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Abstract. In the article, new versions of integral inequalities of
Milne type are derived for (h, m)-convex modified functions of the
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1. Introduction A function ¢: [p1, p2] — R is said to be convex if
¢(tu+ (1 —7)v) < 7¢(u) + (1 — 7)¢(v) holds for all u,v € [p1, p2] and
7€ [0,1]. A function ¢ is said to be concave if —¢ is convex.

Convex functions have been widely generalized, including the m-convex
function, r-convex function, h-convex function, (h,m)-convex function,
s-convex function, and many others. Readers interested in exploring these
extensions and generalizations of the classical notion of convexity can refer
to [26].

In literature, various integral inequalities, such as Simpson’s, trape-
zoidal, midpoint, and others, are presented. Numerous studies are dedi-
cated to extending and generalizing these integral inequalities. An exam-
ple includes the derivation of several variations of these inequalities for
different classes of functions, such as differentiable convex, bounded, and
Lipschitz functions, see references [19], [16], [5], [20], [8] and the works
cited therein.
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In the works [27], |22], [9], [10] and the literature cited therein, the
main attention is paid to fractional versions of trapezoid-type inequalities
and midpoint-type inequalities.

Studies [8], [18], [25] and the references therein emphasize the estab-
lishment of Simpson-type inequalities.

Milne-type integral inequalities constitute a class of mathematical in-
equalities associated with integrals. These inequalities are named after
Edward Arthur Milne, a distinguished mathematician recognized for his
contributions to various areas of mathematics.

In general, a Milne-type integral inequality involves the integration of
functions and establishes bounds or inequalities for these integrals based
on specific conditions or assumptions regarding the integrands and the
integration domain. These inequalities are frequently employed in math-
ematical analysis, particularly in integral calculus and related fields.

The classical Milne-type inequality in the literature is represented as
follows ([13], [14], [28], [15]):

‘ﬂz — P <2¢ (p1) — ¢ <M) + 20 (pg)) _ fqg(x) daj‘ <

3 2
7(p2 — p1)°
S om0

z€[p1,p2]

Numerical integration methods, specifically Milne’s and Simpson’s formu-
las, demonstrate both similarities and distinctive features. Both of these
methods employ a composite quadrature rule to approximate the definite
integral of a function and require the use of a uniformly distributed grid
of sampling points.

As can be seen from Milne’s inequality, the integrand function must
be continuously differentiable up to the fourth order inclusive. Recently
presented studies [13], [14], [28] provide an estimate for Milne’s formula for
a continuously differentiable function using fractional integral operators.

These inequalities are useful for estimating the magnitude of integrals
in terms of other integrals, facilitating the analysis of various mathematical
problems.

Research on and development of local fractional functions within frac-
tal sets, encompassing such aspects as local fractional calculus, function
continuity, and monotonicity, is thoroughly examined in [30].
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Following the above work, the real line number in the fractal set R%

has the following properties:

If 0, 79, and r§ € R?, 0 < § < 1, then:
0+ 13 e R, rird e R

P41y =1+ 78 = (1 +1)° = (ro +11)°.

From this, we have the following conclusion.

Given the 7§ + 75 = (r; + r9)°, —r¢ is such that r{ + (— 7"1) = 0° (for
example, (1° —2%) = 1% + (=2°) = (1 + (=2))° = (—1)°) and, since
70 + (—r9) = 0°, we have (—1)° = —1°, then 1° — 2% = —1°,

0+ (r§+713) = (10 + 1) + 78,

rorS = 15rd = (rir)® = (rory)°.

(ryr3)rs =19 (rgrs).

ri(rs +75) = (rr3) + (r{r).

70+ 00 =00 4+70 =79, and r01° = 1°79 = 79,

Local fractional integral Holder inequality, which was established by

Yang [31] and used, for example, in [17], is as follows: Let ¢, € Cs(I).
Then

)] dt® <
a+1 JW |

< (s j |¢<t>|pdt5);(ﬁ j |w<t>\th5)é,

11 _
forp>1,;+a—1.

