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LITTLEWOOD-PALEY ¢;-FUNCTION
CHARACTERIZATIONS OF MUSIELAK-ORLICZ HARDY
SPACES ON SPACES OF HOMOGENEOUS TYPE

Abstract. Let (X,d, ) be a space of homogeneous type, in the
sense of Coifman and Weiss, and ¢: X x [0,00) — [0, 0) satisfy
that, for almost every z € X, ¢(z,-) is an Orlicz function and that
(-, t) is a Muckenhoupt weight uniformly in ¢ € [0,00). In this
article, by using the aperture estimate of Littlewood—Paley auxil-
iary functions on the Musielak—Orlicz space L¥(X'), we obtain the
Littlewood-Paley g}-function characterization of Musielak—Orlicz
Hardy space H¥(X). Particularly, the range of A coincides with
the best-known one.
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1. Introduction. It is well known that the real-variable theory of
Hardy-type spaces on R", including various equivalent characterizations
and the boundedness of singular integral operators, plays a fundamental
role in harmonic analysis and partial differential equations (see, for in-
stance, [26]). Recall that the classical Hardy space H?(R") with p € (0, 1]
was originally introduced by Stein and Weiss |27]; this initiated the study
of the real-variable theory of H?(R"). Particularly, Calderén and Torchin-
sky |4] established Littlewood—Paley function characterizations of H?(R™).
Up to now, many new variants of classical Hardy spaces have sprung up
and their real-variable theories have been well developed in order to meet
the increasing demand from harmonic analysis, partial differential equa-
tions, and geometric analysis (see, for instance, [14], [25]).

The bilinear decompositions of the product of Hardy spaces and their
dual spaces play key roles in improving the estimates of many nonlinear
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quantities, such as div-curl products (see, for instance, [31]), weak Jaco-
bians (see, for instance, [18]), and commutators (see, for instance, [20]).
Bonami et al. [3] showed that, for any given f € H'(R"), there exist two
bounded linear operators S;: BMO(R") — L'(R") and Ty: BMO(R") —
H?2(R™) such that, for any g e BMO(R"), fxg = S;g+T}g, where H (R")
denotes the weighted Orlicz—Hardy space associated to the weight function
w(z) :=1/log(e + |z|) for any € R™ and to the Orlicz function

D(t) = —

=— " Vte|0 .
log(e +t)’ € [0,0)

This result was essentially improved by Bonami et al. in [2|, where they
further proved the following bilinear decomposition:

H'(R") x BMO(R") < L'(R") + H"*(R"),

where H'°¢(R") denotes the Musielak—Orlicz Hardy space related to the
Musielak—Orlicz function
B t

log(e + t) + log(e + |x])’

o(z,t) : VzeR" Vtel|0,0).
Bonami et al. in [2] also concluded that H'°¢(R") is the smallest space in
the dual sense. Motivated by these, Ky [21] introduced the Musielak—
Orlicz Hardy space H?(R"™) with ¢ being a Musielak—Orlicz function,
which generalizes both the Orlicz-Hardy space of Janson [19] and the
weighted Hardy space of Stromberg and Torchinsky [28|, and established
both the atomic and the grand maximal function characterizations of
H?(R™). Since then, the real-variable theory of Musielak-Orlicz Hardy
spaces has rapidly been developed. Precisely, Hou et al. [15] characterized
H?(R™) by the Lusin-area function and the molecule; Liang et al. [24] fur-
ther established several other real-variable characterizations, respectively,
in terms of various maximal functions and Littlewood—Paley g-function
and g3-function.

