yields

𝜏 ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 𝐹 pℛ𝑞
𝐴p𝑥, 𝑦, 𝑇𝑦qq.

In Figure 1, we illustrate the validity of contractive inequality (19) using
Example 1. Figure 1 shows that the right-hand side (RHS) of the inequal-
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Figure 1: Illustration of contractive inequality (19) using Example 1

ity (19) dominates its left-hand side (LHS). Hence, all the assumptions of
Corollary 5 are satisfied. Consequently, we see that 𝑥 “ 0 is the unique
fixed point of 𝑇 .

4. Application to solution of a nonlinear integral equation.
Consider the following integral equation:

𝑥p𝑡q “ 𝑞p𝑡q `

𝑡
ż

0

𝑃 p𝑡, 𝑠qℎp𝑠, 𝑥p𝑠qq𝑑𝑠, 𝑡 P r0, 𝑘s “ 𝒥 , (22)

where 𝑘 ą 0, ℎ : 𝒥ˆRÑ R and 𝑞 : 𝒥 Ñ R are continuous, 𝑃 : 𝒥 �̂� Ñ R`
is a function, and 𝑃 p𝑠, ¨q P 𝐿1p𝒥 q for all 𝑡 P 𝒥 .

Let 𝑋“𝐶p𝒥 ,Rq“t𝑥 : 𝒥 Ñ R be continuousu and 𝐺 : 𝑋ˆ𝑋ˆ𝑋 ÑR
be a 𝐺-metric given by

𝐺p𝑥, 𝑦, 𝑧q “ sup
𝑡P𝒥

 

p|𝑥p𝑡q ´ 𝑦p𝑡q| ` |𝑥p𝑡q ´ 𝑧p𝑡q| ` |𝑦p𝑡q ´ 𝑧p𝑡q|q 𝑒´𝜏𝑡
(

for all 𝑥, 𝑦, 𝑧 P 𝑋, 𝑡 P 𝒥 . Clearly, p𝑋,𝐺q is a complete 𝐺-metric space.
Define a mapping 𝑇 : 𝑋 ÝÑ 𝑋 by

𝑇𝑥p𝑡q “ 𝑞p𝑡q `

𝑡
ż

0

𝑃 p𝑡, 𝑠qℎp𝑠, 𝑥p𝑠qq𝑑𝑠, 𝑡 P 𝒥 and 𝑥 P 𝑋. (23)

We know that a fixed point of 𝑇 corresponds to a solution of (22). Now,
we study the existence conditions of the integral equation (22) under the
following assumptions.
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Theorem 4. Suppose that the following conditions are satisfied:

p1q there exists 𝜏 ą 0, such that for all 𝑠 P 𝒥 and 𝑥, 𝑦 P 𝑋 :

|ℎp𝑠, 𝑥p𝑠qq ´ ℎp𝑠, 𝑦p𝑠qq| 6
𝜏

𝜇
𝑒´𝜏 |𝑥p𝑠q ´ 𝑦p𝑠q| ,wℎ𝑒𝑟𝑒 𝜇 ą 1;

p2q sup
𝑡P𝒥

𝑡
ż

0

𝑃 p𝑡, 𝑠q𝑑𝑠 ă 1.

Then the integral equation given in (22) has a unique solution in 𝑋.

Proof. Let 𝑥, 𝑦 P 𝑋 be such that 𝑇𝑥 ‰ 𝑇𝑦. Then, employing (23) and
the assumptions above, we have:

ˇ

ˇ

ˇ
𝑇𝑥p𝑡q ´ 𝑇𝑦p𝑡q

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

𝑡
ż

0

𝑃 p𝑡, 𝑠qℎp𝑠, 𝑥p𝑠qq𝑑𝑠´

𝑡
ż

0

𝑃 p𝑡, 𝑠qℎp𝑠, 𝑦p𝑠qq𝑑𝑠
ˇ

ˇ

ˇ
“

“

ˇ

ˇ

ˇ

𝑡
ż

0

𝑃 p𝑡, 𝑠qrℎp𝑠, 𝑥p𝑠qq ´ ℎp𝑠, 𝑦p𝑠qqs𝑑𝑠
ˇ

ˇ

ˇ
6

6

𝑡
ż

0

𝑃 p𝑡, 𝑠q |ℎp𝑠, 𝑥p𝑠qq ´ ℎp𝑠, 𝑦p𝑠qq| 𝑑𝑠.