Definition 1. Let v € Li[p1,p2]. Then the Riemann-Liouville frac-
tional integrals of order a € C, Re(«) > 0 are defined by (right and left,
respectively):

J a 1¢ T > P1,

17 (x) = ﬁ J (t— 20 o) dt, < po.
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Definition 2. A non-differentiable mapping ¢: R — R? is called local
fractional continuous at x = xq, if for any € > 0, there exists 7 > 0,
satisfying

[¢() = ¢lz0)| <&’
for |x — xo| < 7. If ¢(x) is local continuous on some interval (py, p2), we
denote ¢(z) € Cs(p1, p2)-

Definition 3. The local fractional derivative of ¢(x), where x € [p1, po]
of order § at x = x is given by

PO i TOFD(0) — 0(w)

T dad z—x0 (x —mp)°

¢(5) (z0)

Denote ¢ € D°[py, p2], T'(-) is the Euler gamma function.

Definition 4. Let ¢ € D[py, pa]. The local fractional integral of ¢(z)
of order ¢ is given by

P2
1
nT0l) = g | olaas”
P1

Here, if py = py, then ,, JS ¢(x) =0, if p1 < po, then ,, JO d(x) = —p2J3 é(x).
If ,, Jop(z) exists for all z € [py, p2], then we say that ¢(z) belongs to the
class of d-integrable functions in [a, b], i.e., ¢(z) € J2[p1, pa].

The following lemma establishes two fundamental properties for the

operators defined above [30]:
Lemma 1. The following results are true:
(1) If $1 € Cs(p1, p2), then ,,J5,60 (x) = ¢(p2) — d(p1).

(2) (Integration by parts rule) Let u(x),v(x) € D[py, po] and u® v® e
Cs(p1, p2); then we have

p2

oo (u(@)o® () = u(z)o(z)| = 5 L ((u® (@)v(2)).

P1

Based on the previous definition, we present the integral operators that
will be used in our work.

Definition 5. Let ¢ be a local fractional continuous on [py, p2] and let
w(z) € J[p1, p2]. The right and left local fractional weighted integral of
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¢ of order ¢ are given by

p2

w 76 _ 1 ©) [ P2 — A 5
']/71+¢(02> - F(5 + 1) Jw (p2 _ p1> ¢()‘)d)‘ )

P1

and
P2

w 76 _ 1 (8) A—p1 5
o) = gy [0 (222 ) b’

p1

Let I be a real interval and ¢: I — R°. If YA e I, ¢()\) = 0°, then ¢ is
said to be non-negative function.

In this work, we will use the following notion of convexity on
I = [0,40) (which has as its starting point the definition of [1], [7]
and [21]):

Definition 6. Let ¢: I — R° and h: [0,1] — (0,1]. If inequality
¢ (o€ +m(1 — 0)) < h*(0)¢(€) +m’ (1 — h*(0))¢(<) (1)

is fulfilled V¢, s € I and o € [0,1], where s € (0,1] and m® € [0°,1°], then
the function ¢ is a generalized (h, m)—convex of the first kind on I. Let
us denote this class of functions by N,fyln(f ).

Definition 7. Let ¢: I — R® and h: [0,1] — (0,1]. If inequality

¢ (& +m(1—0)) < h*(0)p(&) + m’ (1 — h(0))*¢(s) (2)

is fulfilled Y¢,s € I and o € [0,1], where s € (0,1] and m° € [0°,1°], then
the function ¢ is a generalized (h, m)-convex of second type on I. Let us
denote this class of functions by N,‘zi(l ).