On the other hand, there has been an increasing interest in extend-
ing the above results of Musielak—Orlicz Hardy spaces from the Euclidean
space to more general underlying spaces, such as the anisotropic Euclidean
space; see, for instance, [22], [23]. In particular, Coifman and Weiss [5]
originally introduced the concept of the space X of homogeneous type and
the atomic Hardy space HEZ(X') with p € (0,1] and ¢ € (p, 0] n [1, 0],
and proved that H??(X) is independent of the choice of ¢. In the same
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article, they also posed a question: to what extent the geometrical con-
dition of X is necessary for the validity of the radial maximal function
characterization of H, (X). Since then, lots of efforts have been made
to establish various real-variable characterizations of the atomic Hardy
spaces on X with few geometrical assumptions. However, due to the lack
of Calderén reproducing formulae on X, many existing results of both
function spaces and boundedness of operators require some additional ge-
ometrical assumptions on &', such as the reverse doubling condition of p
(see, for instance, [6]).

Recently, He et al. [12] first introduced a kind of approximations of the
identity with exponential decay and then obtained new Calderén repro-
ducing formulae on X'. Later, He et al. completely answered the afore-
mentioned question of Coifman and Weiss by developing a quite complete
real-variable theory of the Hardy space and its localized version on X,
respectively, in [11] and [13]. Fu et al. [7]| further generalized the corre-
sponding results in [11] to Musielak—Orlicz Hardy spaces H?(X). Indeed,
let n € (0,1), w be the upper dimension of X', and ¢ a growth function,
with uniformly lower type p € (0, 1], satisfying that

P € < d , 1],
qa(p) w7
where ¢(¢) is the critical weight index of ¢. Fu et al. in [7, Theorem 6.16]
characterized H¥(X') via the Littlewood—Paley g3-function with

ve (242 4 1].0).

In this article, we first establish an aperture estimate of Littlewood—
Paley auxiliary functions on the Musielak—Orlicz space L¥(X), and then
obtain the Littlewood—-Paley g%-function characterizations of H¥(X') with
A € (2wq(p)/p, ), which improves the corresponding results in |7, Theo-
rem 6.16| via widening the range of A into the best-known one.

The organization of the remainder of this article is as follows.

In Section 2, we recall some notation and concepts that are used
throughout this article. More precisely, in Subsection 2.1, we recall the
definition of a space X of homogeneous type and state some basic proper-
ties of X'. In Subsection 2.2, we introduce the concepts of the uniformly
Muckenhoupt condition, the Musielak—Orlicz space L¢(X), the spaces of
test functions and distributions, the system of dyadic cubes, and approx-
imations of the identity with exponential decay on X. Then, via the
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Lusin-area function S, with « € (0,00), we introduce the Musielak—Orlicz
Hardy space H¥?(X).

In Section 3, we first recall the concepts of Littlewood-Paley g3-function
and auxiliary function S, Then, by an argument similar to that used in
the proof of [11, Lemma 5.11], we establish an aperture estimate of S on
L#(X) (see Lemma 5 below). Finally, from Lemma 5 and the fact that g
and S are pointwisely comparable, we further obtain the Littlewood—
Paley gi-function characterizations of H¥(X) with the best known range
A € (2wq(p)/p,0).

At the end of this section, we make some conventions on notation. Let
N:={1,2,...} and Z; := N u {0}. We denote by C a positive constant
which is independent of the main parameters, but may vary from line
to line. We use C,,..) to denote a positive constant depending on the
indicated parameters «,.... The symbol f < g means f < Cg and, if
f <9< f, then we write f ~¢g. If f < Cgand g =h or g < h, we then
write f < g~ hor f < g < h, rather than f < g=hor f < g <h
If F is a subset of X', we denote by 1g its characteristic function and by
E' the set X\E. For any a € R, we denote by || the biggest integer not
greater than «. For any index ¢ € [1,00], we denote by ¢ its conjugate
index, namely, 1/q + 1/¢’ = 1. For any z,z9,€ X and 7,9 € (0,0), let
Vo(@) == u(B(z, 1)),

V(z,y) = {5(3(I7d($7y))), iz i z,

and

Vo (z0) +1V(xo, 2) [r T deO, m)r ' (1)

2. Preliminaries. In this section, we recall some basic concepts about
the space X of homogeneous type and Musielak—Orlicz Hardy spaces.

2.1. Spaces of Homogeneous Type. In this subsection, we re-
call the concept of spaces of homogeneous type and some related basic
estimates.