Similarly, |𝑇𝑥p𝑡q ´ 𝑇 2𝑦p𝑡q| 6
𝑡
ş

0

𝑃 p𝑡, 𝑠q |ℎp𝑠, 𝑥p𝑠qq ´ ℎp𝑠, 𝑇𝑦p𝑠qq| 𝑑𝑠 and

|𝑇𝑦p𝑡q ´ 𝑇 2𝑦p𝑡q| 6
𝑡
ş

0

𝑃 p𝑡, 𝑠q |ℎp𝑠, 𝑦p𝑠qq ´ ℎp𝑠, 𝑇𝑦p𝑠qq| 𝑑𝑠. Thus, it follows

that

𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q “

“ sup
𝑡P𝒥

"

´

|𝑇𝑥p𝑡q ´ 𝑇𝑦p𝑡q| ` |𝑇𝑥p𝑡q ´ 𝑇 2𝑦p𝑡q| ` |𝑇𝑦p𝑡q ´ 𝑇 2𝑦p𝑡q|
¯

𝑒´𝜏𝑡
*

6

6 sup
𝑡P𝒥

"

𝑡
ż

0

𝑃 p𝑡, 𝑠q
“

|ℎp𝑠, 𝑥p𝑠qq ´ ℎp𝑠, 𝑦p𝑠qq| ` |ℎp𝑠, 𝑥p𝑠qq ´ ℎp𝑠, 𝑇𝑦p𝑠qq| `

` |ℎp𝑠, 𝑦p𝑠qq ´ ℎp𝑠, 𝑇𝑦p𝑠qq|
‰

𝑒´𝜏𝑠𝑑𝑠

*

6
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6 sup
𝑡P𝒥

"

𝑡
ż

0

𝑃 p𝑡,𝑠q
“

|𝑥p𝑠q ´ 𝑦p𝑠q| ` |𝑥p𝑠q ´ 𝑇𝑦p𝑠q| `

` |𝑦p𝑠q ´ 𝑇𝑦p𝑠q|
‰𝜏

𝜇
𝑒´𝜏 ¨ 𝑒´𝜏𝑠𝑑𝑠

*

6

6

ˆ

sup
𝑡P𝒥

𝑡
ż

0

𝑃 p𝑡, 𝑠q𝑑𝑠

˙

sup
𝑡P𝒥

"

𝑡
ż

0

“

|𝑥p𝑠q ´ 𝑦p𝑠q| ` |𝑥p𝑠q ´ 𝑇𝑦p𝑠q| `

` |𝑦p𝑠q ´ 𝑇𝑦p𝑠q|
‰𝜏

𝜇
𝑒´𝜏 ¨ 𝑒´𝜏𝑠𝑑𝑠

*

6

6
𝜏

𝜇
𝑒´𝜏 r|𝑥p𝑡q ´ 𝑦p𝑡q| ` |𝑥p𝑡q ´ 𝑇𝑦p𝑡q| ` |𝑦p𝑡q ´ 𝑇𝑦p𝑡q|s ¨

𝑡
ż

0

𝑒´𝜏𝑠𝑑𝑠 “

“
1

𝜇
𝑒´𝜏 r|𝑥p𝑡q ´ 𝑦p𝑡q| ` |𝑥p𝑡q ´ 𝑇𝑦p𝑡q| ` |𝑦p𝑡q ´ 𝑇𝑦p𝑡q|s 𝑒´𝜏𝑡. (24)

Taking the supremum over all 𝑡 P 𝒥 in (24) yields

𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q 6
1

𝜇
𝑒´𝜏𝐺p𝑥, 𝑦, 𝑇𝑦q “ 𝜂𝑒´𝜏𝐺p𝑥, 𝑦, 𝑇𝑦q,

where 𝜂 “ 1
𝜇
, 𝜇 ą 1. That is, 𝑒𝜏𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦q 6 𝜂𝐺p𝑥, 𝑦, 𝑇𝑦q. Taking

the logarithm of both sides, we obtain

lnp𝑒𝜏𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 lnp𝜂p𝐺p𝑥, 𝑦, 𝑇𝑦qqq,

which gives 𝜏 ` lnp𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 lnp𝜂p𝐺p𝑥, 𝑦, 𝑇𝑦qqq. Defining
𝐹 : R` Ñ R` by 𝐹 p𝑡q “ ln 𝑡 for all 𝑡 ą 0 and 𝜑 : R` Ñ R` by 𝜑p𝑡q “ 𝜂𝑡,
𝑡 ą 0, it follows that 𝜏 ` 𝐹 p𝐺p𝑇𝑥, 𝑇𝑦, 𝑇 2𝑦qq 6 𝐹 p𝜑p𝐺p𝑥, 𝑦, 𝑇𝑦qqq.

Therefore, all the assumptions of Corollary 7 are satisfied. It follows
that 𝑇 has a unique fixed point in 𝑋, which corresponds to the unique
solution of the integral equation (22). l
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