Remark 1. Interested readers can easily verify that from Definition 7
we have many of the notions of convexity reported in the literature. For
example, putting

e h(z)=2,s=1,m=1, and § = 1, we see that ¢ is a convex function
on [0, +0) [12], [26];

o (z2)
e h(z) =z, m =1, and 0 = 1, then we obtain the s—convex function on
[0, +00) [11];

=z,8=1, and § = 1, we have the m-convexity |29|;
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e s =1andh(z) = z, then we get the Definition of generalized m— convex
functions [21];

e m =s =1 and h(z) = z: we have the generalized convex function |24];
e m =1 and h(z) = z: we have the generalized s—convex function [23|;
e h(z) = z we obtain the concept of generalized (s, m)-convex functions

on a fractal space [1].

It is obvious that, under the consideration 6 = 1, other known defini-
tions of convexity can be reproduced.

In this work, we obtain new variants of the classical Milne Inequality
for generalized (h, m)-convex modified functions the second type, via local
integral operators of the Definition 5.

2. Main Results
As the first result, we obtain an equality that will serve as the basis
for subsequent results.

Lemma 2. Let¢: [0,00) > Rand¢ € D[py, ps], and w(z) € ,, JS[p1, pa)-
If ¢®) e Li[py, p2] with p; > 0, then we have

(2 (2 2) o2 o

P2 — P1 K+ 2 K+ 2

_w<0)[¢ (('H 1)p1 +P2> N ¢(Pl + (K + 1)Pz>]}_

K+ 2 K+ 2

- () T 0 [y ()

Low b <Pl+("f+1)/)2>] _
R

1

= [u[60 (B ) - 00 (e T ) |
0

Proof. Let us denote

1

(5)<n+1—/\ I+ A >_ (5)(1+)\ K+1—A >] 5 _
Jw(A)[¢ PSR R S 1) Rl e Y R e w29 | L2
0

=1 — L.
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Integrating by parts fractionally in Iy, we have:

ke1—A 1+
I = fw(A)qs(é) (—pl + pg)d)\(s

(e )
LG =

::ngi)ﬁwﬂw(ﬂ%ﬁ?z)—w@M(“*if;ﬂhﬂ_
|

K+2\¢ K+1—2AX 1+ A
) J}wﬁcw¢< oL+ @QdAé

K+ 2 K+ 2

Making a change of variables in this last integral and taking into ac-

- +2 +1)p1 + :
count that P2 _ AL P2 _ (x )1 p2, we obtain:
K+ 2 K+ 2 K+ 2

K+1—A 1+ A

< 12 P1 pa 2/)2
+1 +2
if)\zO,thenzz< )p1+p2 if A =1, thenz-u;
K+ 2 K+ 2
2 +1 + +21\¢
\ = K+ Z—<K/ )p1 p27d)\6: (K’—) dZé,
P2 — P P2 — P1 P2 — P1
2 1
w@Q):w@<“+ z—(“+>M+pﬁ::
P2 — pP1 P2 — pP1
_wm(@+2ﬁ—4ﬁ+nm—pw::
P2 — P1
(k+1)p1— (k+1)p1+p
:uw(i:_Jéif):w@( s
pL2—pP1 kp1+2p2  (k+Dl)pi+pe )7
w+2 K+2 K+2

@) (/i-i-l—)\ L+ A ) 5 _
Jw (N)e K+ 2 pl+/@—|—2p2 dA
0
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kp1+2p3
K+2

(k+1)p1+p2

4 S G LYY ot S )

:<’%+2) w(é)( < K+2 )¢(2’)d2’6=
P2 — P1 kp1+2p2 _ (K+1)p1+po

(r+1)p1+p2 r+2 w+2
K+2

(k+2°T(6+1), (k+ 1Dp1 + po
- o ()

K+

Thus we have

1
1— 1
J’w((s)()\)gf) (K * )\pl + * )\pg) d}\5 =
0

K+ 2 K+ 2
kp1+2p2

S (5+1)p1+p2
K+ 2 5 — (EtDprtpr
= (9) K2 5 _
<p2 - Pl) J v (’*/’1”02 _ (s+1)p1+po ) ¢ (z)dz

(r+1)p1+p2 #+2 K+2
K+2

(k+2°T(6+1), (k+ Dp1 + po
B (p2—pm)° ng)_gb ( K+ 2 > '

K+2
So, for I; we obtain

= (222 [omo(22) - wons( S )]

K+ 2

TG +1) (p:iil)% ng,W)_gb((’f +m1)f12+ pz).