Py(xo, z;7) =

Definition 1. A quasi-metric space (X, d) is a non-empty set X equipped
with a quasi-metric d, namely, a non-negative function defined on X x X
such that for any x,y,z € X:

(i) d(z,y) = 0 if and only if x = y;
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(i) d(z,y) = d(y, z);
(iii) there exists a constant Ay € [1,00), independent of x, y, and z, such
that

d(z,z) < Aold(z,y) + d(y, 2)]- (2)

The ball B of X, centered at zo € X with radius r € (0, 00), is defined
by setting
B := B(xzg,r) :={xe X:d(x,zo) <r}.

For any ball B and any 7 € (0,00), we denote B(zg,7r) by 7B if
B := B(x,r) for some zy € X and r € (0, ).

Definition 2. Let (X,d) be a quasi-metric space and j1 a non-negative
measure on X. The triple (X, d, 1) is called a space of homogeneous type
if p satisfies the following doubling condition: there exists a constant
C( € [1,0), such that for any ball B < X':

1(2B) < Ciyp(B).

The above doubling condition implies that for any ball BcX and any
A€ [1,0),
#(AB) < Cy A u(B), (3)

where w := log, () is called the upper dimension of X.
Throughout this article, according to [5, pp. 587-588|, we always make
the following assumptions on (X, d, p):

(i) for any x € X, the balls {B(z,7)}e(0,:0) form a basis of open neigh-
borhoods of z;

(ii) p is Borel regular, which means that all open sets are p-measurable
and every set AcX is contained in a Borel set FE, such that
1(A) = u(E);

(iii) for any x € X and r € (0,00), u(B(x,r)) € (0,0);

(iv) diam X := sup d(x,y) = o, and (X,d, p) is non-atomic, which

x,yeX
means pu({z}) =0 for any z € X.

Notice that diam X = oo implies that p(X) = oo (see, for instance, |1,
p.284]). From this, it follows that, under the above assumptions, u(X’) =
oo if and only if diam X = oo.
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The following basic estimates are from [9, Lemma 2.1|, which can be
proved by using (3).

Lemma 1. Let z,y € X and r € (0,00). Then V(z,y) ~ V(y,z) and

Vi(z) + Vily) + V(z,y) ~ Vi(z) + V(z,y) ~
~ Vi(y) + V(z,y) ~ p(B(z,r + d(z,y))).

Moreover, if d(z,y) < r, then V,.(x) ~ V,(y). Here the positive equivalence
constants are independent of x, y, and r.

2.2. Musielak—Orlicz Hardy Spaces. Throughout this article, we
always let (X, d, 1) be a space of homogeneous type. In this subsection, we
recall the concept of Musielak—Orlicz Hardy spaces and state some known
results.

A function ®: [0,0) — [0, 00) is called an Orlicz function if it is non-
decreasing, ®(0) = 0, ®(t) > 0 for any t € (0,00), and lim;_,,, P(t) = 0.

Now, we recall the concept of uniformly upper and lower types, which
was introduced in [16, p. 1924].

Definition 3. For a given function ¢: X x [0,00) — [0,00), such that,
for almost every x € X, p(x,-) is an Orlicz function, ¢ is said to be of
uniformly upper (resp., lower) type p for some p € (0, o0) if there exists a
positive constant C(;), depending on p, such that, for almost every x € X,
s € [1,00) (resp., s € [0,1]), and t € [0, ),

oz, st) < C’(p)spgo(x, t).

Next, we recall the concept of the uniformly Muckenhoupt condition
from [16, Definition 2.6].

Definition 4. A function ¢: X x [0,00) — [0,0) is said to satisfy

the uniformly Muckenhoupt condition for some ¢ € [1,%0), denoted by
p e AyX), if, when q € (1,0),

watdu ﬁ( 0 T du) ) <o,

[¢]a,(x):= sup Sup 7
t€(0,00) BCX

Uo

or

[elai(x) == sup sup ——= Jso w,t) dp(x) (esssup eplo(y, 1)] ) < o,
te(0,00) Bcx M B
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where the first suprema are taken over all t € (0,00) and the second ones
over all balls BcX.

Throughout this article, let

Ag(X) = | Al).
[1,00

q€[1,00)

For any ¢ € Ay (&), p-measurable set Fc X, and t € [0, 00), let

PE.0) 1= [ olart) du(a).

E

For any given p € (0,00), a function f is said to be locally p-integrable if,
for any x € X, there exists an r € (0, 0), such that

f F)P duly) < o.

B(z,r)

Denote by L} (X) the set of all the locally p-integrable functions on X.

In what follows, we always let M denote the Hardy-Littlewood maximal

operator defined by setting, for any f € L] _(X) and z € X,
M(P)(a) = sup— f £l dity) (@)
2T

where the supremum is taken over all balls B of X containing x.

Now, we state some basic properties of A,(X) with ¢ € [1,00), which
are just parts of |7, Lemma 2.6] (see also [30, Lemma 1.1.3] for the corre-
sponding Euclidean case).

Lemma 2. The following conclusions hold true:
(i) A1(X)cA(X)cA,(X) for any p, q satisfying 1 < p < g < .

(ii) Ifp e Ay(X) with q € [1,0), then there exists a positive constant C,
such that, for any ball Bc X, u-measurable set EC B, and t € (0, o),

fwa << liim]

p(E)
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(iii) If g € (1,00) and ¢ € Ay (X)), then there exists a positive constant C,
such that, for any f € LL _(X) and t € [0, 0),

loc

J[M(f)(x)]qw(fﬁ,t) dp(r) < CJ ()| *p(x, 1) dp(z),

where M is the same as in (4).

The critical weight index q(p) of ¢ € Ay (X) is defined by setting

q(p) :=1inf{g e [1,0): pe Ay(X)}. (5)

The following concept of growth functions was first introduced in [16,
Definition 2.7].

Definition 5. A function ¢: X x [0,00) — [0,0) is called a growth
function if the following conditions are satisfied:

(i) ¢ is a Musielak—Orlicz function, namely,
()1 the function p(x,-): [0,00) — [0,0) is an Orlicz function for
almost every v € X;

(i) the function (-, t) is p-measurable for any t € [0, 0).

(i) p e Ay (X).

(iii) ¢ is of uniformly lower type p for some p € (0,1] and of uniformly
upper type 1.

Next, we recall the definition of Musielak—Orlicz spaces, which was
first introduced in [16, Definition 2.8].

Definition 6. Let ¢ be a growth function in Definition 5. The Musielak—
Orlicz space L?(X) is defined to be the set of all the p-measurable func-
tions f, such that

| el @ dnto) < e,

equipped with the Luxemburg (also called the Luxemburg—Nakano)
(quasi-)norm

( |f ()]

sy = int {xe ©.0): [ o, D50 o) < 1.

X
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Now, we recall some basic properties of L¥(X), which were first given
in |7, Lemma 2.8| (see also [30, Lemmas 1.1.6 and 1.1.10] for the corre-
sponding Euclidean case).

Lemma 3. Let ¢ be a growth function in Definition 5. Then the fol-
lowing conclusions hold true.

(i)  is uniformly o-quasi-subadditive on X x [0, c0), namely, there exists
a positive constant C, such that, for any (z,t;) € X x [0,00) with
JEN,

(.2 t) <O elty).

jeN jeN

(ii) For any f e L¥(X)\{0},

Jofe o -1

(iii) For any (z,t) € X x [0,00),

is a growth function and equivalent to ¢, namely, there exists a
positive constant C, such that, for any (x,t) € X x [0, 0),

1 ~

590(1‘715) < (,D(.I‘,t) < C(,D(Zli,t)

Moreover, for almost every x € X, §(x,-) is continuous and strictly
increasing.

Next, we introduce the Musielak—Orlicz Hardy spaces via the Lusin-
area functions. To this end, we first recall the concept of spaces of test
functions on X', which was originally introduced by Han et al. |9, Definition
2.2| (see also [10, Definition 2.8]).