K+2
In the same way, for Iy we get

I — (_1)5< K+ 2 >6[w(1)¢<M) _w(ow(pl + (K + 1)p2>]_

P2 — P1 K+ 2 K+ 2
K+2\20 2p1 + Kp2
T SRV g o2
( ) ( ) D2 — pr <P1+l(<++21)P2)_¢ K+ 2

o o) - ()

K+ 2
9 \ 26 1
+15r(5+1)<’” ) w g ¢<p1+(“+ >p2).
po=p/ ()N K42

Subtracting (5) from (4) and rearranging, we have the desired equality.
This ends the proof. []

(5)
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Corollary 1. Under the assumptions of Lemma 2, if we take
w(A) = ()\0‘4—%), then for k = 0, m = 1, and 0 = 1 with o > 0, we
get the identity:

20000 + 6 ()] -0 (23 2) ) - (6)
G e (U5 e (5] -

1
ezt s D (e )

0
— ¢’<1 ; At L 5 /\pg)}dk

Proof. Indeed, for the first expression from the right-hand side of (3), we
have

() o) o () |- o
—w(())[¢<(ﬁ +1)p1 + P2> n ¢<p1 + (kK + 1)/)2)]} _

K+ 2 K+ 2

4

= s 1200 6 (P57 + 20 ()}

and for generalized fractional operators, we get

( K+ 2 )25F 641) |:ng'601+2/32)¢<<,£+ 1)p1 +,02>+

P2 — p1 "t2 K+ 2
w 78 Pl+(/‘5+1)02>] _
" o (P -
_ 2 2 w 7l p1+ P2 w 71 p1+ P2\ _
__<pz—p1> F(2)[ JP2—¢< 2 >+ Jp1+¢< 2 )]_
P2
2 )2l J ,<)\*P1-5p2)
= — w | ——=— ) p(\)d\+
(02—P1 J py — B3E2 o)
P12f32
0142-02

+ J w’(ﬁ—__)\>¢(/\)d)\}=

2 P1
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p1tpP2
P2 !

2 2 )\ — pitez pitpr
:_<P2—Pl) [ Jw’( —”2_P21 >¢(/\)d)\+ Jw/(ﬁﬁs()‘)d)\]'
P1tpy 2 p1 2

2

Since w' (t) = at®"!, we have

. )\ — P1‘592 B N — Pl‘;PQ a-1 B ga—1,, L p1+ po a—1
w p2—pP1 =a p2—p1 - 1 2

2 2 (P2 - Pl)a_
and
N A\ TN e N N S N R N
w p2—p1 - p2—p1 o a—1 9 o )
2 2 (,02 - ,01)

And, finally, the weighted operators become Riemann-Liouville fractional:

(2 m)Q | f “"<$)¢(A>m ®

P1+pP2
2

P1tpP2

+ f w’(%)dﬂ)dk] —

2
P1

p2

)l ] (-2

+ ﬁ f (# _ )\)a_lqﬁ()\)d)\] _

P1

_ _(p22p1>a+1r(a 4 1) [J;?z—ﬁb <pl ‘;—P?> + J;Yl+¢ <'01 —;—02)] .

From the integrals in the right-hand side in (3), we get

1

+1-—-A 1+ A 1+ k+1—-X\
Y )-on( -
fw()qb K+ 2 pl+/~i+2'02 ¢ /€+2p1+ K+ 2 P2

0



Milne-type integral inequalities 11

1
1 1—A 1+ A 1+ A 1—A
_ « - / (9)
[Ores) o (5P -0 (5 570 |
0

Taking into account (7)—(9), it is not difficult to obtain (6). The proof is
complete. []

Remark 2. Identity (6) was obtained by Budak et al. (Lemma 1 in [14]).