Definition 7. Let o € X, r € (0,0), o € (0,1], and ¥ € (0,00). A
function f on X is called a test function of type (zo,7, 0,%), denoted by
f € G(xg,r,0,0), if there exists a positive constant C', such that
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(T1) for any x € X,
[ (@)] < CPy(xo, z;7), (6)
here and thereafter, Py is the same as in (1);
(T2) for any x,y € X satisfying d(z,y) < [r+d(zo,x)]/(2A0) with Ay the
same as in (2),

)~ f(w)] < O 20

m]gﬂg(zo,x;r). (7)

Moreover, for any f € G(xg,r, 0,v), define
| fllg(wo, r, 0,9y := Inf {C': C satisfies (6) and (7)} .

The subspace G (20,7, 0,7) is defined by setting

o

G(o.r,0.0) 1= {F € Glan.r0.0): [ (@) duta) =0}

equipped with the norm || - Hgv(xo’r’g’ﬁ) = |g(zo,r,09)-

Fix an zy € X. Denote _C’;(xo, 1, 0,7) simply by C;(g, v). Obviously,

o

G(o,7) is a Banach space. Note that, for any fixed x € X and r € (0, ©0),
G (xz,r,0,0) = G (0,v) with equivalent norms, but the positive equivalence
constants may depend on z and 7.

Fix € € (0,1] and 0,9 € (0,¢]. Let QOS(,Q, ) be the completion of
the the set G(e,€) in G(p,9). Furthermore, the norm of G§(o,?) is de-

fined by setting | - Ge(00) = | - llg(o,9- The space G5(0,9) is called the

space of test functions. The dual space (ég(g, 1)) is defined to be the
set of all continuous linear functionals from ég(g, 1Y) to C, equipped with
the weak-+ topology. The space (ég(g, 1)) is called the space of distribu-
tions.

The following system of dyadic cubes of (X, d, 1) was established by
Hytonen and Kairema in [17, Theorem 2.2].

Lemma 4. Suppose that constants 0 < ¢y < Cp < o0 and § € (0,1)
satisty 12A3Cy8 < ¢y with Ay the same as in (2). Assume that a set of
points {zF: k € Z,a € Ay} « X with Ay, for any k € Z, being a set of
indices, has the following properties: for any k € 7Z,

d (zg, z’g) > " if o # B3, and mJiL‘n d (:1:, z(’i) < Cyo* for any x € X.
QEAL

Then there exists a family of sets {Q*: k € Z, o € Ay}, satisfying
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i) for any k € Z, QF = X and {QF: a € A} is disjoint;
acA, Ya «
n) ik, L€ Zan < [ then, for any o € Ay an € A, either c
ii) ifk,l € Z and k < [ then, f A dﬂA'thﬁ QF
or Q5 N Q= ;
(iii) for any keZ and a € Ay, B(2F, (3A2) " cod%) = QF < B(2F,2A4,Cy6%).
Throughout this article, for any k € Z, define

Gr := Ap1\Ar and V= {vaﬂ}aegk = {yi}aegk’

and, for any x € X, define

d (2, V") := inf d(z,y).

yeyk

Now, recall the concept of approximations of the identity with expo-
nential decay introduced in [12, Definition 2.7|.

Definition 8. Let § be the same as in Lemma 4. A sequence {Qy}rez
of bounded linear integral operators on L*(X) is called an approximation
of the identity with exponential decay (for short, exp-ATI) if there exist
constants C,v € (0,20), a € (0,1], and n € (0,1), such that, for any k € Z,
the kernel of the operator ()i, a function on X x X', which is still denoted
by Q, has the following properties:

(i) (the identity condition) Y, ., Qr = I in L*(X), where I denotes the
identity operator on L*(X);

(ii) (the size condition) for any x,y € X,

here and thereafter,

o 1 d(x,y)7e
Bwy) = o) exp ~v| 5ky] Jx
max{d(z, Y*), d(y, Y*)}1a

(iii) (the regularity condition) for any x,2’,y € X with d(x, ) < §*

Y

Qr(2,y) — Qu(@, )| +1Qr(y, 2) — Qrly, )| <
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(iv) (the second difference regularity condition) for any x,z',y,y € X
with d(z,2") < 6% and d(y,y') < o,

(v) (the cancellation condition) for any z,y € X,
| @utayduty) = 0 = | Qule'sy) duta').
X X

Next, we recall the concept of the Lusin-area function (see, for instance,
[11, Section 5]).