Remark 3. In the case k=0 and m =1

a) If we take w(\) = ((W)B + 30+6>7 we get Lemma 2.1 of [15]
with § = 1;

b) If we take w(X) = (A + 3)°, we have Lemma 2.1 of [6].

For convenience, we denote by L(d,x,w) the left-hand side of (3), so

L(6m,w) = ( wt2 )5{w(1)[¢(—“p1 +2p2) +¢(—2’“ ”’)Z)]— (10)

P2 — P K+ 2 K+ 2
() o
(R R [ o)
gy AL )]

Theorem 1. Let¢: [0,%0) — R and ¢ € D°[py, p2], and ¢ € Li[p1, pa],
and w(x) € , J[p1,p2] with 0 < p1 < po. If ¢ € N;jfn[O, ) and

Lle [p1, pa]; then

26 ,0)| < |(w(D) ~ wO)o ()| < (1)

2
< (i (3) gy of ).

K+2 K+ 2

+ (1= h(%)>85”‘5 o) (e )| <

m(k+2)

+1-A
hs6 hs5 K d)\6
o (2o

-4 b BI]

o) [ (1-n(557)) s

0
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(D)o () f w<6><w<i:;>w
0

et (1-0(3)) " Jel) f () e

Proof. Putting A = 5, we have, from the second-type generalized (h,m)
convexity of ¢, the following:

o(252) <t (ot e (1-4(2))"s (%),

Putting p1 = “H322 + 25y and p, = H3a + “522y we have
w+y> 35(1> (/{+1—)\ 1+)\>
<h?(= + +
¢( 2 )\ Y

NN /14+Ax k+1-Ay
5
1-n(3)) ¢(55m )
" ( o)) oem T vz m
Multiplying this inequality by w® ()\) and integrating between 0 and

1 with respect to A, we obtain

1

1
Jw (/\)gb( 2 >d/\ h (2 v ¢( K+ 2 x+ﬁ+2y>d)\ *

0

1
N 14 A -\
mt (1= (5 Jw@w i 3+Ly)dX5
K+2m K+2 m
0

From this, we have

(w(1) — w () (“2) < h“(g)f e (1‘ (%)
i

Change of variables z = “:1 atl=dgy 4 1+’\y in [ and z = =57 + %%
in Iy leads us to the following result:
kK+1—XA 14\ if A =0, then z = (tlety,
z= T+ Yy =
K+ 2 K+ 2 if A = 1, then » = "=+2u.

K2
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2 1 2 2\°
Ao Btz (Erlrdy o mE2 andcmz(“+ > iz
y—x y—x y - y—

kK+1—A 14+ A
]l_Jw((S)(/\)QS( K+ 2 x+K+2y)dX5:

_ J w(5)<(/<a+2)z_ (ﬁ+1)x+y>¢<z) (ﬁ—+2>6dz5=

(stDaty
K+2
N n
L (k+1)z+y
K+ 2\9 oy \Eh)aHy
= () K+2 5
B <y*a:> f w (na:+2y _ (n+1)x+y)¢(z) dz® =
(st Doty K+2 K+2
K+2
K+ 2\° (k+ 1z +y
(=) TO+ D) "y 65
Analogously, for Is we have
i — _ z+(k+Dy.
1+Az k+1—-Ay ﬂA—Qtan_7mﬁ%
= — —_ =
K+2m K+2 m ey _ 2atry .
1f/\—1,thenz—W+g),
5= T+ Ky —m(k + 2)z e _m(/{+2)dz
y—x Yy—x
2)\ 9 )\ 6
— N = (_1)(5(@) 55— _1a<m<ff + )) 15
y—x Yy—
1 \ \
1+Xz k+1-XAy
’ Jw (Vo K+2m K+2 m
0
2x+Ky
m(k+2)
- 1° J 1M®(x+“y—wwﬂ+2ﬂ>¢@0(m0v+%>ih5:
y—x Yy—x
zH(kt+1l)y
m(k+2)
x+((~+;))y
m(Kk+ J:-ny
m(k + 2)\? ) i) — 2 s
- ( y—x ) J v <I+(N+1)y _ 2z+ky >¢ (Z) dz° =
2z+Ky m(li+2) m(fﬁ?*‘rQ)