Definition 9. Let 6 and n be the same, respectively, as in Lemma 4
and Definition 8, and let 9,0 € (0,7). Assume that f € (GJ(p,9))’ and
{Qr}rez is an exp-ATI. For any « € (0, 0), the Lusin-area function S, (f)
of f with aperture « is defined by setting, for any x € X,

Sulf)) = {Z( f lawser o }

here and thereafter, for any y € X,

Quf(y) = f Quly, 2)f(2) du(z).

When « := 1, we simply write S := 5.

Now, we recall the concept of Musielak—Orlicz Hardy spaces, which
was first introduced in |7, Definition 6.2].

Definition 10. Let n be the same as in Definition 8§ and ¢ a growth
function in Definition 5 with uniformly lower type p € (0, 1] satisfying

P w

q(p) ~ w+n’

e (o[22 1))

and let
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where q(¢) and w are the same, respectively, as in (5) and (3). The
Musielak-Orlicz Hardy space H¥(X) is defined by setting

H?(X) = {f & (Ge0)) : ISU)po) < =}
and, moreover, for any f € H?(X), let

Hf”H«P(X) = HS(f)HL“’(X)

Remark 1.

(i) As was proved in [7, Theorem 6.3], the space H?(X) in Definition 10
is independent of the choices of exp-ATIs in S(f).

(ii) Combining [29, Remark 3.17(iii)], [7, Theorems 5.4 and 6.15], and |[7,
Proposition 6.12], we conclude that the space H?(X) in Definition 10
is independent of the choices of (GI(0,9))" whenever

0,9 € (wlg(v)/p—1],1).

3. Littlewood—Paley g;-Function Characterizations of H?(X).
In this section, we establish Littlewood-Paley g3-function characteriza-
tions of H?(X'), which improves the corresponding results in |7, Theorem
6.16] by widening the range of the parameter A into the best-known one.
To this end, we first recall the concept of Littlewood-Paley g3-function
(see, for instance, |11, Section 5]).

Definition 11. Let 6 and n be the same, respectively, as in Lemma 4
and Definition 8, and let o,9 € (0,1). Assume that f € (GJ(0,9)) and
{Qr}rez is an exp-ATI. The Littlewood—Paley g}-function ¢ (f) of f, with
any given \ € (0,00), is defined by setting, for any x € X,

\duly) 3
Zf @kfly 5k+d< 3w

The following theorem is the main result of this section.

Theorem 1. Let n be the same as in Definition 8 and ¢ a growth
function in Definition 5 with uniformly lower type p € (0, 1] satisfying
P w

>—7
() w+n
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and let
e (o[22 1)),

where q(¢) and w are the same, respectively, as in (5) and (3). Further,

assume that 5
3 ( wq(@)’oo)
p

Then f € H?(X) if and only if f € (GI(0,¥)) and gx(f) € L?(X). More-
over, there exists a constant C' € [1,00), such that, for any f e H?(X),

CHgx (Nl ey < Iflmey < Clax(Hll o)

To prove Theorem 1, we need more preparations. Let § and 7 be the
same as in Theorem 1. For any o, 9 € (0,7n), « € (0,0), and f € (GJ(o,9)),

recall that the Littlewood—Paley auxiliary function Sk of f with aperture
« is defined by setting, for any x € X,

1
a) dp(y
S0 = { f QA5 L ®)
=3 Vi ()
Particularly, when o = 1, by Lemma 1, we conclude that, for any

fe (ég(g, ¥)) and z € X,
S () (x) ~ S(f)(x), 9)

where the implicit positive constant is independent of both f and =x.
The following conclusion, which shows an aperture estimate of S5 (f)
on L¥(X), plays a key role in the proof of Theorem 1.

Lemma 5. Let g € (1,0) and ¢ € A, (X) with uniformly lower type
€ (0,1]. If w € [1,00), then there exists a positive constant C, such that

[ o @ s0h@) duta) < Cat [0 (2.5 (@) duta), (10

X X
where w is the same as in (3).

Proof. For any non-negative function g and any x € X', define

v o | s,

M(g)(x) :==sup sup
keZ d(m y)<o¢(5k %k( )
B(y,6%)
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where 0 is the same as in Lemma 4. Moreover, for any ¢ € (0,%0) and
f € (Gd(o,0)) with n being the same as in Definition 8 and g, € (0,7),
define

E, := {x eX: S%a)(f)(x) > t} and E, := {x eX: ./\7(1Et)(x) > %}

On the one hand, by [11, p.2252|, we conclude that, for any non-
negative function g and any x € X,

~

M(g)(z) < a*M(g)(x)

with M as in (4), which, combined with Lemma 2(iii), further implies
that, for any ¢ € (0, o0),

© (Et,t) =0 ({m eX: M(1g,)(z) > %} ,t) <
<o ({x e X: Ca*M(1p,)(z) > %} ,t) < an

< Ca® f [M(Lg) (@) o(z,t) du(z) < Caip (Eint)

where C' is a positive constant independent of both o and .
On the other hand, fix t € (0,00) and, for any ye X, let

ply) := inf d(z,y).

C
B2 D

Obviously, for any k € Z and z,y € X, x € EF n B(y, ad*) implies that
p(y) < ad®. Moreover, by an argument similar to that used in [11, p. 2253],
we conclude that, for any k € Z and any y € X satisfying p(y) < ad*,

w(E; 0 B(y,d%)) = %u (B(y.o").

From these, (8), Tonelli theorem, (3), and Lemma 2(ii), we deduce that,
for any t € (0, ),

J (S @)] el t) dpa(x) =

Ef
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du(y)
f 2 [ 1w AL ple ) dua) <

(z,a%)

Z J |Qrf(y) (E,E N B(y,aék),t> ‘ii((% <

p(y)<a5‘“

<3 [ 10w Bt a9

2 p(y)<ast

d
o a8
"L o) <ast

<aqu%f\62kf P (5 0 Blo.0) 70

~

e 2 dp(y) N
S0 [ NGO RERE
E¢ B(z,6%)

~ a1 [ [S()@)] el t) dute)

Ef

This, together with Tonelli theorem and the fact that ¢ is of uniformly
upper type 1, further implies that, for any t € (0, «0),

go(E’tCm

{zeXx: SO(f)(x) >t} ,t) _

” () dpz) <

J
ESn{azeX: S5 (f)(z)>t}

<

i @£\ ]
[M] o(r,t) du(r) <

J t

ESn{zex: S5 (f)(z)>t}

<t f (SO (1) (@)] (e, 1) dulx) <

E;

< it

- J [Sfa)(f)(x)r (2, ) dp(z) ~

B
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2
~ a1t [ [SO@ . sy @)] o0 d(o) ~

S (f) (@)1 ()

wex: s (H <ty

J sp(x,t) dsdu(z) ~

| sp(w, 1) du(w) ds ~
(z)>s}

wex: s (Nw)<t}

f sp(x,t)du(z)ds <
(z)>s}

e s (n <

t
t
< cz“qtzf J s o(x,s)du(x)ds ~
0

(z)>s}

wex: sV ()<t}

v <{w e X: SN er. 500 (®) > 3} ’S> ds 3

< ¥ttt fgp <{x e X: S (x) > s} ,S) ds. (12)

Combining (11) and (12), we find that, for any ¢ € (0, c0),
¢ ({xeXx: SY(f)(x)>t},t) <
<o (But) +o (B nfoed: sO(f)@) >t} ,1) <
t