m(k+2)
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m(k + 2)
B < y—x
Taking into account the last two results in (12), we can see the first
inequality of (11).
To obtain the right-hand side member, using the generalized (h,m)-
convexity of the second type of ¢, we have, successively,

¢(K+1_)\x+1+>\y> :¢<f1+1—)\x+<1_/-1+1—)\)y> <

x+(f£+1)y>.

)5r(5 ) P iy (T et 2

m(k+2)

K+ 2 K+ 2 K+ 2 K+ 2
r (S oo (1 (L) o[

and

1+Xz r+1-XAy 1+ Xz 1+ vy
Lol ot (- 1))
qj</<;—i—2mjL K+ 2 m) ¢(/§+2m+< K+2/m

< (i2) (3) + (1= () e ()

Multiplying the first inequality by A% (%) w®(\) and the second by
m (1 —h (%))35 w®(\), after integrating between 0 and 1 we obtain

1

hs5(1>Jw<5>(A)¢<“+1_Ax+ 1+/\y)d)\5 < (13)

2 K+ 2 K+ 2
0
1

< hsé(l) o) Jw@(x)hsé(Ll;A)dA%

K+

s6 _
md (1= (= w® () TP A Y < (14
5( <1>) f o) <1+/\35 k+1 )\y> p (14)
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13 fuon (- n(L2)) ax]

. . o n+1 )\ 1+
Making the change of variables z = ==22z + =5y in the integral of

the left-hand side of (13) and z = %rgfz + "“:i;gz in the integral of the
left-hand side of (14), the required inequality is obtained.

This ends the proof. []

Corollary 2. Under the assumptions of Theorem 1, if we take h(t) = t,
then for k = 0, m = s = 1, we get the inequalities

(/)22—5/)1)6 {[0e () = 20(0)0 (22L2) + w(1)s (p1)] -
2(;1;(5+1 [ 5 ( >+w<f51+¢(pl+p2)]}‘<

2
< - wone (“52)| <
<F(5+1)lw 5¢<

—|—l\3

’)
Sly—ay 1) rresio ()] <

1
1 [|o(x |+ 116 (y)]]
<
[+

w® (N)dN.

Remark 4. If we take w(\) = (A\* + %) and 6 = 1 with a > 0 in Corol-
lary 2, then we get the inequalities:

{200 — 0 (P2 ) + 20 (o)} -

p2—p1!3 2

o e () ()]
<ot o5+ mo (7)<
_ lo@)] + 16(v)]

Here J' ¢ and J ¢ are Riemann-Liouville fractional integral opera-
tors. It should be noted that the last two inequalities are a variant of
the Hermite-Hadamard inequality for fractional integration operators.
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Remark 5. If we put h(\) = A\, K = 0 and w®(\) = 1 in the above
result, we obtain an extension of the Theorem 3.1 of |21].

By imposing more restrictive conditions on ¢(® on the right-hand side
of (3), we can obtain more refined inequalities.
So, we have this first result:

Theorem 2. Let ¢: [0,00) — R? and ¢ e Ly[p1,p2], and
w(x) € 5, J2[p1, p2] with0 < py < pa. If |90 € N}f,’i[o,oo), withm € (0, 1]
and 2 € [py, py], then

|L(6,k,w)| <

(o)) le ’”i;) +h55<i+)2\)>d)\5]+ (15)

K
0

ot ()] [ (1-H(E) (o) ]

Proof. By using properties of the fractal integral, for the right-side of (3)
we can write:

I<L+1—)\ 1+ A
— 16
’f 19 01+H+2l)2> (16)

1+ A K+1—A\
- S )<
¢ /~z+2p1+ K+ 2 P2 ) |AN| <

1

1—A 1+ A
< (" v
on‘)‘(b ct2 Mt A"+

0

1
- [l (g + S5 el -
0

= ||+ |1o].

And using the (h, m)—convexity of ¢® in both integrals leads us to

1-\
A)h L)dA+
K+ 2

L]+ [1o] < ‘¢( (p1 ‘J
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1

+m5’¢ J 'i+1 /\> A+

+w@@nqﬁmww%ﬁ+2

+md ‘¢<5> (%)Ulw(x)@ . h(ii;\))&sd)\ <
0
1

< \U ( <“:i?> I
o ([ ()
0

+ (0 —h(f:ﬁ)) 5)”]-

Which is the desired result. []

Corollary 3. Under the assumptions of Theorem 2, if we take h(t) =t
then, for k = 0, we get the inequalities

@Zyme[<m¢@g—zwmw(@%;z)+wuwgm]_

)
R GO R GO

1

<[l + m o G e (57" + (57) )]

0

Remark 6. If we take w(\) = (A*+ 1) and m = s =6 = 1 with o > 0

in Corollary 3, then we get the inequality

’% {2¢ (p2) — ¢ (#) +2¢ (/)1)} -

T e (M5 2) e ()

<
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<22 (220 [l o] + 6 o]

Here J; ¢ and J, ¢ are Riemann-Liouville fractional integral operators.
This inequality was obtained by Budak et al. (see Theorem 1 in [14]).

Theorem 3. Let ¢: [0,0) — R? and ‘gb(a)‘q € Li[p1,p2], and
w(x) € p Jo[p1,po] with 0 < p1 < po. If W(J)\q € Niffn[o’oo)a with

b1 1,1 _
m e (0,1] and 2 € [p1,p2], ¢ > 1, p—I—q*l, then

1

rmwl< ([ wP(A)dv)’l’{[\M(m)\q f (3 v an
cp @) (o)) ]

[ (oo () [ (1-a(22)) 0]

Proof. Using the (h,m)-convexity of |¢(5)|q and the well-known Hélder

inequality from (16), we obtain:

1+ 5] < ( J wp@)dv)é[w@(pl)\q j hé(%)dm
; ;
ol ()] ] (1 (=) e
:
jwp dXs [ 5>(p1)"jh5(%>dxs+
1 ) dXS];.

N0
0

From the last inequality, taking into account (3), it obviously follows that

(17). The proof is complete. []

1

‘Qbé P2
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Theorem 4. Under the assumptions of the previous theorem, if ¢ > 1
and ]lj + é = 1, then we have the following inequality:

1 1

L6, 5, w)| < (Jw()\)d)ﬁ)l_;{[\(b(‘s)(pl)!qJw()\)h55<i$/\>d>\5+

+2
0 0

1

+m? ’qb‘s(%) ’q Jw(A) <1 — h(m>85d)\5};+

K+ 2
0

K+ 2

e ()] Jeor (10 (153)) e}

Proof. The proof follows the same path as the previous one, only a dif-
ferent form of the Holder’s inequality is used: the power mean one. []

+ [\¢<5>(p1)\qfw(A)hs5 (ﬂ) A\ +

Remark 7. Under the conditions of Theorems 3 and 4, if we take
w(A) = (A*+31) with « > 0 and h(t) = ¢, then for k = 0, and
d =m = s =1, we get the Theorem 1 and 2 from [14].

Remark 8. Other refinements can be obtained using other known in-

equalities, such as Young’s.

3. Conclusions. In this work, we present a generalized formulation of
the fractal weighted integral, which contains, as a particular case, many
of the integral operators reported in the literature. In this context, we
present several integral inequalities that generalize several known results.
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