< o [gp (B, t) + 17 J¢ ({x e X: S () > s} , s) ds]. (13)

Moreover, from Lemma 3(iii) and Tonelli theorem, we deduce that, for
any a € (0,00),

S (f)(x)

[eson@ame~ [ [ 2l ~

X

=
=
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N Tt—l f o, )dp(x) dt ~

{yex: S5 (1) (y)>t}
o0

~ Jt_lgo ({zeX: SO(f)(z) > t},t)dt
0
which, together with (13) and Tonelli theorem, further implies that

j o (2,59 (f)(x)) dpu(zx) ~

wq

'! 0
0 Q0 00
~ o™ Jt Yo (Bt dt~|—JJt 290 reX: Sfa)(f)(x) > s},s)dtds] ~
0 0
0
oJ

tp ({x e X: S\ (x) > t} ,t) dt ~

R— °——3

o (2.8(N@)) dp(x).

This finishes the proof of (10) and, hence, of Lemma 5. []
Now, we prove Theorem 1.

Proof of Theorem 1. We first prove the sufficiency. Let f € (G(0,9))’
and ¢3(f) € L?(X). By Definition 11, Lemma 1, and Definition 9, we
conclude that, for any x € X,

T e P e
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{é}j Qef () Qd%%}p~aﬁm%

which, combined with Definition 10, further implies that

[y = 1S Loy = 19X ey -

This shows f € H?(X) and, hence, finishes the proof of the sufficiency.

Next, we prove the necessity. By Definition 11 and (8), we find that,
for any fe H?(X) and z € X,

FOOIED j 3 [ Jlevwrs

keZ j= OkzeZ B(w,2H16F )\ B(,21 6%

X[ 5’“ ]A dp(y)
o +d(wyy) ) Vir(x) + Vir(y) ~

2 dp y)
<g;iJQf o
G+ 2 duly)

[(a) .r] +229A[(a) )] -~
~Zrﬂh¥m@$,

which further implies that

s{iyﬂpgumﬂﬂésirﬁﬁwﬂw. (14

Moreover, from A > Z”qTf“"), (5), and Lemma 2(i), it follows that there
exists a ¢ > ¢(p), such that A > % and ¢ € A, (X). By this, (14), the
facts that ¢(x,-) is non-decreasing for almost every x € X and ¢ is of
uniformly lower type p, Lemma 3(i), and Lemma 5, we conclude that, for
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any f e H¥?(X),

| an@) dute J@mep‘% 1)) dfa) <

X

N
M 8
Nr
>< %
\\;’/
QL
=
=
¢

~f (SW<XD ().

X

which, together with (9), Lemma 3(ii), the positive homogeneity of both
gy and Sf“), and the fact that ¢ is of uniformly upper type 1, further

implies that
f*”( gﬂf)(x)) du(z) = Jf@(x,g;(—’fov(X))(a;)) <

N e

< ;s0<x, S§a)(f|+m>($)> du(x) ~
N;¢QW§%ﬁ3>d”@NL

Thus, there exists a positive constant C, such that, for any f e H?(X),
l9x (Pl ey < ClS larecay.-

This finishes the proof of the necessity and, hence, of Theorem 1. O
Remark 2. Let w and n be the same, respectively, as in (3) and Defi-
nition 8.

(i) Assume that p € (w/(w + 1), 1] and
o(x,t) =tP Vore X, Vtel0, ).

Then H¥(X) is just the classical Hardy space HP(X'). In this case,
Theorem 1 shows the Littlewood—Paley g}-function characterization
of HP(X') with the best known range \ € (2w/p, ), which coincides
with [11, Theorem 5.12].
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(ii) Recall that Fu et al. established the Littlewood—Paley gi-function
characterization of H?(X') with \ € (w[# + 1], 00) in [7, Theorem
6.16]. Thus, Theorem 1 improves the conclusion of [7, Theorem 6.16]
by widening the range of \ into A € (%qTf@, 0).
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